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AN INTRODUCTION TO 
MECHANICAL VIBRATIONS 


SECOND EDITION 


ONE 


DYNAMICS 


INTRODUCTION 


Vibration is most simply defined as oscillating motion. It has been 
implicit in the past and included in most definitions that this oscillating 
motion is also periodic. This is not as true today as it once was, since we 
now have an interest in nonperiodic and transient motion and the 
analytic methods to analyze such motion. There remains the lesser 
implication that the motion is continuous and has some average or mean 
value. This is of engineering interest in the prediction of maximum 
stress, mean displacement, or some measure of reactive force. 

Any study of vibration must first turn to a review of dynamics, for 
vibration is first of all motion and dynamics is the term used to denote 
that portion of mechanics which is devoted to the study of bodies in 
motion and the forces causing motion. Kinematics is that part of 
dynamics which is the study of the geometry of motion, without refer- 
ence to force or mass. Kinetics is the study of the relation between 
the motion of bodies and the forces acting upon them. 

A logical beginning for the subject of dynamics and vibration is with 
the work of Galileo (1564-1642). At the age of twenty in 1584, he 
correctly conceived the principle of the isochronous pendulum. In 1657, 
the Dutch mathematician, Huygens (1629-1695), applied this principle 
to a clock. In 1590, Galileo crowned his achievements in experimental 
physics by discovering and proving the law of falling bodies. His work 
on motion and acceleration formed the basis for the laws of motion which 
Sir Isaac Newton (1642-1727) formulated. 
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For two hundred years any interest in vibration was confined to the 
period of a pendulum, the movement of astronomical bodies and tides, 
and perturbations on these. Toward the end of the nineteenth century, 
however, high-speed machinery introduced many new problems includ- 
ing the phenomena now associated with mechanical vibration. Baron 
John William Strutt, Lord Rayleigh (1842-1919), organized and de- 
veloped the theory of mechanical vibration and it is on his contributions 
that the: modern field is founded. In modern times, there have been 
many men who have contributed to its growth and the subject matter 
has expanded enormously. Special reference will be made to the work of 
S. Timoshenko and J. P. Den Hartog, who were pioneers in the solution 
of industrial problems in mechanical vibration as well as being great 
engineering teachers. 


DISPLACEMENT, VELOCITY, AND 
ACCELERATION 


Kinematics is the study of motion without reference to force or mass. It 
is primarily concerned with the interrelation of displacement, velocity, 
acceleration, and time. 


Linear displacement is the directed distance that a point has moved . 


on a path from a convenient origin. Since it is a directed quantity, it is a 
vector and subject to all the laws and characteristics of vectors. If the 
origin is fixed, the displacement is absolute. If the origin itself is in 
motion, the displacement is relative. It is essential in kinetics to know 
whether motion is absolute or relative. Newton’s laws of motion formu- 
late the relation between force, mass, and absolute acceleration. 

In Figure 1.1, the vector s is the displacement of point P from the 
origin 0. Any convenient set of coordinates can be selected with which 
to describe the vector s. 


s=xtytz (1.1) 


The choice of coordinates should be one of convenience in mathematics. 
The physical analysis of a problem is independent of the coordinates 
which are selected. 

The instantaneous velocity of point P is the time rate of change of the 
displacement s, 


vetss (1.2) 


The dot over the variable is an accepted convention for indicating the 
first derivative with respect to time. Two dots over the variable indicate 


Fig. 1.1 


Fig. 1.2 
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the second derivative with respect to time. We will use this convention 
interchangeably with the written form of the derivative when its use is 
simple and clear. Indiscriminate use of the convention does tend to 
confuse rather than clarify when the motion is a function of other 
variables as well as time. 

If point P moves in a straight line, say along the x-axis, as it does in 
Figure 1.2, the displacement and velocity are functions of the single 


\ 
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ora 


Fig. 1.3 This can also be expressed in terms of component acceleration in the 


direction of whatever coordinates are convenient, 
a=—=V=S (1.6) 


Scalar acceleration can be used if the acceleration is a function of a 
single coordinate. 

The motion which has been discussed is that of a particle or point. If 
the motion of a rigid body is involved, we must also concern ourselves 
with its angular displacement. 

Angular displacement is the change in angular position of a given line 
as measured from a convenient reference line. In Figure 1.4, consider 
the motion of line AB as it moves from its original position to position 
A’B’. The angle between lines AB and A’B’ is the angular displace- 
ment of line AB, ®,,. It is also a directed quantity. The conventional 
notation used to designate angular displacement is a vector normal to 
the plane in which the angular displacement occurs. The length of the 


coordinate x, and scalar notation can be used to describe motion, 


Fig. 1.4 
ee er (1.3) 


In this case, point P has one degree of freedom, since a single coordi- 

nate uniquely determines the position of P. i 
This also applies to curvilinear motion, such as that of the simple 

pendulum of Figure 1.3, which moves in the z—y plane. The direction of 4 

the vector vV, is tangent to the path of the pendulum and is a function of 8 

the manner in which the system is constrained. The magnitude of the 

vector is proportional to the time rate of change of angular displacement 


v, =6xI (1.4) 


The vector I is the directed distance from A to P, the length of the 
pendulum. Separately, the velocity can be described in terms of z and y 


Vo =2ty¥ (1.5) 


---——— > - — 


where Z and y are component vectors of v. This equation requires two “ea 
coordinates z and y and an additional equation of geometric constraint, 
which is 


P=(I-z)+y? 


The instantaneous acceleration is the time rate change of velocity. 


/ 
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vector is proportional to the magnitude of the angular displacement. If 
the linear displacement of point A is identical with the linear displace- 
ment of B, line AB will have no angular displacement. Combining linear 
displacement with angular displacement, we can completely describe the 
three-dimensional motion of any rigid body. 

Angular velocity is defined as the time rate of change of angular 
displacement, in a manner similar to the definition of linear velocity. 


o=—=6 (1.7) 
Angular acceleration is the time rate of change of angular velocity 


dw + 
=—— == 1.8 
a= =o 6 (1.8) 
Each of these definitions may be set in scalar form if the angular motion 
can be expressed in terms of a single coordinate. 


COORDINATES 


The selection of coordinates is a very important aspect of the study and 
solution of problems in dynamics. The mathematics of even the simplest 
problems can be made difficult through the use of improper or unwise 
coordinates. This is particularly true in the study of mechanical vibra- 
tion. 

Conventional coordinates may be selected, such as Cartesian coordi- 
nates and polar coordinates, but any convenient measure of displace- 


ment can be used as a coordinate. We are using the term coordinate here . 


in its more general form as an independent quantity which will specify 
position. 

In Figure 1.5, the motion of the simple pendulum, described also in 
Figure 1.3, can be stated in terms of either the Cartesian coordinates z 
and y or in terms of the angle 6. The choice of @ as the coordinate is 
more convenient than the choice of z and y. The pendulum has but a 
single degree of freedom, provided that we restrict motion to a single 
plane. Choosing 6 as a coordinate makes use of the additional fact that 
the length of the pendulum is constant. This is a constraint on the 
system. The coordinates z and y are restricted by the equation of 
constant z?+y?=1?. Constraint plays a very important role in the 
solution of problems. Recognizing constraint is as important or more 
important than selecting coordinates. If we recognize constraint as a 
limitation to motion, we can usually completely describe motion with 


x 


Fig. 1.5 
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fewer coordinates. The minimum number of coordinates required to 
completely describe motion corresponds to the number of degrees of 
freedom of the system. This implies that if we have a greater number of 
coordinates than there are degrees of freedom, there must be enough 
equations of constraint to make up the difference. 

A set of coordinates which describe general motion and recognize 
constraint are called generalized coordinates. In Figure 1.5a, the angular 
coordinate @ is the generalized coordinate which recognizes the fixed 
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length of the pendulum as a system constraint. The linear coordinates z 
and y do not. For the semicylinder of Figure 1.5b, either the angular 
coordinate @ or the linear coordinate x can be used to describe motion. 
They are linearly related, since rd@=dx, and one coordinate is as 
convenient as the other. 

In Figure 1.5c, the motion of the rod swinging as a pendulum can be 
described in terms of the general coordinates 6, and 6,. Considering 
that the lengths of the pendula, J, and I, are constant, nothing more is 
needed to describe motion. 

In Figure 1.5d the four-bar linkage has but a single degree of 
freedom. The motion of any link or any point on these links can be 
completely described in terms of the angular coordinate 6 and its 
derivatives with respect to time. The same is true for the slider mechan- 
ism of Figure 1.5e. 

The motion of the suspended mass and pulley of Figure 1.5f can be 
described in terms of the single coordinate x. The linear displacement of 
the pulley would have to be determined relative to the linear displace- 
ment of the mass, in order to define the spring force, but this is a 
kinematic exercise. 

One further statement on coordinates is needed. For it, we can refer 
to the pendulum of Figure 1.6, which is a simple example that is easy to 
visualize and easier to verify by experiment. The pendulum has two 
degrees of freedom. If displaced, it will oscillate back and forth in a 
generally circular pattern. There are two exceptions. If the pendulum is 
displaced by an angle 6 in the z-y plane, the motion will remain in the 
z—y plane. If it is displaced by an angle ¢ in the z—x plane, the motion 
will remain in the z—x plane. It is evident that motion in the direction of 
one coordinate will be independent of the other. The motion in which 
only one coordinate varies is called a principal mode of motion. A 


characteristic of a principal mode is the common pattern of all motion. 


All particles pass through maximum and minimum velocities at the same 
time. Defining the motion of one particle defines the motion of all 
particles. If only one coordinate is needed to define motion, such a 
coordinate is called a principal coordinate. Analytically, most problems 
do not require the use of principal coordinates, but the concept of 


principal coordinates is extremely important. In linear systems, all 


motion can be described by the superposition of principal modes. 

It is interesting to note that generalized coordinates are not necessar- 
ily principal coordinates. In Figure 1.6, the angles 6 and @ are both 
generalized coordinates as well as principal coordinates. In Figure 1.5c, 
the angles 6, and 6, are generalized coordinates but are not principal 
coordinates. There is no manner of motion which can be described 


Fig. 1.6 


~ 
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completely in terms of 6, or @, without involving the other coordinate. 
Principal coordinates can be defined, however, and the definitions will 
involve 0, and @). It is not important to make that definition, at the 
present time, but it is important to recognize that principal coordinates 
and principal modes do exist. 


1.4. KINEMATIC EQUATIONS 


The definitions of velocity and acceleration involve the four variables: 


displacement, velocity, acceleration, and time. If we eliminate the vari- 


able of time from each definition, we have a third equation of motion. 


ds 
von (1.8a) 
dv 
maT (1.8b) | 
a-ds=v-dv (1.8c) 


These three equations are the differential equations of motion for the’ 


kinematics of a particle. There are three similar differential equations 
for the kinematics of a line. 


de 
eer (1.9a) 
de 
ers (1.9b) | 
a: d0=a- dw (1.9c) 


The first two kinematic equations are vector equations, but since they 
refer to a single coordinate, scalar equations could be used as well. The 
third equation involves the dot product of two vectors making it a scalar 
equation. 

Quite frequently, data are obtained in terms of acceleration as a 
function of time. The integration of these data yields velocity and 


displacement. Knowing the physical relation between any kinematic’ 


quantity and time or any two kinematic quantities is sufficient to obtain 
a complete kinematic understanding of motion. Table I is a brief 
summary of the scalar kinematic equations for the motion of a particle 
along one coordinate. An analogous set of equations for the motion of a 
line could be given, but they are less frequently used in mechanical 
vibration, with the possible exception of torsional vibration. 
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Table I 
Displacement 
Displacement Velocity Acceleration Velocity 
Variables Time Time Time Acceleration 
$2 & Soft, fe Sq My 
Displacement — | ds = { vdt ds = | | adtdt ds= | —dv 
, ‘S1 ‘1 1 1 1 Sy 1 a 
ds v2 7 Dy $4 
Velocity v=— — { ao | adt vdv=| ads 
dt if 7 1 ‘Sy 
Acceleration a= ae a= ai as 


An understanding of the graphical expression of kinematics is both 
useful and convenient. If the displacement is expressed as a function of 
time, the slope of the resulting curve is the instantaneous velocity. If 
velocity is expressed as a function of time, the slope of the curve is the 
instantaneous acceleration and the area under the velocity—time curve 
during an interval ¢, to ft, is the change in displacement. These are. 
simple relations which are universally understood. Less familiar are the 
expressions of acceleration. The area under the acceleration-time curve 
during the interval t, to t is the velocity change between these limits, 
while the area under the acceleration—displacement curve occurring 
during a displacement from s, to sz represents half the difference in the 
square of the velocity at t, and h. 


EXAMPLE PROBLEM 1.1 


A particle is moving between two charged parallel plates along a curved 
path which is in the plane of the diagram. At position P, the radius of 
curvature of the path is p and the vector p makes an angle 6 with the 
plates. The velocity of the particle is 240 mm/sec. p is 80mm and is 
increasing at a rate of 40 mm/sec. The angle @ is increasing at a rate of 
10 rad/sec for each second. What is the total acceleration of the 
particle? 
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Solution: 
By kinematic definition 
v=oxp 
and 
dv _ dw p 
=—=—xpt+ax— 
de des ae 


Some of these terms are given and others can be found from basic 
kinematics. The angular velocity w, is determined since we know the 
linear velocity and the radius of curvature. 


v = 240 mm/sec rae 
p=80mm © Ze 

pete orate C 
p 80 


We also are given the rate of change of w and p with time, 


dw _, 2 dp _ 
a 10 rad/sec* and, a 40 mm/sec 


Substituting each of the proper terms in the vector equation 


<e xX p= 800 mm/sec” wn 


d . 
The vector w xt has two components, one normal and one tangential 


pw” = 720 mm/sec” Fe 


d 
wo" = 120 mm/sec? IN 
dt 
the total acceleration is the vector sum of a normal acceleration of 
720 mm/sec” and a tangential acceleration of 920 mm/sec”. 


EXAMPLE PROBLEM 1.2 


Experimental observations of an earth-penetrating projectile yield the 
following data. Determine the velocity-time curve by approximating the 
deceleration—time curve. Estimate the depth of penetration. The projec- 
tile entered the earth’s surface at a velocity of Mach 1 and was 
recovered at a depth of 15.5 metres. Are the data valid? 
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Deceleration, g 


0 
Oo 10 20 30 40 50 60 70 80 90 100 
Time, milliseconds 


Solution: 
Using the kinematic equations of motion 


t 
0 Uo = { a at 
and . 
S—So= { vat 
Integrating numerically, with 10-millisecond intervals, the velocity—-time 
curve can be estimated. The area under the acceleration time curve 
represents the velocity change of the projectile 
100 


O-vu=— ), a At=329.9 m/s 
ce) 


Integrating again, the displacement-time curve can be estimated. The 
area under the velocity—-time curve is the change in displacement of the 
projectile over the 100-millisecond interval. 

100 


s—O= ) vAt=15.26m 
0 


If the projectile were recovered at a depth of 15.5 m, this agrees quite 
well with observed data and it is reasonable to believe the data to be 
valid. 


EXAMPLE PROBLEM 1.3 


A mechanism consists of link MN which moves horizontally in friction- 
less guides. It carries a collar A, in which link CD is free to move. 
Determine the velocity and acceleration of links MN and CD in terms 
of generalized coordinates. The coiled spring is unstretched when 6 = 0. 


Solution: 
This system has a single degree of freedom. That is, only one coordinate 


is necessary to completely describe the motion of both links MN and 
CD. That coordinate is either the horizontal displacement of link MN, 
which is x, or the angular displacement 6 of link CD. Kinematically, 
they are related. From trigonometry, 

x=btan6 
Differentiating with respect to time, the velocity, 

x = b6 sec” 6 
and the acceleration, 

¥ =2b6? sec” 6 tan 0+ b6 sec” 0 


In terms of the generalized coordinate 6, 
- Xx 5 

=— 7] 
6 b cos 


and, ‘ a 
j=" cos? 9 cos? 6 sin 6 


% PROBLEM 1.4 
Determine the angular velocity w of the sphere 
of radius r rolling in a shallow spherical disk of . 


radius R in terms of the single coordinate ¢. 


(R-n) ad 
dt 


Answer: @ = 


= ne anes mmr Te 
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PROBLEM 1.5 

The yoke A engages the pin on the wheel which 
has a constant angular velocity w. Determine the 
velocity of the yoke as a function of time. 


PROBLEM 1.6 

The amplitude of an oscillation can be described 
by the relation s=A sin(wt+¢). At t=0, the 
velocity is v9 and the displacement is sp. Detes- 
mine expressions for the phase angle ¢@ and the 
maximum amplitude A in terms of So, vo, and w. 


: 2 
Vo Sow 
Answer: A = y/so’+—5; tan dé =— 
a Vo 


PROBLEM 1.7 
Determine the angular velocity and angular ac- 
celeration of the link AB in terms of the single 


coordinate x. ‘ 


PROBLEM 1.8 

Each of two identical solid cylinders rolls with- 
out slipping on an inclined plane. They are 
connected by a weightless bar of length ] and 
each has a radius r. Determine the velocities of 
m, and m, in terms of a single genéralized 
coordinate. 


X41 x1 . 
Answer: @, a @2 a 7 xy 
PROBLEM 1.9 
Gear A is fixed and cannot move. Gear B 
meshes with gear A and rotates about gear A 
with arm AB as a radius. Determine the angular 
velocity of the gear B in terms of the angular 
velocity of the arm AB. rg =2r,. 
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PROBLEM 1.10 

The sliding collar B moves without friction on 
the link CD. Links AB and CD are smooth 
uniform rods, with the same length and the same 


PROBLEM 1.13 
I Measurements of the angular acceleration a of a 


5 

‘ rae 

3 a flywheel are recorded for various angular dis- 

2 placements 6 of the wheel and are plotted as 

mass. How many degrees of freedom does the : shown. If the angular velocity was 6 rad/sec 

system have? Define the velocity of each link in ope aca clockwise at @=5 rad, estimate with the aid of 
t) 


6, radians/sec? 


; Ses as 5 
terms of generalized coordinates. Limit displace- , radians the graph the angular velocity when 6 = 10 rad. 


ment to small oscillations. The graph refers to clockwise motion. 


Answer: 6.= ib 6; 


PROBLEM 1.11 

Link AC is 240 mm long and is free to rotate 
about A. The slider C moves in a slotted link 
which pivots about B. How many degrees of 
freedom are there? Express the velocity of each 
link in terms of generalized coordinate(s). As- 
sume very small angles of motion. 


PROBLEM 1.12 

An x-y plotter consists of a recording stylus 
which writes on rectangular coordinate paper. 
The stylus has a limiting speed of 52 mm/sec in 
the x-direction and 30mm/sec in the y- 
direction. The limiting accelerations are 
260 mm/s” in the x-direction and 150 mm/s” 
in the y-direction. For the limiting conditions, 
what is the minimum radius of curvature that 
the stylus will follow if the x-acceleration is 
positive and the y-acceleration is negative. Is 
the answer the same for a positive y- 
acceleration? 


Answer: p = 13.87 mm; no 


Answer: @ =7.9 sec! 


PROBLEM 1.14 

The force needed to compact corrugated card- 
board packing increases with the deformation of 
the cardboard. The voids within the packing 
disappear when the deformation reaches 75%. 
Estimate the maximum acceleration for a pack- 
age dropping from a height of 1m, if 16 mm of 
corrugated cardboard packing is used, and the «. 
packing is fully compacted during impact. As- 
sume that the force of deformation is directly 
proportional to deceleration during deforma- 
tion. 


Answer: a=—263 8 


PROBLEM 1.15 

A particle moves in a straight line with an 
acceleration as shown. Determine the final vel- 
Ocity of the particle, if it starts from rest. 


Answer: v = 14.14 m/sec 
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PROBLEM 1.16 

The study of automobile and aircraft crashes 
shows that complete body support (seatbelts) 
provides maximum protection against accelerat- 


ing forces and give the best chance for survival. 


In a crash where an automobile is stopped from 
80 km/h in 0.09 sec, with a linearly decreasing 
velocity, determine the deceleration and deter- 
mine the stopping distance which must be built 
into the automobile as a crushing of the au- 
tomobile body. Determine the deceleration and 
stopping distance for 80 km/h. 


0 > 
: 0.02 0.04 - 0.06 0.08 0.10 
= seconds 


a PROBLEM 1.17 

The graph below is the acceleration-time record 
of an experimental solid propellant rocket sled. 
The sled starts from rest at time t=0. Using the 
dashed lines to simplify the acceleration—time 
record, construct the velocity-time record, de- 
termine the terminal velocity at t=12sec, and 
determine the total distance traveled at that 
instant. 


Acceleration; m/s? 


Time, seconds 


Y: 


WUE fax] <— 
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PROBLEM 1.18 

The slider A hits the spring with an initial 
velocity of 40 m/sec. Its velocity is reduced to 
20 m/sec when the compression of the spring is 
0.5m. The deceleration is proportional to x. 
Determine the deceleration when x =0.25 m. 


Answer: a =—1200 m/sec” 


PROBLEM 1.19 

A rocket rises vertically with a constant acceler- 
ation of 20 m/sec” for 20sec. At 20sec the 
motor shuts off and the rocket continues upward 
for another 20sec. The tail fins are adjusted to 
spin the rocket about its own axis. If the angular 
acceleration of spin is proportional to the up- 
ward velocity of the rocket such that 6 = V/200, 
where 6 is in radians/seconds”, when V is in 
metres/second, what is the angular spin velocity 
at t=40sec. ‘ 


Answer: @ = 50.2 sec 


PROBLEM 1.20 

The second stage of a two-stage rocket rises 
vertically, accelerating linearly from 1 g to 4 g in 
60 seconds. If the separation of the second stage 
takes place at a height of 15 km and a velocity 
of 1000 m/sec, determine the velocity and height 
when the second stage burns out. 


PROBLEM 1.21 

A bridge crossing a brook on a country road is 
approximately sinusoidal in shape. For a car 
crossing the bridge at a constant speed v, deter- 
mine the location and magnitude where the car 
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will experience (a) the maximum vertical veloc- 
ity and (b) the maximum vertical acceleration. 
The car has zero vertical displacement and zero 
vertical velocity as it enters the bridge. 


ib 2 
Answer: y =e y =26(=) 
c c 


PROBLEM 1.22 

The motion of a body can be defined in terms of 
a single coordinate, x, and moves with a con- 
stant acceleration in the direction of that coordi- 
nate. At t=0, the displacement is —6m from a 
convenient origin. At t=2 sec, the displacement 
is zero. At t=4 sec, the velocity is zero. What is 
the velocity at t=6 sec? 


Answer: v =—2 m/sec 


1.5. KINETICS OF A PARTICLE 


Kinetics is the study of the relation between the motion of bodies and 
the forces that cause motion. It remained a subject of half-philosophy 
and half-science, steeped in dogma, until well into the eighteenth 
century. The experimental work of Galileo opened the way for the 
analysis and reassessment of mechanics. However, a hundred years 
passed before Sir Isaac Newton (1642-1727) formulated the basic laws 
of kinetics. This he did in his momentual work, Philosophiae Naturalis 


Principia Mathematics, published in 1687, which stated the fundamental - 


laws of modern physics for the first time. 
In essence, the three laws governing the kinetics of a particle are: 


1. If a balanced force system acts on a particle at rest, it will remain ° 


at rest. If a balanced force system acts on a particle in motion, it 
will remain in motion in a straight line without acceleration. 

2. If an unbalanced force system acts on a particle, it will accelerate 
in proportion to the magnitude and in the direction of the resultant 
force. 

3. When two particles exert forces on each other, these forces are 
equal in magnitude, opposite in direction, and colinear. 


Newton’s second law is uniformly accepted as the fundamental princi- 
ple of classical dynamics. If R, is the resultant of the force system, the 
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acceleration will be a,. If Ri is the resultant, then the acceleration will 
be a», and 


R, R. R 
— =—2 =—* = constant 
a @ a, 


This constant of proportionality is called mass. It is a quantitative 
measure of inertia. It can be stated mathematically as 


> F=mag (1.10) 


The resultant of the unbalanced force system is equal to the product of 
mass, and the acceleration of the mass center, ag. 

In the SI system, the units of force are Newtons, derived by Newton’s 
second law from the product of mass (kilograms, kg) and acceleration 
(metres per second per second, m/s”). It is called an absolute system, 
since force is derived and mass and acceleration are absolute. 

In the U.S.—British system, the units of mass (slug, 32.174 Ibm) are 
derived from the ratio of force (pounds, Ibf) and acceleration (feet per 
second per second, ft/s”). A second, but rarely used, system has been to. 


quote force in pounds force (Ibf), mass in pounds mass (Ibm), and’ 


acceleration in feet per second per second (ft/s”). However, equation 
1.10 must then be replaced with 


1 
LF= sa) MBG 


The justification for this peculiar version of Newton’s second law is to be 
able to state that a one pound force (Ibf) is the force required to hold a one 
pound mass (Ibm) in equilibrium at sea level where g = 32.174 ft/s”. Both 
systems are known as gravitational systems, since the value of the slug 
or the value of the constant 1/32.174 depend on the acceleration of 
gravity at the earth’s surface. Since the slug has never been widely used, 
and using the pound for both mass and force is confusing, in dynamics, 
the SI system is favored. It is also an international system. 

While the SI system removes any doubt about units, the vibration 
engineer will have to be familiar with the common engineering gravita- 
tional system quoted because of the enormous and invaluable engineer- 


ing and scientific literature devoted to structural dynamics which has 


accumulated over the years. 

The solution of most problems in vibration must begin with an 
analysis of the force system acting on the particle or body. If the 
problem is strictly geometrical, the solution may involve only kinema- 
tics, but most problems are not so limited. An unbalanced force system 
acting on a particle or body will cause a particle or body to accelerate, 


1.6. 


22 DYNAMICS 


and vibration is the response if the particle or body is part of a system 
which resists this acceleration with a force that is linearly or nonlinearly 
proportional to how far the particle is displaced. 


KINETICS OF A RIGID BODY 
The equations of motion for a rigid body are 
¥ F=mag =v. (1.11a) 
¥, Mc =He (1.11b) 


The symbol Hg is the angular momentum of the rigid body. The 
moment sum )'M, is the resultant moment of all external forces and 
couples about the same axis through the mass center. 

Each vector can be expressed in three orthogonal coordinates. Three 


degrees of freedom and three generalized coordinates describe the _ 


motion of a particle, and six degrees of freedom and six generalized 
coordinates are needed to describe completely the motion of a rigid 
body. For a rigid body, the first equation describes translation and is 
identical with the equation of motion for the translation of a particle 


‘(equation 1.10). The second equation recognizes that a rigid body may 
’ be displaced in rotation as well as translation. The measure of rotation is 


the displacement of a line through the angular coordinate @. 

For which is defined as motion such that the paths of 
all points on the rigid body lie on parallel planes, the rigid body will 
have three degrees of freedom. Planar motion involves both translation 


and rotation and will involve coordinates x, y, and ®. In planar motion, - 


all lines on or within a rigid body have the same angular displacement. 
This explanation follows from the definition of a rigid body. The second 
vector equation is not needed for the motion of a particle. 

The equations of motion reduce to 


yy F=mag =MVc (1.12a) 
Y Mo = [66+4X mig = 1hb+1x mip (1.12b) 


XM, is the resultant moment about an arbitrary axis 0. These equations 
involve both linear acceleration, V¢ or ¥) and the angular acceleration 0. 
The term r is the vector displacement of the mass center from the 


reference axis. Only the coordinate @ is needed to describe planar — 


motion if the reference axis is either fixed or has zero acceleration. In 
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this event, the moment equation reduces to the kinetic equation of 
motion for rotation.. 


>Y Mo= 18 (1.13) 


EXAMPLE PROBLEM 1.23 


A mass m is held in place by two wires of equal length. Determine the 
tension in each wire statically and determine the force in thé remaining 
wire if one is cut. 


Static Dynamic 


e<-- 


Solution: 

This is an excellent example to show the difference between a static and 
dynamic situation in mechanics. 

Static: In_static equilibrium, the resultant of the force. summation is 
zero. Cartesian coordinates are convenient 


~F=0; LF=0 
2T cos 30° = mg 
mg 
T= > 
v3 
Dynamic: With the right wire BC cut, the mass m swings in an arc 
about A as a center. This is a constraint on the motion. Coordinates 
which recognize this constraint are displacements normal and tangential 
to the path. 
In the r-direction, 
y F, = ma, 
T—meg cos 30° = ma, 
At the instant the wire is cut, a, =*—7ré?=0 and 
V3 
Ame: 


B Nr 
T T \ - 
YN 
mg o~ mg 
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EXAMPLE PROBLEM 1.24 


A slender rod AB, with a length | and a mass m, rests with end A on a 
frictionless horizontal surface. End B is held. If end B were suddenly 
released, with the rod inclined in the position shown, what is the initial 
reaction at end A? 


Solution: 

The key to the solution of most problems in kinetics is a knowledge of 
the active forces. The free body diagram shows that there are two active 
forces: the normal force between the horizontal surface and end A of 
the rod and the weight force due to the distributed mass m, acting at the 
center of gravity G. Since both of these forces are vertical, there can be 
no horizontal acceleration of the rod. The center of gravity is taken as 
the origin of our coordinate system. 


> F=ma, 


> F.=0=mkt and *=0 


LF, =N-mg=my (1) . 


This yields our first equation of motion. A second can be formed by 
taking the moment sum 


: 2, Mo =H, 
l fe 
N5 sin@=3ml76 ; (2) 


The angular displacement of the rod AB is positive in the direction of 
the moment sum. 


These two equations have three unknown quantities: N, 6, and j. - 


Kinematically, j and 6 are related.. 
a, =a, t+ Ags 


The acceleration of end A must be horizontal, and the acceleration of G 
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with respect to A is 
agia = > a Xo 
A vector diagram shows that 
ae 
2, IG = hi = y L 
Substituting, the normal force must be 


N=4mg 


PROBLEM 1.25 

A delicate instrument is packed in a container in 
order to prevent damage from a sudden drop on 
a rigid surface. The packing material can be 
symbolized as elastic springs capable of taking 
tension and compression. The instrument has a 
mass of 5 kg and each spring has a constant of 
5000 N/m. If the maximum internal displace- 
ment of the instrument is 50 mm during impact, 
what is the maximum deceleration which the. 
instrument experiences? 


PROBLEM 1.26 

A chain of length | and weight 1 per unit length 
is suspended from an elastic cord. Determine 
the acceleration of the mass center of the re- 
maining chain if the lower quarter is suddenly 
cut away. 


Answer: a =3g 


720 mm 


| 
L300 rama 
\s 


PROBLEM 1.27 

A small block slides on a perfectly smooth circu- 
lar slope. What angle does the block make with 
the center of the circle when it loses contact with 
the slope? 


Answer: @=48.1° 


PROBLEM 1.28 

A bungee cord is made of 100 rubber strands 
collected in a cable. The cable supports a mass 
weighing 2000 kg and deflects 0.4 m., statically. 
Determine the additional static deflection, the 
maximum deflection, and the maximum acceler- 
ation if one strand of the cable breaks. 


Answer: 4mm; 0.098 m/s” 


PROBLEM 1.29 

Schematically shown here is a 45kg cart for 
transporting plate glass. Determine the max- 
imum pull P which can be applied to the car 
before the glass overturns about end A. The. 
plate glass weighs 75 kg. 


Answer: P=490N 


PROBLEM 1.30 


Bodies A, B, and C, each with a mass of 5 kg, . 
are connected by a spring with a modulus of - 


75 N/m. They are in static equilibrium on a 
smooth inclined plane. If the cable CD is sud- 
denly cut, determine the initial acceleration of 
bodies A, B, and C and the initial accéleration 
of the mass center. 


| 
| 
| 
| 
| 
| 
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PROBLEM 1.31 

A rubber-tired skip loader with a mass of 
4000 kg, with a 75 kg operator, and is known to 
have a centroidal radius of gyration of 1.4m in 
the configuration shown. Determine the hori- 
zontal location of the operator from the mass 
center, if the operator is not to feel a vertical 
acceleration when he dumps a 500kg load. 
There are no tractive forces under the wheels. 


Answer: x =0.8m 


2 
L 115 mm—ahe—13 mm —| 
2mm 


PROBLEM 1.32 

Two uniform bars of equal length I and equal 
weight W are attached to a wire passing over a 
pulley. One rests on a horizontal smooth surface 
and the other hangs free. Determine the acceler- 
ation of the free-hanging bar if the system is 
released from rest in the position shown. 


Answer: a=3g 


PROBLEM 1.33 

A uniform bar of length | and mass m is secured 
to a circular hoop of radius | as shown. The 
weight of the hoop is negligible. If the bar and 
hoop are released from rest in the position 
illustrated, determine the initial values of the 
friction force F and the normal force N under 
the hoop. Friction is sufficient to prevent slip- 
ping. 


Answer: F=3mg; N=i2 mg 
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WORK AND ENERGY 


The concepts of work and energy are also fundamental to the study_of of 
dynamics and specifically to mechanical vibration. An increment of work 
is defined as the product of an increment of displacement and the 
component of the vector force F in the direction of the displacement. It 
is a vector dot product and therefore a scalar. 


dU=F-ds (1.15) 


It is evident that an increment of work may be equally well defined as 
the product of the force and the component of the increment of 
displacement in the direction of the force. The increment of work done 
by a couple M acting on a body during an increment of an angular 
rotation d@ in the plane of the couple is M- d®. 

Energy is defined as the capacity of a body to do work by reason of its 

motion or configuration. The configuration of a body within a system is 
a set of positions for all particles that make up that body. Mechanical 
energy can be either kinetic or potential. “Kinetic energy is the energy 
that is a direct result of velocity of motion. By definition, the kinetic 
energy of a particle is 


T =4mv? (1.16) 
The kinetic energy of a rigid body is more complicated. 
T=4vg ‘mv, +30-H, (1.17) 


In this case, 6 is the angular velocity and H, is the angular momentum 
of the rigid body referred to an axis through the mass center. In planar 
motion such as torsional vibration, these terms can be considerably 
simplified. The angular momentum and the angular velocity vectors aré 
collinear which reduces equation 1.17 to a more familiar form 


T=)mvg+3Iow” (1.18) 


Caution should be taken in expressing the kinetic energy of a rigid body. 
Many times a troublesome problem in mechanical vibrations turns out 
to be nothing more than a misunderstanding of basic kinetics. 
Potential energy may be due to position or deformation. Potential 
energy of position is the work that must be done against a field force to 
change the position of a particle. If work must be done on a particle to 
change its position, the potential energy is increased. If the particle does 
work in changing its position, the potential energy is ‘decreased. Poten- 
tial energy may also be produced by elastic members that have been 
stretched, compressed, twisted, or otherwise deformed. This potential 
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energy is the strain energy of deformation and is sometimes called 
elastic energy. 

If the potential energy of a particle or a system depends only on the 
position or configuration of the particles or the particles within the 
system, it is said to be conservative. As this implies, the potential energy 
of a conservative system_is independent, ‘Of)the positions or configura- 

tions through which the system passes and depends only on the initial 

and final states. Since it must be computed with respect to some selected 
“position or configuration, which is known as the datum and is arbitrary, 
potential energy does not have an absolute value in a conservative 
system. The net w work! done by a particle which returns to its original 
position or state of motion in a conservative system is zero. 

Energy methods involve an energy balance using scalars rather than a 
force balance with vectors. If no work is done-and no energy is lost in 
friction, any increase in the energy of a conservative system must increase 
the kinetic energy of the system or be stored as potential or internal energy. 
This conservation principle is commonly called the Conservation of 
Energy or the First Law of Thermodynamics. 5, 


Friction forces are nonconservative, since they are not a function of» 


position or configuration and the dissipated energy is nonrecoverable. 
Although a real system must include friction and must therefore be 
nonconservative, it is often convenient to neglect friction losses in the 
solution of vibration problems. 


IMPULSE AND MOMENTUM 


The product of force and time is defined as linear impulse. It is a vector 
quantity which has the direction of the resultant force. Linear momen= 
tum. is the product of mass and linear velocity. Angular 1 momentum is 
the product of mass moment of inertia and angular velocity. Linear and 
angular momentum are also vector quantities and can be added and 
resolved in the same manner as force and impulse. 

An alternate statement of Newton’s second law of motion is that the 
resultant of an unbalanced force system must be equal to the time rate 
of change of momentum of the mass center. For linear momentum, this 


would be 
> F=<(mve) (1.19) 


The collision between two bodies where relatively large forces result 
over a comparatively short interval of time is called impact. During 
collision, kinetic energy is absorbed as the impacting bodies are de- 
formed. There follows a period of restoration which may or may not be 


30 DYNAMICS 


Fig. 1.7 Ug % 
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complete. If complete restoration of the energy of deformation occurs, 
the impact is elastic. If the restoration of energy is incomplete, the 
impact is inelastic. After collision, the bodies continue to move with 
changed velocities. Since the contact forces on one body are equal and 
Opposite to the contact forces on the other, the sum of linear momentum 
for the two bodies is conserved. The law of Conservation of Momentum 
states that the momentum of a system of bodies is unchanged if there is no 
resultant external force on the system. 

For two bodies that impact and separate, the ratio of the velocity of 
separation, v,;'—v,' to the velocity of approach, v.—v,, is called the 
coefficient of restitution, e. Figure 1.7 shows such an impact. 

, t 
e= ie (1.20) 

mS U2 V4 
Its value will depend on the shape and material properties of the 
colliding bodies. In elastic impact, the coefficient of restitution is one 
and there is no energy loss. A coefficient of restitution of zero indicates 
perfectly inelastic or plastic impact, where there is no separation of the 
bodies after collision and the energy loss is a maximum. In oblique 
impact, the coefficient of restitution applies only to those components of 

velocity along the line of impact or normal to the plane of impact. 


EXAMPLE PROBLEM 1.34 


As an example of the principles of conservation of energy and momen- 
tum, let us consider a helical spring, fixed at its upper end and support- 
ing a mass of 5 kg at its lower end. The spring constant of proportional- 
ity is 350 N/m. A collar with a mass of 6 kg can be placed on top of the 


= 
= 
= 
= 
= 
140.1 mm 


ror 


(a) 
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willl 


AVAVAVAVAVAVAVAG 


(b) 


first mass. Initially, the spring and the 5 kg mass are at rest, with the 
upper face of the 5 kg mass 168.1 mm above a horizontal platform. The 
platform has a hole in it through which the 5 kg mass will pass, but the 
6 kg collar will not. Describe the motion over one full cycle. 


Solution: . 
If the spring constant of proportionality is 350 N/m, the spring will be 
extended 140.1 mm from its free length, supporting only the Skg mass. 
If the 6kg collar is carefully placed on top of the first mass, and is 
supported by hand as the helical spring extends to a new equilibrium 


AA 
Force N 


A 


x—0.3082 0 01 02 03 


i F Spring deflection m 


on 
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position, the spring mass and collar will come to rest with the spring 
extended 308.2 mm from its free length and the upper face of the 5 kg 
mass exactly even with the upper face of the platform, and the lower 
face of the 6kg collar touching, but not being supported by the 
platform. 

On the other hand, if the collar is placed on the first mass and 
released, both masses will move down with increasing velocity, the 5 kg 
mass will pass through the hole and continue down, and the collar will 
be stopped by the platform. The 5 kg mass will reverse its direction, pass 
up through the hole in the platform and pick up the collar again. This 
cycle will be repeated until the entire system comes to rest in the same 
position it would have if the collar had been put in place carefully. 

For the first phase, energy must be conserved 


AVe+AVgt+AT=0 
AT=3(5+6)(v?—0) 
AVg =—(5+6)(9.8065)(0.3082 — 0.1401) 


AVe =3(350)(0.3082?— 0.14017) 


AT and AVeée are positive since both represent an increase in energy. 
AVsg is negative since the potential energy of position for both the 5 kg 
and 6 kg masses decreases. The free length of the spring is taken as the 
original datum. 


4(350)(0.30827 — 0.14017) — (5 +6)(9.8065)(0.3082 — 0.1401) 
+3(5+6)(v?—0)=0 
v =0.948 m/s 


When the 5 kg mass passes through the hole in the platform, its 


kinetic energy is conserved. It will reverse direction and return to strike 

the collar with the same velocity as it had at the instant of separation, 

v =0.948 m/s. The kinetic energy of the collar is lost in the impact. 
Let x be the maximum displacement of the 5 kg mass 


AVe+AVg+AT=0 


AT =}(5)(0—0.948?) 
AVg =—(5)(9.8065)(x —0.3082) 


A Ve = 3(350)(x?—0.30827) 


4(350)(x? — 0.30827) —(5)(9.8065)(x — 0.3082) —3(5)(0.9487) = 0 


1.8. IMPULSE AND MOMENTUM 33 


This reduces to a quadratic equation, 
x?—0.2802x — 0.02148 =0 


x = 0.3428 m, —0.06265 m 


Only the positive value has meaning. The maximum displacement of the 
Skg weight is 34.6mm below the platform (0.3428—0.3082= 
0.0346 m). 

When the 5 kg mass strikes the collar as it passes upward through the 
hole in the platform, momentum is conserved. The linear momentum of 
the 5 kg mass is 4.74 kg-m/s. The collar, before impact, has no linear 
impact. After impact the momentum of the two weights moving upward 
must be 4.74 kg: m/s 


0+(5)(0.948) = (5+6)0, 
y= 0.431 m/s 


Since they move together, both masses must have the same velocity. 
This means that some of the kinetic energy of the 5 kg mass is lost as a 
result of impact. 


AU =3(5)(0.9487 — 0.4317) = 1.7 N - mis lost 
After the 6 kg collar and the 5 kg mass leave the platform, they will 


move upward until all the kinetic energy is transferred to potential 
energy of position or stored as elastic energy in the spring. Let the 


nv 


Force, N 


| °6 0.1 0.2 03 


Spring deflection, m 


x 
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displacement of that position be x,, 
AVe+AVg+AT=0 
AT =i(5+6)(0—0.4317) 
AVg =(5+6)(9.8065)(0.3082 — x;) 
AVe =4(350)(x,? — 0.30827) 
Solving for x,, 


x,7—0.6164x, + 0.08915 =0 
x, =0.2318m 


which is 0.0764 m above the platform. The cycle now repeats until all 
the energy of motion is dissipated and the system comes to rest. 


, PROBLEM 1.35 y 
Mi-— M An angular impulse acting on a flywheel accord- 
ing to Figure a increases its rpm from 20 to 40. 
With the impulse diagram for Figure b, what 
would the final rpm have been? 
t t 
(a) (b) 


Answer: 60 rpm 


PROBLEM 1.36 
50 N 50 N A particle weighing 4 kg moves in the horizontal 
x-y plane under the action of the forces F, and 
F, Fy F, which vary with time as shown. If the particle 
starts rest at t=0, what is the velocity at 4 
seconds? ‘ 


01234 01234 Answer: 28 m/s 
£, seconds t, seconds 


PROBLEM 1.37 

A baseball with a mass of 145 m/s reaches a 
batter with a velocity of 25 m/s, and after being 
batted, it leaves the bat with a velocity of 40 m/s 
in the opposite direction. Find the maximum 
force of the ball on the bat if the contact force 
can be approximated by the semiellipse as 
shown. 


t, milliseconds 
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PROBLEM 1.38 

A railroad car with a mass of 15000kg and 
rolling along a level track is brought to rest by a 
bumper spring. The spring is deformed 200 mm 
and has a modulus of 130kN/m. With what 
velocity did the car strike? 


Answer: v =0.589 m/s 


PROBLEM 1.39 

A 2 kg mass, resting on a spring-supported plat- 
form which is compressed 100 mm in the posi- 
tion shown. After moving 50 mm, the platform 
is halted by stops. Determine the maximum 
height h reached by the weight. The spring mod- 
ulus is 2000 N/m. 


Answer: h = 382.4 mm 


150 mm 


AWWA 


k= 2000 N/m 
7 


PROBLEM 1.40 

The uniform 10 kg bar is designed to snap up 
when the catch at end A is released. A tightly 
wound coil spring exerts a moment of 80N-m 
on the link at the hinge 0. The spring is wound 
two revolutions from its free position. The 
moment-displacement diagram for the coil 
spring is included. Determine the angular veloc: 
ity of the bar as it passes through the vertical 
position. 


Answer: w =6.4 rad/s 


36 DYNAMICS 


uy < hewn 


> UB 


Angular displacement 


PROBLEM 1.41 

The 0.3 kg block fits loosely in a 3 kg barrel and 
the spring is under an initial compression of 
80 mm. Find the final velocities acquired by the 
block and barrel. The spring modulus is 
1750 N/m. Neglect friction and assume that the 
assembly is placed on a smooth horizontal sur- 
face. 


Answer: v4 =5.826 m/s; vg = 0.3826 m/s 


PROBLEM 1.42 

A frame supports a pendulum of length | which 
swings free in the same plane in which the frame 
moves. Determine an expression for the kinetic 
energy and potential energy of the system in 
terms of the generalized coordinates x, and xp. 


PROBLEM 1.43 

Determine an expression for the kinetic energy 
of a thin rod suspended as a pendulum from a 
light wire in terms of the generalized coordi- 
nates 0, and 6,. Make approximations for small 
oscillations. 


Answer: T =2;ml7[36,7+66;6.+46,"] 


4 
r 
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PROBLEM 1.44 

Determine an expression for the total kinetic 
energy of the system which consists of two slen- 
der rods hinged at A and B. 


Answer: T=2ml?[46,7+36,6.+ 627] 


PROBLEM 1.45 
Determine an expression for the kinetic energy 
of the thin rigid rod, which is supported as a 
pendulum at end A, has a mass m, and which is 
also pinned to a roller and held in place by two 
elastic springs with constants k. 

3mx6 =| 


Answer: T=4mb| 6+ as 


PROBLEM 1.46 

A platform of mass m, supports a circular cylin- 
der of mass mz and is elastically suspended from 
the wall by a spring with a modulus of k. Deter- 
mine an expression for the kinetic energy of the 
system in terms of the generalized coordinates 
x, and x, if the cylinder rolls without slipping 
and m,= m,=m. The platform moves with neg- 
ligible friction over the surface A. 


Answer: T =4m[3x,?-2%.%1+32,7] 
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PROBLEM 1.47 

Determine an expression for the total kinetic 
energy of the system which consists of a slender 
tod with a mass m,, hinged at A and supported 
by a spring of stiffness k, at B, and in turn it 
supports a spring and mass k, and my. 


Answer: T=2[m,x%?7+3m%X2"] 


| 
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PROBLEM 1.48 

Two identical springs support a rigid rod and 
two identical masses. Choose coordinates which 
will describe the motion of each mass. Deter- 
mine an expression for the kinetic energy of the 
system in terms of your coordinates. 


Answer: T = mx?+ima76” 


PROBLEM 1.49 

In a ballistic test, a 10 g~bullet is fired with a 
velocity of 350 m/s into a box of sand, which 
rests on a steel frame. The steel frame and box 
of sand together have a 5kg mass. The steel 
frame deflects 5mm for a 200N horizontal 
force. Determine the maximum deflection of the 
frame when the bullet is fired into the box of 
sand. 


Answer: x =7.8 mm 
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PROBLEM 1.50 

A 45 gm steel ball is dropped from rest through 
a vertical height of 2m. Impact is on a solid 
steel cylinder with a 0.45-kg mass. The cylinder 
is supported by a light spring with a modulus of 
1600 N/m. The cylinder deflects a maximum of 
12 mm from the static equilibrium as a result of 
the impact. Calculate the height to which the 
ball will rebound and the coefficient of restitu- 
tion for the impact. 


Answer: h’=54.5 mm; e= 0.282 


TWO 


PERIODIC MOTION 


INTRODUCTION 


Watching the daily ebb and flow of tides and listening to the steady hum 
of industrial machinery, man is constantly concerned and fascinated with 
periodic motion. The swaying of a tree in the wind, the pitching and 
rolling of a ship at sea, and the turning of a generator in its journals all 
lead to cyclic variations of force and displacement. These motions, 
visible to the eye or perceptible to the body, have challenged man from 
the beginning of time. The study of these cyclic or period variations is 
the study of vibration and it is one of the most important aspects of 
dynamics. 

Often, vibration problems are complicated. The motion of a simple 
pendulum is easy to understand, but the flutter and buffeting of aircraft 
required years of exhaustive research and study before the problem was 
solved in any sense of the word. As problems are understood and 
controlled, new ones arise which were not expected. Often, these are 
caused by no more than subtle changes in manufacturing procedures, 
small errors in machining, or a redesign of parts or a system. 

Vibration can be classified in several ways. A free vibration occurs 
without externally applied forces. Normally, free vibration arises when 
an elastic system is displaced or given some initial velocity, as might 
result from an impact. A forced vibration occurs with the application of 
external forces. Forced vibrations can be periodic, aperiodic, or random. 
Periodic motion simply repeats itself in regular intervals of time. In 
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aperiodic or random motion, there is no such regular interval. Both free 
and forced vibrations can be damped, which is the term used in the 
study of vibration to denote a dissipation of energy. Vibrations are also 
classified by the number of degrees of freedom of motion. The number of 
degrees of freedom corresponds to the number of independent coordi- 
nates needed to completely describe motion. 

A particular problem of study may be described with more than one 
classification. That is, forced damped vibration is motion that is exter- 
nally forced while energy is dissipated. 

If the dissipative forces are proportional to the velocity of motion, the 
restoring forces proportional to displacement, and the inertial forces 
proportional to acceleration, a vibration is said to be linear. If any of 
these proportionalities is not satisfied, a vibration is said to be nonlinear. 
The terminology is borrowed from linear and nonlinear differential 
equations. Linearity is important since linear differential equations can 
be solved much more easily. Nonlinear vibration can sometimes be 
linearized by restricting the study of motion to small oscillations. 


FREE VIBRATION 


Consider an elastic spring stretched by an applied force, f. It is called 
elastic because it obeys Hooke’s law, the force f varying linearly with 
displacement, x. The constant of proportionality for the spring is the 
spring constant or spring modulus k, the slope of the force-displacement 
curve. The units of the spring modulus are pounds/inch. The spring 
force is then, 


f=kx (2.1) 


Figure 2.1 descriptively shows the variation of f with x. 

If a mass m is attached to the lower end of the spring and the spring 
and mass are allowed to come to an equilibrium position, the spring will 
deflect statically a distance A= mg/k from its free position, and the 
spring force will be equal to the weight of the suspended mass. 

If the mass is deflected from this new equilibrium, it will oscillate 
about the equilibrium position. Using Newton’s second law of motion, 
the equation of motion for any displacement x is }, F = mx, which can be 
written as a linear second-order differential equation in terms of the 
single coordinate x. 


—W+mg-—kx = mx 


2.2 
mk+kx=0 C2 
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For this relatively simple problem, it is not difficult to see that the © 


solution would be harmonic. This can be verified by substituting either 
an exponential or trigonometric function. For the trial solution of the 
homogeneous equation, let 


x= Ce" 
x=rCe" 
¥=r?Ce™ 


Substitution shows that the trial solution is an integral of the differential 
equation if the characteristic equation is satisfied. 


k 


Po : 
r a 0 (2.3) 


The quantity Vk/m is the frequency of the harmonic motion, in radians 
per second, and is generally called the natural circular frequency, w,. 
The characteristic equation has two roots, 


k 
nh2= ae tV—«,, (2.4) 


These roots are called the characteristic values or eigenvalues of the 
characteristic equation. 
There are two particular integrals of equation 2.2 


x= Cie! 


x2= Cres! 


“& 3 


Zo: 
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If we substitute both solutions into equation 2.2 and add, the sum also 
satisfies the equation of motion and has the required number of arbit- 
rary constants. The general solution is then 


x= Ci e's! + Cre int (2.5) 


provided that x, and x, are not linearly dependent. The general integral 
can also be written in hyperbolic form 


x =(C,+ C,)cosh iw,t + (C,— C,)sinh iw,t (2.6) 


or in trigonometric form, 
x=A cos w,t+B sin w,t (2.7) 


C,, C,, A, and B are arbitrary constants which depend on the initial 
conditions of motion. If the free end of spring instead of the equilibrium 
position had been chosen as the origin for the coordinate x, a term mg/k 
would be added to equations 2.6 and 2.7. The term is a static term and 
is of no importance to dynamics. It can always be eliminated if the 
equilibrium position is selected as the origin for the coordinate, x. 


HARMONIC MOTION 


Equations 2.5, 2.6, and 2.7 are harmonic functions of time. The motion 
is symmetric about the equilibrium position. The velocity is a maximum 
and the acceleration is zero each time the mass passes through this 
position. At the extreme displacements, the velocity is zero and the 
acceleration is a maximum. This is the simplest form of vibration and it 
is often called simple harmonic motion. This motion is typical of most 
systems with a single degree of freedom that have been displaced from a 
position of stable equilibrium by a small amount and released. It models 
accurately a surprising number of real systems. 

It is often convenient to use a vector diagram to visually picture 
harmonic motion. In Figure 2.2 the displacement x is the sum of the 
projections on the x-axis of the two vectors A and B, which rotate about 
the origin at an angular velocity w,, and at right angles to one another. 
The angular displacement of either vector at any time t is 9= ,t. This 
displacement is measured from the original positions of the vectors A 
and B at time t= 0, the vertical axis for vector A, the horizontal axis for 
vector B. The magnitudes A and B depend on the initial conditions of 
motion. 

The motion completed in any one period is called a cycle and 


Fig. 2.2 
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conversely the period 7 is the time necessary to complete one cycle of ~ 


motion, 


Wp, k (2.8) 


It is sometimes convenient to describe the period of harmonic motion, 
usually given in seconds, and at other times it is convenient to speak of 
the frequency of motion, the number of cycles completed in any unit of 
time. The conventional unit for frequency is the Hertz (Hz), which is 
one cycle per second (cps). The use of Hertz is standard practice in 
many European countries and is widely used in electronics, acoustics, 
and most scientific fields. The symbol f, is used for the natural fre- 
quency of a vibrating system. 


We are limited to two arbitrary constants, but they need not both be 


amplitudes. At times, it is more convenient to think in terms of an 
amplitude and a phase angle 

x= X sin(@,t+ a) (2.9a) 
or 


x= X cos(@,,t— B) (2.9b): 


The displacements (w,t+«a) and (w,t— 8) are measured from the hori- 
zontal and vertical axes respectively, which are again, the general 


starting positions for the vectors A and B. X, a, and B are new arbitrary 


BEGET 8 MM Be Sts. 
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constants which can be described in terms of A and B 


X=VA?+B? (2.10) 
tan B= >= cot a (2.11) 


The term X is the maximum amplitude or the peak value of the 
displacement. 


EXAMPLE PROBLEM 2.1 


Determine the natural frequency of the spring, mass, and pulley as 
shown. The spring has a modulus of k and the pulley can be assumed to 
be frictionless and have negligible mass. 


N 
i : 


VW 


Fy 


= 


FF, 


Solution: 

A generalized coordinate for this system is the displacement of the mass 
m. The displacement of. the pulley and the deformation of the spring can 
all be described in terms of x, the displacement of the mass m from its 


position of static equilibrium. From simple statics, 


F,=2F,= (5) +2mg 
and from Newton’s second law of motion, ) F, = mk 
mg —F, = mx 


nes ca 2 mg) me 


k 
x -+—— = 
x x=0 
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This is a linear second-order differential equation similar to equation 
2.2. From this equation, the natural frequency is 


ete 
n= 45 m 


EXAMPLE PROBLEM 2.2. THE MANOMETER 


Determine the natural frequency of a U-tube manometer open at both 
ends and containing a column of liquid mercury of length / and density 


¥- 
Solution: 


The coordinate x established as the displacement of the manometer 
meniscus from its equilibrium position, completely describes the move- 
ment of the manometer fluid and does recognize the constraint of the 
fluid in the manometer tube. It is therefore a generalized coordinate. 
The cross-section of the tube is A and it is uniform. The head of 
pressure acts over the cross-section and acts in a direction opposite to 
the acceleration x. Using Newton’s second law of motion, 


v F, = mk 
Aye ees 
g 
2+78y=0 


This is also a linear second-order differential equation analogous to 
equation 2.2. The frequency of small oscillation is 


1 /2g 


Qa VI 


fr 
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PROBLEM 2.3 

A 25-kg mass is suspended from a spring with a 
modulus of 2 N/mm, which is in turn suspended 
at its upper end from a thin steel cantilevered 
beam with a thickness of 3mm, a width of 
20 mm, and a length of 250 mm. Determine the 
natural frequency of the motion of the weight. 


Answer: f, = 0.899 Hz 


PROBLEM 2.4 


A partially filled oil drum floats in the sea. 


Determine the frequency of vértical motion as it 
bobs up and down. Sea water has a density of 
1.025. 


Answer: f, = 0.576 Hz 


PROBLEM 2.5 ms 
A heavy table is supported by flat steel legs. Its 
natural period in horizontal motion is 0.4s. 
When a 30-kg plate is clamped to its surface, the 
natural period in horizontal motion is increased 
té6 0.58. What is the effective spring constant 
and the mass of the table? 


Answer: 120 kg; 37 N/mm 


(b) r = 0.58 


PROBLEM 2.6 

Determine the natural frequency for small oscil- 
lations of the single mass system shown. The 
mass of the pulley is negligible. 


1 [k 
Answer: LS a 
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PROBLEM 2.7 

Determine the natural frequency for small oscil- 
lations of the system shown. The mass of the 
pulleys and friction are negligible. 


2 Tie 
Answer: f, = \4 


PROBLEM 2.8 
The mass m is supported by a system of pulleys 
and two springs with identical moduli of k. 
Determine the natural frequency of the system. 
i> Ee 
A > f= V5 
nswer: f, on Vom 


PROBLEM 2.9 

The mass m is suspended from two pulleys 
around which a weightless cord passes. The 
spring has a modulus of k. Determine the 
natural frequency of the system. 


Answer: f, ee y= 
a Ym 


PROBLEM 2.10 

The cart is connected to the wall by a rope and 
pulleys. The flexibility of the rope can be rep- 
resented by a spring with a modulus k. Deter- 
mine the natural frequency of the cart, rope, and 
pulley system. Neglect all friction and the mass 
of the rope, pulleys, and wheels. What would 
the natural frequency be if the angle of the 
incline were changed to 6 = 60°? 
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PROBLEM 2.11 
Two spheres, each with a mass m, are fixed to a 
thin ring of negligible mass. Determine the 


natural frequency of free oscillation of the ring _ 


and the two masses. 
Hint: The diametral deflection of a thin ring 
under compression is 6 = 0.149(Pr?/E1, where 
P is the compressive load, r is the radius, EI is 
the flexural rigidity of the ring. 
Answer: , = 3.66 as 

mr 


PROBLEM 2.12 

Determine the lowest natural frequency of a 
thin ring of radius r and mass density p vibrating 
in a radial direction. 

Hint: Circumferential strain « = u/r, where u is 
the radial displacement. 


1 /E 
Answer: f, ea y= 


PROBLEM 2.13 


' Solve Problem 2.12 for a thin sphere of radius r. 


1 [2E 
Answer: f, =a. \ 
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be- 600 mm —>| 


PROBLEM 2.14 

The mass m is at rest, partially supported by the 
spring and partially supported by the stops.. In 
the position shown, the spring force is mg/2. At 
time t=0, the stops are rotated, suddenly re- 
leasing the mass. Determine the transient equa- 
tion of motion. 


PROBLEM 2.15 

A 1-kg mass is attached as a pendulum to a cord 
that is 1m long. It is released from rest when 
0=5°. Determine the amplitude at the other 
end of the swing of the pendulum, and the 
period of the pendulum. 


PROBLEM 2.16 

A 5kg fragile glass vase is packed in chopped 
sponge rubber and placed in a cardboard box 
which has negligible weight. It is then accidentally 
dropped from a height of 1m. This particular 
sponge rubber exhibits a force deflection curve 
in bulk as shown. Determine the maximum de- 
formation of the packing within the box and the 
maximum acceleration of the vase in g’s. 


Force, N 


0 20 30 40 50 
Deflection, mm 


PROBLEM 2.17 

A device designed to measure the kinetic coeffi- 
cient of friction consists of two 90° V-grooved 
pulleys, rotating in opposite directions, across 
which a cylindrical bar of some known material 
is placed. When displaced, the bar will perform 
simple harmonic motion. Derive an expression 
for the kinetic coefficient of friction in terms of 
the frequency of vibration in cycles per second. 


Answer: p= 0.867f* 
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PROBLEM 2.18 

Two sliders are constrained to move within a 
smooth tube which is rotating in the horizontal 
plane about the fixed axis 0. Each of the sliders 
is elastically suspended from identical springs 
with a modulus k. The ends of the spring are 
fixed at 0 and the unstretched length of the 
spring is 79. Determine the frequency of vibra- 
tion for a constant angular velocity w. 


1 
Answer: f, =. yee? 
7 


PROBLEM 2.19 

A small orbiting body is displaced from its circu- 
lar orbit a small distance 5. Determine the 
period and the equation of motion for the dis- 
turbance. 

Hint: Kepler’s law is that the radial line to an 
orbiting body sweeps equal areas of space in 
equal times (r76 = constant). 


iy, 
Answer: t=27 7? 


2.4. TORSIONAL VIBRATION 


Torsional vibration refers to vibration of a rigid body about a specific 
reference axis. In this case, displacement is measured in terms of an 
angular coordinate. The restoring moment may be either due to the 
torsion of an elastic member or to the unbalanced moment of a force or 
a couple. 

In Figure 2.3, one end of a long rod supports a disk that has mass, 
which is large relative to that of the rod, and the other end of the rod is 


Fig. 2.3 
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M= Ko 


fixed to a rigid foundation. If the rod is elastic, any angular displacement 


of the disk away from the equilibrium position will create a restoring 


moment of 


where J is the second moment of area (polar moment of inertia of area) 
about the axis of the shaft, G is the modulus of rigidity, | is the length of 
shaft, and @ is the angular coordinate measure of the displacement of 
the disk about the axis of the rod. This restoring moment is linearly 
proportional to the angle @ and the constant of proportionality is 
defined as the torsional spring constant. 


(2.12) 


K=——=-— (2.13) 


The symbol for the torsional spring constant is K and the units for the 
torsional spring constant are torque per unit of displacement, 
N-m/radian. Taking the moment sum about the axis of the rod, 
Newton’s second law of motion can be stated as 


¥, My = 108 
The restoring moment is K@. 
The equation of motion is 
» K 
6+— 0=0 (2.14) 
Ih 


which is similar to equation 2.2, where @ is in place of the coordinate x, 


a 


235. 


Fig. 2.4 t 
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and K/I, replaces k/m. The natural frequency is 


= 5 (2.15) 


This system of torsional spring and mass is referred to as a torsional 
pendulum. The most significant application of a torsional pendulum is in 
a mechanical clock. In a clock, a ratchet and pawl translate the regular 
oscillation of a small torsional pendulum into the movement of hands 
across the face of the clock. The principle has not changed since 
Huygens invented the balance wheel three centuries ago. 


SIMPLE PENDULUM 


Another example of torsional vibration is the classic simple pendulum. 
A small mass or bob m is suspended vertically on a light wire from a 
hinge at 0, as in Figure 2.4. When the bob is displaced from the vertical 


it will oscillate about the vertical with a regular periodic motion. All this - 


is a very familiar observation. 

If we restrict motion to a single plane, the generalized coordinate 
which describes motion is the angular displacement from the vertical, 0, 
measured in that plane.. The wire length is a constraint which restricts 
the bob of the pendulum to move in a circular path about the hinge. 
Recognition of this constraint makes @ a generalized coordinate. 

The free body diagram shows the active forces on the bob when 
displaced slightly from the equilibrium position. The tensile force in the 


\e7 0 
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supporting wire and the weight of the bob are the only active forces. 
Taking a force summation in the 6 direction, 


> Fo =—mg sin 6 = ma, = ml6 


The acceleration a, is positive in the direction of positive 6. : 
For small angles of oscillation, the sine can be replaced by the angle, 
within 1% accuracy for up to 5.5° of motion. Substituting sin 6 for @, 


—mgo = ml6 
or 


6+8 6=0 (2.16) 
This is a linear second-order differential equation, exactly analogous to 
equation 2.2, with @ in place of x and g/I in place of k/m. The frequency 
of small oscillations is 


peas (2.17) 


It is dependent only on the length of wire supporting the pendulum, and 
it is independent of the mass of the bob. 

The simple pendulum has also been used as a means of keeping time. 
The grandfather’s clock is a well-known example of a pendulum clock of 
great accuracy and dependability. 


COMPOUND PENDULUM 


A rigid body will oscillate as a pendulum, if it is suspended from some 
point other than its mass center. As an example, let us consider the rigid 
body of Figure 2.5, suspended from point 0 and oscillating in the x—y 
plane. The mass center is at G. 

Taking the moment sum about an axis through point 0 and normal to 
the x-y plane, 


> Mo = 1)6 = —mer sin 0 


For small angles, replacing sin 6 by 0, the restoring moment is a function 
of the angular displacement, and 


6+—2 6=0 (2.18) 


Fig. 2.5 
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f= (2.19) 


Ip is the mass moment of inertia of the rigid body as measured about 
the z-axis passing through 0. It is a measure of the resistance of the 
body to angular acceleration. Mass moment of inertia is an awkward 
term and, except for certain elementary shapes, it is never calculated 
directly from the geometry of the rigid body. It can be measured quite 
accurately from the observed effect of moment of inertia on the dynamic 
response of a rigid body to angular acceleration, such as observing the 
frequency of oscillation of a rigid body in free vibration. 

At this point, it is convenient to refer to two other arbitrary measures 
of the mass moment of a rigid body. If all of the mass of a rigid body 
were concentrated in a thin ring, which had the same inertial properties 
of resistance to angular acceleration as the rigid body, the radius of that 
ring would be the radius of gyration, ko. If all of the mass were 
concentrated at a point, the distance to that point from the fixed axis 
would be qo. The point itself is called the center of percussion. The 
location of the center of percussion and the radius of gyration are 
related to the location of the mass center and the center of rotation. 


_ ko 
r 


Here, r is again the radial distance of the mass center from the fixed 
axis. 


4o (2.20) 


Fig. 2.6 


Fig. 2.7 
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If the mass moment of inertia is replaced by its equivalent Ip = mapr, 
equation 2.19 becomes 


h=z- ye 
T 

This is analogous to the natural ae of a simple pendulum, which 
has the same length as the distance from the axis of oscillation to the 
center of percussion. A rigid body suspended in this manner is called a 
compound pendulum. The term has a simple meaning, for the center of 
percussion and the center of oscillation can be interchanged, and the 
same natural frequency will result in each case. 

A good example is an automobile. Considering motion in a profile 
plane, the automobile is a compound pendulum. If the front wheels 
strike a bump, a reaction will be felt by passengers unless the center of 
percussion is located at or near the rear axle. The reverse is true as the 
rear wheels strike a bump. A reaction will be felt unless the center of 
percussion is at or near the front axle. As a consequence, good vehicle 
design places the center of percussion about one axle with the center of 
oscillation about the other. Most automobile manufacturers changed 
their designs in 1934, the year this elementary principle of dynamics was 
first used. Prior to 1934, good automobile esthetics centered the 


Recent Automobile 


2d. 
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radiator cap over the front wheels. The actual dynamics of a moving 
automobile are quite complicated, since there are many degrees of 
freedom, but this simple example explains how the principle of the 
compound pendulum can be used. Figure 2.6 shows the differences in 
automobile design. 


FILAR PENDULUM 


A rigid body can also be suspended as a filar pendulum by supporting it 
so that it will oscillate in the horizontal plane. There are bifilar, trifilar, 
and quadrifilar pendula, depending on the number of supporting wires. 
Mass moments of inertia can be found from filar suspensions. Measuring 


the frequency of a filar pendulum happens to be a very convenient way. 


of finding mass moment of inertia and it is used extensively in practice. 

Not too many students realize how difficult it is to find the mass moment 

of inertia of a jet airplane or spacecraft by other means, or how 

important this quantity is to the guidance and control of the airplane or 

spacecraft. 
Example Problem 2.20 shows how this can be done. 


EXAMPLE PROBLEM 2.20. THE BIFILAR PENDULUM 


Determine the moment of inertia I, for an aircraft propeller from 
observations of the natural frequency of free oscillations for the propel- 
ler suspended from two light wires attached to the tips of the propeller 
blades. The length of each suspension wire is h and the diameter of the 
propeller is D. The weight of the propeller is W and it is known. 


Solution: : 
As the propeller rotates in the horizontal plane, it moves up and down a 
small but measurable amount, similar to a simple pendulum. The 
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restoring moments are, for a positive angular displacement, 
D 
-2T sin d= 
$ 2 
The equation of motion about the geometric z-axis 
¥M,=16 


—TD sin 6 =1,6 
I, is the mass moment of inertia about the z-axis. 
From geometry, h sin ¢ = (D/2)sin 6, hence 
2 
2h 
For small angles of oscillation, sin @ can be replaced by the angle 86. 
Substitution yields the equation 


sin 6= 1,6 


TD? 
2Lh 


For small angles of oscillation, T is approximately equal to W/2, and 


6+ 6=0 


mgD? __ 
4Lh oe 


Using our knowledge-of this equation of motion, the natural frequency 
is 


6+ 


gah em 
"20 VN 4h 
Solving for the mass moment of inertia, 
y= mgD*_ 
= 1607f,7h 


Bifilar suspension is used to determine the mass moment of inertia of 
many objects that have axial symmetry. 


EXAMPLE PROBLEM 2.21 


A light aircraft is powered by a 9-cylinder radial aircraft engine, which 
uses a four-stroke cycle. Power is transmitted through a short shaft to a 
two-bladed aluminum propeller. Determine the natural frequency of the 
system, if the axial moment of inertia of the propeller is 17.62 kg - m’, 


| 
| 
| 
| 
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q; 


Actual system Equivalent system 


and the effective moment of inertia of the moving parts of the radial 
engine is 0.544kg- m7. The torsional spring constant of the propeller 
shaft is 0.45 X 10° N - m/radian. What would be the expected result at an 
engine speed of 2000 rpm? 


Solution: 
For the one principal mode of vibration, the propeller and engine will 
move out of phase with each other, but with the same frequency. The 
propeller will move clockwise while the engine rotates counterclockwise 
and vice versa. This motion is superimposed on the constant rotation of 
the propeller and engine. A standing node will appear at some point 
between the two masses and the system can be considered to be two 
simple torsional pendulums placed end to end. For these two systems, 
the frequencies f, and f, are the same as the natural frequency f,. 
1 /{K, 1 [|K, 
h=h=h=z7 I, 20 Vip 
This leads to the statement that the ratios K,/I, and K,/I, are identical. 
From equation 2.13, the torsional spring constant is inversely propor- 
tional to the length of the shaft. I, J, and G are the same, 
x-26 
i 
and, 
KIl= K,l,= K,l 
combining, 


IL, K, lL, 


fos Ra 


60 PERIODIC MOTION 


using the total length of shaft J=1,+L 


I. 


Starting with the expression for f,, multiplying both the numerator 
and denominator by |, substituting the above equation for | and sub- 
stituting KI = K,l, 


using the given values of I,, I,, and K, 


1 \ 1 1 
= 45 x 10°| ——__+——__J= 
f oan 0.45 x 10 ( 1762054 i) 147 cycles/second 


= 8820 cycles/minute 


For a four-stroke cycle radial aircraft engine running at 1960 rpm, there 
will be 


3(1960) = 8820 power strokes/minute 


This corresponds to the natural frequency of the system and resonance 
will result if the system is run at 1960 rpm. At 2000 rpm, violent shaking 
of the aircraft would still result. 


EXAMPLE PROBLEM 2.22. THE COMPOUND PENDULUM 


Find the natural frequency of a long slender rod which is suspended 
vertically from one end and oscillates in one plane as a pendulum. 
Locate the center of percussion and determine the radius of gyration. 
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Solution: 

The slender rod rotates about point 0 due to the unbalanced moment of 
the weight force, W, about point 0. The equation of motion for rotation 
is 


> M, = 1,6 
l * 1 2A 
—mg; sin 6=35ml*6 
The moment of inertia for a long slender rod is 3ml? about one end. 


Replacing sin @ with 6, which is valid for small oscillations, the 
equation of motion is 


This is again similar to equation 2.2, with @ replacing x and 3a/l 


replacing k/m. 
The natural circular frequency is 


et 
On N21 


and the natural frequency, measured in cycles per second, is 


The radius of gyration is 


and the distance to the center of percussion is 


Ke? 
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R=10m 


Loe mm 


Compressed air 


PROBLEM 2.23 

A 50mm diameter by 20 mm thick steel (y= 
7.48) cylinder “floats” above a 100 mm diame- 
ter concave spherical “dish” by virtue of air 
being pumped through a small central orifice. 
The dish has a radius of 10 m. If the cylinder is 
displaced 10 mm laterally from its central rest 
position, what will be its period of oscillation? 
Assume that the clearance at the edge of the 
cylinder remains constant at 0.025 mm. 


Answer: += 6.35 sec 


PROBLEM 2.24 

A device designed to determine the moment of 
inertia of a wheel-tire assembly consists of 2 mm 
steel suspension wire, 2 m long, and a mounting 
plate, to which is attached the wheel-tire assem- 
bly. The suspension wire is fixed at its upper end 
and hung vertically. When the system oscillates 
as a torsional pendulum, the period of oscilla- 
tion without the wheel-tire assembly is 4 sec. 
With the wheel-tire mounted to the mounting 
plate, the period of oscillation is 25 sec. Deter- 
mine the moment of inertia of wheel-tire 
assembly. 


PROBLEM 2.25 

Determine the natural frequency for the hori- 
zontal pendulum shown. Neglect the mass of the 
arm. 


2.7. FILAR PENDULUM 63 


PROBLEM 2.26 

The uniform wheel of mass m is supported in 
the vertical plane by the light flexible band ABC 
and the spring, which has a stiffness k. The 
wheel has a moment of inertia I, about the 
geometric center 0, and rolls without slipping on 
the band ABC. Determine the natural frequency 
of the system. 


1 Akr? 
Answer: f, = re iene 


PROBLEM 2.27 

A solid circular cylinder is held in place by a 
cable and a pulley. The flexibility of the cable 
can be represented by a spring with a modulus 
k. The cable is wrapped around the cylinder. 
Friction is sufficient to prevent slipping. Deter- 
mine the natural frequency of small oscillations , 
The mass of the pulley may be neglected. 


PROBLEM 2.28 

Gears A and B mesh with a gear ratio n. They 
are fixed to circular shafts of equal length and 
equal diameter. The shafts are built-in at either 
end. Determine the natural frequency of the 
system. 


1 /{KQ+n?) 
Answer: h=57 Ibpt+Ln 


PROBLEM 2.29 
A mass m is fixed to one end of a weightless rod 
which is pivoted a distance c from the weight. 
What is the natural frequency of vibration for 
small amplitudes of motion? This is called a 
vertical pendulum. 


1 /2kb? 
k a Answer: baby _§ 


a VNmc? c 
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PROBLEM 2.30 

A new model automobile is suspended as a 
pendulum, using cables attached to the front and 
rear axles. With 1= 4.6m the period of oscilla- 
tion is 4.3sec. For 1=2.6m, the period de- 
creases to 3.3 sec. Determine the distance from 
the plane containing the geometric center of the 
axles to the center of gravity. 


Answer: 145 mm 


PROBLEM 2.31 

A slender, uniform rod of weight W is pivoted 
at the bottom end and is held in equilibrium by 
two springs. What is the natural frequency of 
vibration for small amplitudes? 


Answer: fez oe _ 38 
7 


PROBLEM 2.32 

The front end of a 1000 kg automobile must be 
raised 100 mm before the front wheels are off 
the ground. If one front wheel assembly includ- 
ing axle, brake, wheel, and tire as a mass of 
30 kg, determine the natural frequency of the 
assembly if the torsion bar suspension shown 
below is used. Consider that the weight of the 
car is evenly distributed on all four wheels. 


Answer: f, =4.55 Hz 
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PROBLEM 2.33 

Determine the natural frequency of free swing 
for a rectangular door suspended from a hinge 
axis that is inclined at a small angle ¢@ to the 
vertical. 


PROBLEM 2.34 

A bar 600 mm long rolls on wheels of negligible 
weight on a circular path with a radius of 
500 mm. Determine the frequency of oscillation 
for the bar if it moves in the vertical plane and is 
displaced slightly from its equilibrium position. 


Answer: f, = 0.723 Hz 


PROBLEM 2.35 

Determine the natural frequency of a solid 
hemisphere oscillating in planar motion on a 
horizontal surface, if it rolls without slipping. 


1 [15g 
Answer: f,, ace 2 
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PROBLEM 2.36 

A connecting rod has a mass of 3.10kg. It 
oscillates 59 times in 1 minute when suspended 
on a knife edge about the upper inner surface of 
the wrist pin bearing. Determine the moment of 
inertia about the centroid, which is located 
185 mm from this surface. 


Answer: Ig = 0.0412 kg - m? 


PROBLEM 2.37 

Repeat Problem 2.22, using the center of per- 
cussion, which is 4] from the end of the bar as 
the center of oscillation, and show that the 
natural frequency is unchanged. This is the 
meaning of a compound pendulum. 


PROBLEM 2.38 

The uniform slender bar of weight W is sup- 
ported in the horizontal position by the spring. 
Determine the frequency of small oscillations 
when the bar is set in motion. 


PROBLEM 2.39 

A uniform slender bar of mass m and length I 
hangs vertically at a quarter point of the length 
as shown. The top of the bar is attached to two 
springs. Find the natural frequency (in Hz) of 
the system, assuming the amplitudes of the mo- 
tion to be small, if k = 4000, N/mm = 10 kg, and 
1=800 mm 


Answer: f,, = 3.036 Hz 


PROBLEM 2.40 

Determine the natural frequency for small pla- 
nar oscillations of a floating hemisphere shell. 
Hint: The metacenter is at M. 

1 [6g 

A Jean NEE 
nswer: f, on V5r 
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PROBLEM 2.41 

A helical gear has a mass of 3.61 kg. It oscillates 
89 times in 1 minute when suspended as a 
quadrifilar pendulum. Determine the polar mo- 
ment of inertia of the gear about its center; 
h=200 mm and the diameter of the gear is 
142.9 mm. 


PROBLEM 2.42 

A 20mm by 240mm wooden block floats half 
submerged in water. Determine the frequency of 
small oscillations of the block rolling from side 
to side. In this motion, the center of mass re- 
mains in the plane of the water surface. 


Answer: f, = 4.97 Hz 


PROBLEM 2.43 : 

Determine the natural frequency of free oscilla- 
tions for the system. The pulley has a mass of 
20 kg and has a radius of gyration of 360 mm. 
The modulus of the spring is 1.6 N/mm; the 


- diameter of the pulley is 1m. 


Answer: f, = 1.714 Hz 


THREE 


ENERGY METHODS AND 
RAYLEIGH’S PRINCIPLE 


Suk. 


ENERGY METHODS 


It is often very simple and direct to use energy methods to solve 
vibration problems. Energy methods involve an energy balance using 
scalars rather than a force balance with vectors. 

To some, it is easier to conceive of an energy balance than it is to 
draw free body diagrams and establish vector forces and a force balance. 
Simply stated, in an energy balance, energy must be conserved. As a 
principle, this is known as the Conservation of Energy. It is a physical 
law and no violation of it has ever been observed. For the total energy, E, 


E=T+V (3.1) 


In this equation, T denotes kinetic energy due to the velocity of the 
mass of the system, and V is potential energy, either due to the 
configuration of this mass as measured from some arbitrary datum or 
due to the stress of the elastic members. The conservation of energy can 
be expressed in an incremental form, where AU is the energy that is 
added to the total energy as heat or removed as work or friction, 


AU=AT+AV (3.2) 
This statement says that the addition or dissipation of energy must also 
appear as a change in the kinetic or potential energy. * 
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The conservation of energy holds for all systems, whether energy is 
dissipated or not, but if no energy is added or dissipated, AU = 0, and if 
there is no change in the thermal energy of the system with time, 


< [T+ vl=0 (3.3) 


If T and V are functions of a single generalized coordinate, this 
expression leads directly to the equation of motion. Equation 3.3 is used 
extensively for this purpose and using it is referred to as the energy 
method for finding equations of motion and natural frequencies. 

For a conservative system, the energy of any specific particle or mass 
may be either potential or kinetic, but the total energy of the system 
must remain constant. Cyclic motion is merely one manifestation of the 
conversion of energy from potential to kinetic energy and back again. 
Even if some energy is dissipated, energy methods can be used to find 
the approximate equations of motion. The key word is approximate, for 
the advantages of using an energy balance, with its inherent simplicity, 
may outweigh the inaccuracy of ignoring energy dissipation. 


SINGLE DEGREE OF FREEDOM 


As an example, let us again examine the simple elastic system of 
Chapter 2, Figure 2.1, which is repeated in Figure 3.1. At any time, the 
kinetic energy of the system is expressed as the kinetic energy of the 
mass, m, with the kinetic energy of the spring being ignored. 


T=4mx? (3.4) | 


Potential energy is expressed as both elastic potential energy and as 
potential energy of position. To have meaning, both must be expressed 
as a change from some convenient but arbitrary datum position. For 
Figure 3.1, if the datum had been taken as the equilibrium position, 
where the elastic force and weight are balanced, the elastic energy in the 
spring would be V,=3kA?. Displacement of the mass from the equilib- 
rium position in the positive x-direction would increase the elastic 
energy stored in the spring and decrease the potential energy due to 
position. The result would be 


=3k(x+A)?- mgx = kA? +3kx? (3.5) 


The term 3k A? is a constant term for a given weight. 
Adding the kinetic and potential energy and differentiating the total 
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energy with respect to time 


d . [ax dx\ _ 
er [T+ V]= mi( Se) kx($) =0 
or 
mx(x)+ kx(x) =0 
Cancelling x, we have 
mx + kx =0 (3.6) 


which is equation 2.2. Note that if we had taken the unstretched 
position of the spring as the position where x = 0, we would have had a 
constant term mg/k on the right side of the equation of motion. 


a3 


RAYLEIGH’S ENERGY METHOD 


An alternate form of the energy method was devised by Lord Rayleigh 
for the approximate calculation of the fundamental frequency of a 
vibrating system, which method does not derive and solve the differen- 
tial equations of motion. 


Assuming that the motion is simple harmonic, a basic premise re- 


quired by this method of solution, 
x=X sin o,f 
Differentiating with respect to time, the velocity is 
x= Xo, cos w,t 


If the sum total of the kinetic and potential energy is constant, then the 
average potential energy must be equal to the average kinetic energy 
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over one full cycle for which the period 7=27/,, 


1 7 ? xX? 2eer 
Tag=> | 4mx? dt=4m ; “| cos? w,tdt=imX?w,?  (3.7a) 
lo lo 


1 (7 1 kX? (7 
Vae== | tkx? dt == ; { sin? w,t dt =1kX? (3.7b) 


T 4 2 0 
equating 
d Ha = Vive 
4mX*w,.” =4kX? (3.8) 
neat 
m 


This is the square of the natural circular frequency of the system. The 
same result can be achieved by equating the maximum kinetic energy to 
the maximum potential energy, bypassing the necessity of integrating 
over a complete cycle. At the extreme position, the system comes to rest 
and the energy of the system is entirely potential. Passing through the | 
equilibrium position, the energy is entirely kinetic, provided that we 
assume the potential energy of the equilibrium position to be zero. 
Conservation of energy requires that total energy of the system be 
unchanged or that the change in kinetic energy be equal to the change in 
potential energy. This means that the change in potential energy at its 
maximum must be equal to the change in kinetic energy at its maximum. 


3mX?a,? =3kX? (3.9) 
oot 
7m 


Note that the amplitude, X, is eliminated from the expression for w,, for 
both equations 3.8 and 3.9. This is not a trivial point, since the 
independence of natural frequency from amplitude of motion is the 
basis of Rayleigh’s Principle. 

Finding the equation of motion using energy methods is extremely 
useful where the simple system has one degree of freedom but geomet- 
ric or kinematic complexity, such as numerous elastic members. Accel- 
eration can be related directly to the active forces, through the conser- 
vation of energy, without considering internal forces which do no work 
and have no effect on energy changes within the system. . 

Rayleigh’s energy method consists of three important parts. The first 
is the assumption of a mode shape, which is the relation between 


3.4. 
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generalized coordinates. In the case of a single generalized coordinate, it 
is merely the expression of kinetic and potential energy in terms of the 
maximum displacement. The matter of mode shape will be discussed at 
length in the next and in succeeding sections. The second part is the 
assumption that the motion will be simple harmonic. In an undamped 
linear system, this is a valid assumption. If damping is light, the 
distortion is negligible. The third part is equating kinetic energy to 
eam 

potential energy, ignoring heat, work, and friction. With these qualifica- 
tions, it is remarkable that the natural frequency of harmonic motion 
can be found with any accuracy, but Rayleigh’s energy method is a very 
powerful method, it does give a very good approximation of the natural 
frequencies, and it is particularly useful for a system with a single degree 
of freedom. 

In single degree of freedom systems, only one coordinate is involved, 
and energy can be written as functions of this single coordinate. If 
multiple degrees of freedom are involved, more than one coordinate will 
be required, but energy methods provide simple schemes for organizing 
and ordering a multiplicity of terms. Matrices and matrix algebra can be 
used effectively when energy methods are extended to problems with 
many degrees of freedom. The simple energy methods used here are 
introductory to Lagrangian methods of advanced mechanics. 


THE SELECTION OF THE DATUM 


The question of the selection of the most convenient datum position is 
important. In Section 3.2, for equation 3.5, equilibrium was selected as 
the datum position. In Figure 3.1, if the datum position had been chosen 
as the position of the unstretched spring, 


Vo =0 
Now, in stretching the spring to a new position, a distance A such that 
A=me)/k, the potential energy within the spring would be 
V; — 3k A? 

stretching a distance x 7 

V2 =3k(At+x)?— mex 
and 

AV= V.— V1 = kx? 


Thus, the energy change from state 2 to state 1 is simply 4kx?. In 
choosing the equilibrium state as the datum position, the potential 


energy change of the weight forces conveniently cancel. This is true, 
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unless the weight forces change sign with displacement from the equilib- 
rium position. A change in sign refers to the sign of the vector of the 
generalized coordinate. An example of this exception would be the ~ 
simple pendulum. Either positive or negative displacement from this 
equilibrium position results in a positive change in potential energy. 


EXAMPLE PROBLEM 3.1. THE MANOMETER 
Solve Problem 2.2, using Rayleigh’s energy method. 


ay ll” RE 


Solution: 

The most convenient datum is again the equilibrium position, where the 
generalized coordinate x=0. At any other position, the change in 
potential energy from the equilibrium position is 


Ayx? ( An) 
= — | ———] = A 2 
AV 5) 2 yx 
One leg of the manometer is raised and the other is depressed., The 
potential energy of the raised leg is Ayx(x/2), since the center of gravity 
of the segment is displaced x/2. The potential energy of the depressed 


-leg is —Ayx(x/2), making the total potential energy change from the 


equilibrium position Ayx?. 

The kinetic energy change is 
_1Ayl 
28 

Assuming harmonic motion for the generalized coordinate x, where X 
is the maximum displacement 


AT (x7—0) 


x=X sin w,t 
x = X@,, COS w,t 
Setting the maximum kinetic energy change to be equal to the maximum 


potential energy change, 
A Tino =A Vinax 


Ayle,” 


‘ 


: X?= AyX? 
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from which, 


2g 
2_45 
Wy i 
and, = 
de 28 
f= 27 Vi 


This is exactly the same answer as obtained in Problem 2.2. 


EXAMPLE PROBLEM 3.2. THE COMPOUND PENDULUM 
Repeat Problem 2.22 by solving it using Rayleigh’s energy method. 


' 
| 
i} 
| 
| 
{ 
| 
! 
i 
! 
Y 
y 
Solution: 
The datum position of the pendulum can be chosen as any value of the 
generalized coordinate 6. The angle 9=0 is particularly convenient, 
because it is the equilibrium position of the pendulum, the lowest 
position of the center of gravity, and all other positions represent an 
increase in potential energy from the datum position. The equilibrium 
position is also the position of maximum kinetic energy. 

At any position 0, the change in potential energy from the equilibrium 
is 

AV=m 2, er 
aay 
The change in kinetic energy of the pendulum is 
AT =3Gml’)[(67)— 0] 

Assuming harmonic motion of the generalized coordinate 6, where 0 

is the maximum displacement, 
6=6 sin o,t : 


6 = Ow,, COS w,t 
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Setting the maximum kinetic energy change to be equal to. the 
maximum potential energy change, which is the most convenient state- 
ment of the law of the conservation of energy, 


A Tink = A Vinax 
14mI?(@w,)?]= mes (1-cos ) 


This is a nonlinear equation. It can be linearized by using two terms of 
the power series for the cosine function. 


2 @* 
cos @=1 oi at 
@? @* 
1—cos @ = or At 
All terms after the 67/2 term are ignored. Substituting again, 
irl 2 2 l @? 
alsml*(Ow,)"]= W>-> 
from which, 
O,) = = 
and, 
_1 Bs 
In 95 VOI 


which is precisely the same solution as Problem 2.22. 

Aside, it is interesting to note that the error in substituting sin © for © 
is less than 1%, if @<5.5°. The substitution of @7/2 for 1—cos @ is valid 
with an error less than 1% for @<22°. The natural conclusion is that 
the limitation to small angles of oscillation is not so restrictive after all. 


PROBLEM 3.3 
Repeat Problem 2.25 using Rayleigh’s energy 
method. 


PROBLEM 3.4 
What is the natural frequency of the ballistic test 
apparatus of Problem 1.49. 


PROBLEM 3.5 
Repeat Problem 2.29, using Rayleigh’s energy 
method. 
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PROBLEM 3.6 
Repeat Problem 2.31, using Rayleigh’s energy 
method. 


PROBLEM 3.7 
Repeat Problem 2.35, using Rayleigh’s energy 
method. 


PROBLEM 3.8 
Repeat Problem 2.36, using Rayleigh’s energy 
method. 


PROBLEM 3.9 
Repeat Problem 2.37, using Rayleigh’s energy 
method. 


PROBLEM 3.10 
Repeat Problem 2.40, using Rayleigh’s energy 
method. 


PROBLEM 3.11 

The front end suspension of an automobile is 
shown in the accompanying sketch. If the front 
coil springs each have a modulus of 50 kN/m 
and the body has a mass of 1420 kg, determine 
the natural frequency of vertical oscillation of 
the front end. 


Answer: f, = 1.133 Hz 


PROBLEM 3.12 
The Chilton pendulum consists of a mass m, 
which is supported by two loose rollers in large 
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holes. Consider the mass to be supported sym- 
metrically, with the center of mass at G. If the 
radius of the rollers is r and the radius of the 
holes is R, with R>r determine the natural 


' frequency of the pendulum. 


PROBLEM 3.13 

The solid circular cylinder rests between two 
sponge rubber pads. Determine the natural fre- 
quency of horizontal oscillations, if the cylinder 
is displaced from its equilibrium position, rolls 
without slipping on the flat surface, and does not 
lose contact with the pads. 

ix _, 1 [4k 

nswer: f, an V3m 


PROBLEM 3.14 
Two solid disks are connected by two solid side 


bars. One side bar is pinned to the disks at their: 


geometric centers. The other is pinned at points 
half way from the geometric centers. Determine 
the natural frequency for small oscillations of 
the mechanical system about the static equilib- 
rium position. All pinned connections are fric- 
tionless. The disks roll without slipping on the 
horizontal surface. 


m 
Answer: @,”= Fexem 
6m2+35m,{r 


PROBLEM 3.15 

An instrument used to count the vertical oscilla- 
tions of a transmission line consists of a seismic 
pendulum and escapement mechanism. For the 


dimensions shown, determine the natural fre- ; 


quency of the instrument. 


Answer: f, = 1.601 Hz 
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Wp 


PROBLEM 3.16 


Determine the natural frequency of small oscil- 
lation for the vertical pendulum. Each spring has 
a modulus of k and is under an initial tension T 
when the weight is in equilibrium in the vertical 
position. 


1 |2ka? 
Answer: f, aera yp a 


PROBLEM 3.17 

Derive an expression for the curvature of a 
spherical surface in terms of the frequency of 
oscillation of a sphere placed on the surface and 
disturbed from its equilibrium position. 


; 5 
Answer: R=r+— 8 


7 (2af.)” 


PROBLEM 3.18 

A uniform bar of length | and weight w is 
secured to a circular hoop of radius |. The 
weight of the hoop is negligible. Determine the 
natural frequency of small oscillations if the bar 
and hoop are disturbed from equilibrium. Fric- 
tion is sufficient to prevent slipping. 

Answer: eee 38 
2m V2I 
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PROBLEM 3.19 
The flat plank is placed centrally on a hemis- 
pherical surface and displaced from its equilib- 
rium position. For small oscillations about its 
center of gravity, determine the natural fre- 
quency of motion. 


i 12er 
Qa P 


Answer: f, = 


PROBLEM 3.20 
An amplitude meter consists of a seismic mass 
suspended as shown. Determine the natural fre- 


- quency of the meter in terms of the tension 


spring k,, the compression spring k,, the mass 
m, and the moment of inertia I. 


1 [2k,b?+k,a? 
Answer: f, mae ae ete 


PROBLEM 3.21 

A vertical seismometer consists of a large pen- 
dulous mass at the end of a massless horizontal 
boom. The mass and boom are pivoted at end A 
and suspended by a spring with a constant k. 
Determine the natural frequency of the seis- 
mometer. 


1. a’ k g 
ETE gi abla] 


PROBLEM 3.22 

Two identical masses are pin-connected to a 
rigid link of length I. One is free to move in a 
vertical slot and the other is free to move in a 
horizontal slot. Both slots are frictionless: De- 
termine the natural frequency of motion for 
small oscillation. 


1 fg 
Answer: f, ae Ni 
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PROBLEM 3.23 

The unstretched length of the spring is h and its 
modulus is k. Each of the identical uniform bars 
has a mass of m. Determine the natural fre- 
quency of the system. 


PROBLEM 3.24 

Determine the natural frequency of small oscil- 
lations for the four-bar frame shown, if it is 
displaced from the equilibrium position shown. 
Each of the 3 links is a uniform bar weighing 
10 tb. 


Answer: f, = = =(<8 -=2) 
7 a 


3.5. MODE SHAPE AND THE EFFECT OF THE 
MASS OF THE ELASTIC MEMBER 


Using energy methods, the calculation for the natural frequency can be 
corrected to include the mass of the elastic member, if its mass is not 
negligible. It is only necessary to add the kinetic energy of the elastic 
member, which can be easily done provided that the mode of the 
vibration is known. 


As an example, in Figure 3.1, if the equilibrium position is chosen as 
the datum, the potential energy change is simply, 


V2- V, =4kx? (3.10) 


Including the effect of the mass of the spring does not change the 
potential energy. 
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The kinetic energy of the system includes the kinetic energy of the 
mass and the kinetic energy of the spring. The kinetic energy of the 
mass m is 

T =3mx? 
The kinetic energy of an element of the spring, dc, varies with the 
distance from the fixed end of the spring. The weight per unit length is p. 


If we assume a linear relation between the velocity ¢, and the velocity 
at the end of the spring, x, we can integrate to find the total kinetic 
energy of the spring. 

é€=-Xx 
I 
C= xXx 
The fraction c/l= x is the mode, mode shape, or modal fraction. It 
describes the displacement at any point on the spring. It is symbolized as 
x, and in this case is a linear relation between c and 1. It could have 
been almost anything, but this is the logical shape. 
At this point, some remarks about the function y are in order. It is a 


function X(c) and not of time, the time derivatives ¢ and ¢ can be 
expressed as 


é= xx 
C= xx 
which make the relation y quite important. 
Substituting for ¢, the kinetic energy of the element dc is 


abies 
ah 5 et dc 


Integrating over the entire spring, 


Bs APN os 
ne | anon) 


since pl is the weight of the spring, including the effect of the mass of the 


spring is kinetically equivalent to adding 3 of the mass of the spring to 


the main mass, m. 
T =3[m +3m, x? (3.11) 


ety 


3.6. 
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Now let us assume that the oscillation of the system can be expressed 
as simple harmonic motion of the generalized coordinate, x, the dis- 
placement of the main mass at the end of the spring 


x=X sin w,t 
Xx = Xa, COS w,t 
Equating the maximum kinetic energy to the maximum potential 
energy, 
A Tass = A Vinax 
4[m +4m, ]X?@,” =4kX? (3.12) 
k 


eee 
m+4im, 


Oy 
It is obvious that the fraction 3 is consistent with our original assump- 
tion of a linear relation between ¢ and x. If we had selected another 
physical relation for the mode shape such as the parabola, 
2 
c= P x 


this also would have satisfied our knowledge of the boundary conditions, 
but the result would have been the addition of 4m,, instead of 4m,. 


DISTRIBUTED PARAMETERS 


Rayleigh’s energy method can also be used to determine the fundamen- 
tal frequency of systems with distributed parameters, the best practical 
example being uniform beams. 

As an example of such a system, consider a vibrating string stretched 
between supports with a tensile load, P. This is a continuous system and 
there are an infinite number of natural frequencies. Referring to Figure 
3.2, for the fundamental mode of vibration the lateral displacement of 
the string y(x, f) can be expressed in terms of the mode shape x(x), 
which is purely a function of x, and Y(t), which is purely a function of 
time. 

y(x, t)= x(x) Y(t) (13.13) 


For the string, the first mode shape x(x) is the sinusoid, sin 7x/l. As a 
function, it satisfies all the constraints of the system, including the 
specified boundary conditions. The function x(x) is not a function of 
time. 

. 1X 
x(x) = sin oa 
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Fig. 3.2 ee 1 


i ee 
gQ 


The displacement, velocity, and acceleration of any point on the string 
vary according to this mode shape. Y, is the displacement at midspan. 
Y(t) defines the time history of each point. Thus, if we additionally 
assume that displacement at any point is simple harmonic, 


y = x(x) Yo sin @,t 
y = x(x) Yow, cos o,t 


At this point, a comment regarding principal coordinates is in order. 
Knowing the maximum displacement Y, at mid span and the mode> 
shape sin 7x/l, defines the displacement at any position x. Thus the 
combination x(x) Yo is a principal coordinate by our description. 

Using these expressions, the kinetic energy of the string can be 
determined in much the same way as the kinetic energy of the simple 
elastic spring. If the weight per unit length is y, the kinetic energy of an 
element of length dx is 


lp 
dT=~—y’ 
2g y~ dx 


1 . 5 WX 
aif Y,7@,7 cos’ w,,t sin? — dx 
2g l 
and, for the entire string, the kinetic energy can be found by integrating 
from 0 to I. 


1 ; 1 
T =~" Y.2w,? cos? ont| sin? =~ dx =—" 1Y,2e,? cos? @,t 
2¢ 0 l 4g 


The potential energy stored in an element of string of dl in length 
would be 


2 
av=Pyi+ (2) dx — Pdx 
dx 
Using the first two terms of a binomial expression for the radical, -- 


P/dy\? 
dV=—(—2 
Vv (2) ax 


els 
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For the entire string, 


I 2 2 if 2 
V= # (2) dx = ei Yo” sin? w,t| cos?  ax= Lily Yo? sin? w,t 
2 |, \ax an aay er 
(3.15) 


Setting the maximum potential energy change to be equal to the 
maximum kinetic energy change, 


On =—> (3.16) 


Rayleigh’s energy method is useful when the vibrating system is 
known to be linear and an expression for the fundamental natural 
frequency is desired. It does require a mode shape, if the kinetic effect 
of distributed mass is to be included, and if the mode shape is in error, 
the calculation of the natural frequency will be in error. It should be 
noted again that natural frequency is independent of amplitude. 


LUMPED SYSTEMS 


In the last two sections, the practical problem of modeling the real world 
has been raised, and it is difficult to avoid. All elasticity is lumped in a 
spring with an elastic content, k. All of the inertial properties are 
lumped in a mass, m. How is this modeling accomplished? When should 
the elasticity and mass be distributed and not lumped? What numerical 
values can be placed on the modeled values? The procedure is, of 
course, largely the art of engineering and can really only be taught by 
example. Some of the problems suggest how systems can be lumped. We 
have seen one example. A linear spring, fixed at one end and supporting 
a mass at the other, can be modeled by lumping one-third of the mass of 
the spring with the supported mass. For a cantilevered beam, this 
fraction is 75. The inertial effect of the mass of a simply supported beam 
can be modeled by placing 33 of the beam’s mass at its geometric center. 
For a uniform beam, built in at each end, this fraction is 3. These 
fractions can be calculated for an ideal beam or spring, but for real 
beams and springs, these fractions are only approximate. 

In each case of modeling, the kinetic characteristics of the model are 
made equal to the original system. As another example of kinetic 
equivalence, let us consider the connecting rod of Figure 00. The 
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connecting rod is to be modeled as a two-mass system, one mass at the 
crank pin and one mass at the wrist pin. The total mass and the 
geometry must be unchanged. The inertial characteristics of the con- 
necting rod and the location of the center of mass must remain un- 
changed. These lead to four equations. 


moO l=r, +f, 


m=m,+mg 


tp Mal, = Mpfp 


2 2 = 2 
a Mata + Mplp = mkg 


In the last equation, k is the radius of gyration with respect to the center 
of mass. These four statements are usually not compatible. That is, if 
you are given the location of the center of mass and the total mass, these 
two statements will uniquely determine r,, rg, ma, and mg. The fourth,» 
which is the moment of inertia, will follow, but it will probably not be 
the known moment of inertia of the connecting rod. On the other hand, 
we could accept all four equations and try to compromise. In actual fact, 
only a minor compromise is necessary. The connecting rod model is 
shorter, but the center of mass and the inertial properties are effectively 
unchanged. 


EXAMPLE PROBLEM 3.25 


A very large luxury liner once had a vibration problem which was 
critical to its operation until the problem was corrected. The ship had 
four propellers, each propeller has a mass of 12200kg and each was 


ue 


k e 
an 
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driven by a long hollow shaft, 0.56m OD and 0.28m ID, and 71.6m 
long. The ship cruised at a speed corresponding to 258 rpm. Determine 
the natural frequency for longitudinal vibration of the propeller and 
shaft. What will happen if the ship is equipped (which it was) with 
four-bladed propellers? How would you correct the problem? 


Solution: 
For an axial load P, the longitudinal deflection of the propeller shaft will 


be 


Pl 
$=—— 
AE 


The effective spring constant, k, is 


_P_AE_7(0.56?—0.287) 
ae ae, S| 71.6 


The mass of the propeller shaft is 99 200 kg 


(205 x 10°) = 528.9 x 10° N/m 


mg = (0.562—0.28?)(71.6)(7.5) = 99 200 kg 


Computing the natural frequency without considering the mass of the 
elastic member, the propeller shaft, would be a gross error, since its 
effective mass is an order of magnitude larger than the mass of the 
propeller. Using equation 3.12, 


k, 


a 
On m+ (m3) 
1 1 528.9 x 10° 
a = —_—_——— Ms = 2 
fn =F n= Fe V122004(09 200/3) 1-2 H2= 1032 cpm 


At a cruising speed corresponding to 258 rpm of the propeller shaft, 
one blade of the four-bladed propeller will pass by the restricted area 
between the propeller and the hull every 15 seconds, 4 times each 
revolution or 1032 times each minute, matching the natural frequency. 

To eliminate unwarranted vibration, a three-bladed propeller was 
used. The entire problem is chronicled in the Journal of the Society of 
Naval Architects and Marine Engineers. 


EXAMPLE PROBLEM 3.26 


A uniform cantilevered beam carries a mass m at one end and the other 
end is fixed into a vertical wall. Determine the kinetic effect on the 
natural frequency of considering the mass of the beam. 
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Solution: 
The static deflection y, at any point along the beam is 


me[Ic?_c? 
mee 


where, I in this case is the second moment of area of the beam 
cross-section, and the deflection y, of the end of the beam under the 
static load mg is 


_ mel? 
3EI 
The exact mode shape for the dynamic deflection of a vibrating beam 


y 


involves hyperbolic functions, but let us make an assumption for the . 


fundamental mode that the static and dynamic mode shapes are 
identical - 
ye__1 
ey en 3 l 22453 
x(c) : ap Sle*—e") 
The velocity of any beam element can be found in terms of the velocity 
at the end of the beam and the mode shape 


Ye = XY 
Ye a xn 
The kinetic energy change of the system, including both the kinetic 


energy of the beam and the kinetic energy of the concentrated mass at 
the end of the beam is 


The mass of the uniform beam is m, and m,g= pl. w is the wall of the 
beam per unit length. The mass at the end of the beam is m. Substituting 
for the velocity y,, 


1,32 eye 2 3)2 
AT=5my/ + 6 (3l’e—c*)* de 
io 8l°g 
integrating, 
AT=3my, +3 GO 
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Including the effect of the vibrating beam is kinetically equivalent to 
adding 7% of the mass of the beam to the mass M. 

The equivalent spring constant for a cantilevered beam is k, =3EI/I°, 
in terms of deflection at the end of the beam. The potential energy 
change in terms of deflection at the end of the beam is 


Assuming harmonic motion for the beam, 
y, = Y, sin w,,t 


where Y, is the maximum deflection of the tip of the beam. 
Setting the maximum kinetic energy change to be equal to the 
maximum potential energy change, 


BT oe AV wick 
EI 
ImYPa,2+3 fiom, YPo,? =3 2 ¥P 
and 
: 3EI 
0,” =— 3 
"  (m+2m)P 


For the sake of comparison, let us consider what happens when 
m — 0, which is simply the fundamental frequency of a uniform cantile- 
vered beam. 


3EI _ EIg 
On, = rey wee, ul? 


The exact value is w, = 3.515VEIe/ul*, or about 14% error. Note also 
that the approximate mode shape gives a natural frequency which is 
higher than the actual. This is a characteristic trait, to which we will 
make reference later. 


PROBLEM 3.27 

As in Example Problem 3.26 determine the 
lowest natural frequency of a uniform cantile- 
vered beam using the mode shape, 


mC 


x(c)=1-cos aI 


which also satisfied the boundary conditions for 
a cantilevered beam. 
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EI, 
Answer: @, = 3.64 aa 
iv 


PROBLEM 3.28 

Determine the lowest natural frequency of a 

simply supported beam of uniform cross section, 

with a central mass M. Assume a curve of the 
form 

__Mg 

¥* 48EI 


which is valid for O<x<//2. 


(3xl* — 4x3) 


PROBLEM 3.29 
Solve the previous problem using the mode 
shape 


= sin — 
. I 


PROBLEM 3.30 


Determine the lowest natural frequency of a 


beam with clamped ends, of uniform cross sec- 

tion, with a central mass M. Assume a curve of 
the form, 

_ Mg 

Y48EI 


which is valid for O<x<J/2. 


(31x?— 4x3) 


1 3 
Answer: f, ae \. Io2E 


M+32m, 


PROBLEM 3.31 
Solve the previous problem using the mode 


shape 
=5(1-c0s ==) 
eo) i 


PROBLEM 3.32 

A frame building vibrates laterally, as shown. 
Using Rayleigh’s energy method, determine the 
fraction of the walls which can be considered 
kinetically to be moving with the roof tress. 
Hint: Consider the walls as fixed to the founda- 
tion and fixed to the roof structure. 


Answer: 0.375 
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PROBLEM 3.33 

A ship at sea can vibrate in several modes. One 
mode is laterally as a free-free uniform beam. 
Using Rayleigh’s energy method, determine the 
fundamental frequency of lateral vibration for a 
free-free uniform beam with a flexural rigidity 
of EI and a uniform weight of ~ per unit length. 
The lateral deformation can be described by the 
equation 


y= o(3 sin = -2) 


where b is the maximum lateral deflection at 
mid ship. Hint: The strain energy of a uniform 
beam in bending is 


' EI {d?y\2 
=| —(—3) d 
{ 2 (2) ig 
11.3 {ET 
Answer: f ee = 


PROBLEM 3.34 

A long rod which is pivoted about the upper end 
hangs vertically. To determine the fundamental 
natural frequency of lateral vibration, a mode 
shape is needed for the rod. The equation 


5 ax 
= 2b sin-— 
y sina 
does satisfy the boundary conditions. Determine 
the kinetic energy, the potential energy and the 
natural frequency of the rod for the mode, using 
this mode shape. Remember that for a uniform 


rod, , 
EI fd xy 
={ —|-—3] d 
¥ | 2 (2 


: 7% He 
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PROBLEM 3.35 
Determine the natural frequency of the rod in 
Problem 3.34 using the mode shape 


y= b(sin F-3) 


3.8. RAYLEIGH’S PRINCIPLE 


Rayleigh’s energy method can be extended to find the fundamental or 
the lowest natural frequency of a vibrating system having more than one 


degree of freedom. This extension can also be used to find other natural: 
frequencies, but the use of this concept is deferred until a more detailed 


discussion can be made of multiple degrees of freedom. 

As an example, consider a two-mass system such as that of Figure 3.3. 
If the motion of m, is x, and the motion of m, is x, the changes in 
kinetic and potential energies can be written directly. 


AT= 3M 1X7 = 32%" 


3.17 
AV =3kx,7+3k(x2— x1)" ( ) 


The coordinates x, and x, are generalized coordinates but they are not 
principal coordinates. That is, it is impossible to describe a mode of 
motion in one or the other coordinate, separately. This means that the 
relation between x, and x, is significant in the description of motion. 
This is also one meaning of mode shape. 

For a two degrees of freedom system, there are two natural frequen- 
cies. This will all be covered later in detail, but at either natural 
frequency, both x, and x, will move with the same frequency. They will 
pass through maximum and minimum values, at the same time, and 
retain the ratio of x. to x; as a characteristic value of that particular 
natural frequency. 

If we assume the motion to be simple harmonic, which we have found 
to be appropriate for Rayleigh’s energy method, 


xX,=X,sinwt and x,=X,sin wt 


= Xo COs wt X_= X20 cos wt 


Fig. 3.3 
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hexy 


my 


ae fh 
| | 
Hawa ANN 


k= (X_— x) 


m2 


Equating the maximum potential energy to the maximum kinetic 
energy, and solving for w”, 


AT nox = A Vinax 
4m,@7X,7+4m,07X," =4kX,?+4k(X,—- xy (3.18) 
mee kX,?+k(X2—-X,) 
m,X,°+ m,X,” 


The value of w” obtained is, of course, a function of the amplitudes X, 
and X,. Note. that it is a fraction, with the numerator a function of 
potential energy and the denominator a function of the kinetic energy. 
This is referred to as the Rayleigh Fraction or Rayleigh Quotient. In the 
case of the single degree of freedom, w,”? was not a function of 
amplitude, since w,,” was a natural frequency, and the amplitude squared 
appeared in both the kinetic and potential energy terms. 

Assuming a proportionate relation between X, and X, the value of 
@? would be a function of that proportion, or more specifically, the 
constraint imposed on the system. We have, in effect, constrained the 
two-mass system to move in one and only one mode. In doing so, 
however, we impose forces on m, and m, through our constraining 
members. Let us examine this constraint and minimize these forces. 

As an example, the two-mass system can be constrained by means of 
a linkage, as in Figures 3.4a and b. The problem has also been simplified 
by letting m,;=m,=m and k,=k,=k. With this simplification, it is 
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easier to see the concept of Rayleigh’s principle without an added 
confusion of different masses and springs. Because of the particular 
linkage of Figure 3.4a, X,=X, and w?=3k/m. The idea of physical 


constraint helps us accept the idea that the systém can move with only 


one frequency and one mode. If we constrain the system to move so that 
X,=2X;,, as in Figure 3.4b, which constraint is physically more logical, 
«w” =2k/m. Each value was determined by substituting in equation 3.18. 
Neither of these values is a natural frequency. If we substitute 
w”=4k/m and its corresponding mode shape X,= Xj, into the equa- 
tions of motion, > F, = m,xX, and ¥, F, = mx, for sin wt a maximum, or, 


kX, = k(X,—X,) = m4 @7X, 

k(X,—X4) = mw? X, 

The equalities are not satisfied at X,=X,. The same is true for 
w?=2k/m and X,=2X,. The equalities can only be satisfied if w? is a 


natural frequency, w?=,,”. 
If we constrain the two-mass system such that 


X= XX 


(3.19) 


and ; : 

X= XX, 
x is a measure of the arbitrary constraint. It is again, only a function of 
the relation between X, and X,. We can solve for the particular value of 


x which will satisfy the equations of motion. That is the value of w” 
when, 


poe ae 
m+ x?m 1+x? Im 


(3.20) 


Aetna tenner ees 
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Fig. 3.5 


Plotting the value of w7 as a function of y yields the curve of Figure 3.5. 
The value of the fundamental natural frequency, w,? =0.382(k/m), 
corresponds to the minimum of the curve. The value of xy at the 
minimum, x= 1.62, yields a mode shape of X,=1.62.X,, which does 
satisfy both equations of motion. 

If we investigate the minimum of the curve it can be shown to 
correspond with a natural frequency. Differentiating, with respect to y, 


doy? _ [74 +x°\V(x-D)-2x+x- a 
dx (1+?) m 
Substituting for w? from equation 3.20, 


ne [Pao |e 


1+ x? Im 
da? _ Bot enixe") k 
ax =2| 1+? m (3.23) 


For the constraint, X,= X,, the two equations of motion would be 
k—k(y-1)= mw? 
and, 
k(x—-1)= mw?x 
The numerator of equation 3.21 is nothing more than the second 
equation when w?= ,”, and 


—— =0 (3.22) 
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A change in amplitude produces a second-order change in frequency at 
a natural frequency. The numerator of equation 3.21 is equal to zero if 
= «,,. At that value the numerator is nothing more than one of the 
equations of motion, which must be in a force balance satisfying 
Newton’s second law of motion. In an elementary way, dw,’/dy =0 is a 
simple statement of Rayleigh’s principle. 

The value of y which satisfies the requirement that dw,”/dy = 0 is that 
ratio of the amplitudes X, and X, which satisfies the equations of 
motion without external forces. Note that this ratio places no restraint 
on the absolute magnitude of X, and X,, but does require that they 
have a specific ratio. This ratio is unique and is called the characteristic 
vector or eigenvector for the natural frequency, characteristic value or 
eigenvalue, w,,. The eigenvector is a mathematical vector, but it is not a 
physical vector and must not be confused with displacement, velocity, 
and acceleration. It is simply a set of numbers which describe the mode 
of vibration. This set of numbers can be translated into the vectors of 
displacement, velocity, and acceleration, if the absolute value of one of 
these physical vectors is known. 2 

A more general statement of Rayleigh’s principle is that for a linear 
system, there will be no change in the natural frequency with change in 
amplitude or mode shape. Under these conditions, for the fundamental 
natural frequency the mode shape of vibration will be such that the 
distribution of kinetic and potential energy will make the frequency of 
the vibration a minimum. These statements are physically logical if one 
considers that simple harmonic motion can only exist if frequency and 
amplitude are independent of each other. 

Rayleigh’s principle is valid for any natural frequency, although its 
greatest utility is in determining the mode and frequency of the funda- 
mental. Attention must again be given to the role that constraint plays 
in Rayleigh’s principle. It is essential that a mode shape exist which is a 
function only of the relation of the generalized coordinates with one 
another. Any approximations of the mode shape for the fundamental 
will always yield a frequency which is higher than the true natural 
frequency. Better approximations of the true mode shape will result in 
lower frequencies. If differentiation is difficult, trial and error will 
quickly show which approximations are better. 


EXAMPLE PROBLEM 3.36 


Using Rayleigh’s principle, approximate the natural frequency and 
mode shape for the lowest natural frequency of the double pendulum. 
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Solution: 
9, and 6, are the generalized coordinates which recognize constraint on 


the double pendulum. The datum position is selected as the position 
where 6, = 6,= 0, which is also the equilibrium position. At any posi- 
tion, the change in potential energy is 


AV=meg(I—I cos 6,)+ mg(I—I cos 6,+1-I cos 65) 


Using the approximation, : 


6, 
1—cos => 


and, 
2 


6 
1—cos ee 


6 2 

AV= (mmge,?+ mg) 
the change in kinetic energy is 

AT =4mv,?+4mv," 
with the aid of elementary kinematics, v,= 16, and v.= 16, + 162. For 
small oscillations 

AT= iml?6,? + 1ml?(6, + 6.) 
Assuming simple harmonic motion of the generalized coordinates 6, and 
0. 
6, =, sin ,t 


0, = 0, sin o,f 


aaa 
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Setting the maximum kinetic energy change to be equal to the maximum 
potential energy change, 
ATyaax = A Vinax 
@ 2 
3ml?O,?w? +4ml?(@, + 0)" a,” = mgl@,7+ mgl— 


At this point, let us define the mode shape, 


and substitute this expression in the last equation. This yields the 
Rayleigh fraction which is an equation for «,. 


pomtin 8 2+x? 
"  114+(1+ x)? 


Applying Rayleigh’s principle, dw?/dy =0, will yield a quadratic equa- 
tion for 
x?-2=0 


The roots of this equation are the characteristic vectors for the natural 
frequencies, y=+V2. The positive root represents the lowest mode 
shape, for which 


The negative root and negative mode shape represent the second 
natural frequency. 


PROBLEM 3.37 

An automobile m, uses a bumper hitch to pull a 
loaded trailer m2. The bumper acts as an elastic 
spring, k. Using Rayleigh’s principle, determine 
the natural frequency and mode shape for the 
two-mass system. Note that this is a degenerate 
two-mass system and one natural frequency is 
@, =0. Find the other natural frequency. 


1 
Answer: @,”= e(—-+—) 
mM, mM 
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PROBLEM 3.38 

A long slender bar of mass m is pivoted at point 
0 and supports a mass of 3m from its left end A. 
In the equilibrium position which is shown, the 
bar and mass m are perfectly balanced. The 
modulus of the spring is k. Using Rayleigh’s 
principle, compute the natural frequency of the 
system. 


k 
Answer: ,”=3— 
m 


PROBLEM 3.39 

Using Rayleigh’s principle, approximate the fun- 
damental mode and determine its frequency 
(w”) for the two-mass system shown. 


2k 
Answer: ,” =— 


PROBLEM 3.40 

Using Rayleigh’s principle, determine the lowest 
natural frequency and mode shape for the spring 
and mass system. Hint: Use y = xx as an expres- 
sion of mode shape. 


PROBLEM 3.41 

Determine the two natural frequencies and 
mode shapes for the frame and pendulum. The 
pendulum swings free in the same plane in 
which the frame moves. Hint: Determine an 
expression for the kinetic energy and potential 
energy of the system in terms of the generalized 
coordinates x, and x. 


PROBLEM 3.42 

A platform supports a circular cylinder and is 
elastically suspended from the wall by a spring 
with a modulus of k. Each has a mass m. Using 
Rayleigh’s principle, compute the natural fre- 
quency and mode shape of the system, if the 
cylinder rolls without slipping. 


: 1 3k 
Answer: f, es V2: 3x2=X1 
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PROBLEM 3.43 

Use Rayleigh’s principle to determine the lowest 
natural frequency and the mode shape for the 
system given below. The pulley can be consi- 
dered as a solid circular cylinder. 


Answer: «,” =0.117 X_ = 2.265x, 
m 


PROBLEM 3.44 

For the slender rod suspended as a pendulum, 
apply Rayleigh’s principle to approximate the 
fundamental mode of vibration and its natural 
frequency. 


Answer: w,7= 0.916 ‘ 


PROBLEM 3.45 

A mass m is constrained to move in a smooth 
horizontal guide and is elastically supported by 
the spring with constant k. The sliding mass is 
also the point of support of the simple pendulum 
of length | and with an identical mass m. Using 
Rayleigh’s principle, determine the lowest 
natural frequency of the two-mass system. As- 
sume that oscillations will be smail. Separated, 
the pendulum and the spring and mass m have 
identical natural frequencies, i.e., k/m = g/l. 
Answer: X,= 1.618X,; 


w;"= 0.276 ~+0.1068 


PROBLEM 3.46 

Using the results of Problem 1.44, find the 
lowest natural frequency and mode shape of the 
system using Rayleigh’s principle. Assume that 
the elastic potential energy in the springs is large 
compared with the potential energy of position 
for the weights (AV, = 0). 
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PROBLEM 3.47 

Using the results of Problem 1.45, find the 
lowest natural frequency and mode shape of the 
system using Rayleigh’s principle. For the pur- 
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PROBLEM 3.51 

Determine the lowest natural frequency and 
mode shape for the two coupled pendulums, 
using Rayleigh’s principle. 


poses of this problem, assume g/l = k/m. 


“ k Answer: © ek 655 
Answer: «,?= 0.956 — or 0.9564 SO tee ee 
PROBLEM 3.52 
° Using Rayleigh’s fraction, estimate the lowest 
Sac socom PROBLEM 3.48 natural frequency and mode shape for the three 
=, Using Rayleigh’s principle, determine the lowest mass system. The springs are all identical and 
= natural frequency and mode shape for the two the masses are all equal. 
mass system. The springs are all identical and =, 
[il- the masses are equal. = Answer: «,2= 0.198 k 
= m 


WM 


Answer: @,7=— 3 X2=X1 , 
m 
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PROBLEM 3.53 

Using Rayleigh’s fraction, estimate the lowest 
natural frequency and the mode shape for the 
given system. The pulley can be considered as a 
solid circular cylinder. Hint: Consider symmetry 


FEOeEs a in estimating mode shapes. 


Using Rayleigh’s principle, determine the lowest 
natural frequency of the system shown. 


k,=10 N/mm 
k,=20 N/mm 
m,=Skg 


; k 
Answer: @,” =— 
m 


mM,= 3 kg 
Answer: f, = 9.02 Hz 


PROBLEM 3.50 

Using Rayleigh’s principle, approximate the fun- 
damental mode for the system shown below and 
determine its approximate frequency (w,”). 


Answer: @,”= 0.764 


WAAL 
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FORCED PERIODIC MOTION 


INTRODUCTION 


An elastic system which is subjected to externally applied forces is said 
to be forced, and the oscillating motion that results from externally 
applied forces is forced vibration. If energy dissipation or damping is 
present, the motion is forced damped vibration. When part of the motion 
disappears after a period of time, that part is known as the transient. The 
part which remains after the transient has disappeared is called .the 
steady-state vibration. 

Transient vibration is of immense concern where shock, impact, and 
moving loads are involved. This motion is not necessarily periodic and 
mechanical failure from transient vibration is generally attributed to the 
mechanical strength of some component being exceeded. Transient 
motion will be studied in some detail, in the next chapter. 


Steady-state vibration exists long after transient vibration has died — 


away. It is generally associated with the continuous operation of 
machinery, and if mechanical failure occurs, it is usually through the 
mechanism of fatigue after a long period of time. In some cases, the 
same motion phenomenon may present differing aspects to different 
structures. A car moving over a bridge is a transient load on the bridge 
structure. To the car chassis, however, movement over the bridge is just 
a brief interval of steady-state operation. Our definitions of transient 
and steady-state vibration overlap. 

Although steady-state vibration never occurs practically, without the 
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presence of some energy dissipation in damping, the effect of damping is 
small unless the amplitude of motion is large. Since damping does 
complicate a study of forced vibration, and the various types of damping 
do not produce similar effects, a study of forced damped vibration will 
be deferred in favor of concentrating on the physical concepts of 
resonance, vibration isolation, and response. 


4.2. 


Fig. 4.1 


UNDAMPED FORCED HARMONIC 
VIBRATION, F(t) =F, sin wt 


Let us consider the motion of a simple degree of freedom spring and 
mass system subjected to a harmonically varying force, F(t) =F, sin wt. 
F, is the maximum value of the impressed force and w is the frequency 
with which the force F(t) varies in radians/second. Referring to Figure 
4.1, from Newton’s second law, the equation of motion, )F=mx 
becomes 


—kx+K(t)=mi (4.1). 


As can be seen from the free body diagram, the acceleration is in the 
direction of the impressed force, and the spring force is opposite to the 
impressed force. Rearranging terms, and using the scalar component in 
the direction of the coordinate x, 


mi +kx =F, sin ot 
(4.2) 


a k Fy. 
¥4+— x =— sin wt 
mom 


Mathematically, this is a particular form of equation 2.2. The solution 
must contain the general integral for the differential equation of motion 
including the necessary arbitrary constants, as well as a particular 


nn 


f=kx+mg 


mg F(t) 


pa 


F(t) 


Fig. 4.2 
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integral which satisfies the particular form of equation 4.2. 


: F. 
x=A cos w,t+B sin PT BSI sin wt (4.3) 
The first two terms are called transient, even though damping is absent 
in this particular case. They are dependent on initial conditions and after 
_ @ period of time, with any measurable amount of damping, the influence 
of these terms is small. In the steady state, we need only to direct our 
attention to the last term, which is called the steady-state term. It is not 
affected by initial conditions and remains as long as the forcing function 
is applied. Omitting the transient terms, 


x afl in wt 
=——.——> sin 
isa) o (4.4) 
This is similar to the harmonic displacement x = X sin wt, where the 
maximum displacement, 
F, 


~ m(@,2—@?) 

Harmonically varying forcing functions cause a harmonically varying 

displacement, with the maximum value of the force, F,, related to the 

maximum value of the displacement X. Substituting k = mo,2, 
x 1 


(4.5) 


‘ a. 
Amplitude ratio, Ri 
un i=) _ 


l 
wy 


! 
w 


4.3. 


4.4. 
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dimensionless amplitude ratio X/(F,/k) plotted as a function of the 
dimensionless frequency ratio w/w,. At low frequencies, when w< ,, 
the amplitude of motion is approximately F,/k, which is the deflection 
that the elastic system would have if F, were a static force. It is 
sometimes referred to as the “‘static deflection” A,. At high frequencies, 
when w >,, the motion will be very small, becoming less and less as 
the frequency ratio is increased. When the forcing frequency and the 
natural frequency are nearly equal, it is evident that very large vibration 
amplitudes can result from very small forces. The condition at w =o,, 
when the amplitude ratio is infinite, is known as resonance. 

The variation of the amplitude or amplitude ratio with frequency is 


called the response of the system. For values of w<w,, the amplitude 


ratio is positive. For w>,, the amplitude ratio is negative. This is 
another way of saying that the motion is in phase with the applied force 
for w<w,, and the motion and applied force are out of phase for 
a> ,. 


FORCED VIBRATION CAUSED BY K(t)=F,e™ 


If the forcing function had been the exponential function F(t)=F,e, 
the equation of motion would be 
x +5 x ot et (4.6) 
m m 
for which the solution is 
Fy 


m(a,2 — 07) = wae 


x=A cos w,t+B sin w,t+ 


In the steady state, the displacement is x = Xe“, where the maximum 
displacement X is exactly the same as in equation 4.5. 


> ae | 
ky ET Le 
F,/k (1-5) 


FORCED VIBRATION CAUSED BY 
ROTATING UNBALANCED FORCES, 

F(t) = mow’e sin wt 

An obvious source of forced vibration is the unbalance of rotating parts. 
If the center of gravity of an unbalanced mass m has a radial eccentricity 


Fig. 4.3 
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mowe sin wt me 


= 
= 

= 
= 


kx — mg 
Z/ 


e from the geometric axis of rotation, the applied force is F (j= 
Mowe sin wt. The displacement x is a function not only of the eccentric- 
ity but of the mass ratio m/m, where m is the entire mass supported by 
the elastic system, including the unbalanced rotating mass mp. Figure 
4.3 shows an unbalanced mass mo rotating about a geometric axis at O. 
The entire mass m, which includes the rotor, is constrained to move in 
One direction only. Lateral motion is ignored. If present, it could be 
considered in the same way as vertical motion, but it would add another 
degree of freedom. 


Substituting the unbalanced force mow7e for F,, the steady-state 
displacement becomes 


x =——— = sin wt 
m(@,” ~ w”) 


Rearranging terms, the maximum displacement X, can be expressed as 


Mo@ e 
x= 
m(@,,” — 7) 
or 

2 
mX 
Moe = “") (4.8) 

1-5 
o 


mX/moe is the magnification ratio of the system and it is also dimen- 
sionless. 

Figure 4.4 is the nondimensional plot of mX/moe as a function of the 
frequency ratio w/w,. At low frequencies, where w< w, the magnifica- 
tion factor is near zero. The unbalanced rotating force is insignificant 


sat 


Fig. 4.4 
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mX 
moe 


2 3 
Frequency ratio, 


Magnification ratio, 
Sion iaadietenteesteriaetenteetententanten ietenten aut tantentashen bententententntnentententesmnien 


. 


and there is no vibration. At resonance, w=, and the magnification’ 
factor and the amplitude of motion are infinite. At high frequencies, 
when wo >@,, X—>—(m)/m)e. If the rotating mass, mo, is a small 
fraction of the total mass m, the amplitude of vibration is proportionally 
small. This is the reason that some machines have very heavy frames or 
are attached to large base blocks of concrete. Decreasing the ratio 
m,/m is one way of decreasing the amplitude of vibration. 


TRANSMITTED FORCES AND VIBRATION 
ISOLATION 


The condition of mechanical resonance is clearly something to be 
avoided, if long life and quiet operation are objectives. At resonance, 
the amplitude of motion becomes very large and the spring and mass 
system literally tears itself apart. There are, of course, circumstances 
when mechanical resonance is desired. Mechanical shakers do have 
numerous industrial applications. The question of how far from the 
resonant condition represents safe operation is important and can be 
answered by considering the force transmitted through the spring. _ 
The disturbing force can be transmitted through the spring to the 
foundation or the ground only if the spring is compressed or extended. 
If X is the maximum displacement of the spring, then the maximum 
transmitted force is kX. This is, of course, added to whatever static force 


Fig. 4.5 
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Transmission ratio 


0 1 ~-v2 2 3 4 


Frequency ratio, 2 


already exists within the spring or supporting structure. The transmission 
ratio is defined as the fraction of the maximum disturbing force which is 
actually transmitted to the base of the spring or foundation 


Transmission Ratio = a (4.9) 
(1-3) 
@n, 


The transmission ratio is shown in Figure 4.5. It is similar to Figure 4.2, 
except that only a positive value is shown where @/w,, > 1. The transmit- 
ted force can be less than the disturbing force only if the forcing 
frequency exceeds the natural frequency of the elastic system by at least 
a factor of /2. This means that for smooth operation, the natural 
frequency of the supporting structure must be considerably below the 
frequency of excitation. As shown in Figure 4.5, for the entire region 
where w/w, <2, the transmission ratio is greater than one. In this case, 
an elastic supporting structure would do more harm than good. It is 
conventional to specify the transmission ratio as a positive number, with 
the phase relation being ignored. 


FORCED VIBRATION CAUSED BY 
HARMONIC GROUND MOTION 


. The movement of the base or the foundation may very well result in 


unwanted vibration of an elastic structure resting on the base. This is the 
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A(x —b sin wt) + mg 
uz b sin wt 


| 
| u=bsin wt 
x 


reverse of the previous problem. As an example, consider the elastically 
supported system of Figure 4.6, in which the spring and mass system is 
subjected to the movement u=b sin ot. 

The displacement of the mass m is the generalized coordinate x, but 
the deflection of the elastic spring is the relative displacement between 
the mass m and point A. Point A is displaced u = b sin wt. 

The equation of motion is 


—k(x-u)= mx 
or 
mk +kx =ku=kb sin wt (4.10) 


This equation is similar to equation 4.2. The problem of the vibrating 
foundation is analogous to the problem of the harmonically varying 
force, substituting kb for F,. Using this analogy, the steady-state solu- 
tion is b 

ie sin at (4.11) 


a) 


The fraction X/b where x = X sin wt is identical with the amplitude ratio 
of Figure 4.2. 

The relative motion between the mass m and the end of the elastic 
spring, point A, is z=x—u. The equation of motion, equation 4.10, can 
be expressed in terms of relative motion, z, since x=z+u, and X= 
Z+i, 

—k(x—u)= mx 
—kz=m(z+ ii) 
and 
mi+kz=—mii = mb’ sin wt (4.12) 


This equation, is also similar to equation 4.2, with mbw” substituted for 
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F. The steady-state expression for the relative motion z, where z= 
Z sin wt 


a aes (4.13) 


(-3) 


n 


The fraction Z/b is identical with the magnification ratio of Figure 4.4. 


a 8 
4.7. VIBRATION MEASURING INSTRUMENTS 


The motion of undamped seismic vibration measuring instruments can 
be described by the previous simple dynamic principles. The word 
“seismic” and its variations, seismometer and seismograph, are derived 
from the Greek word “seismos,”’ meaning earth. 

The second sketch of Figure 4.6 shows a vibration-measuring instru- 
ment recording a sinusoidal record of the relative motion between the 
mass m and the frame. If the natural frequency is very low, w/@, > 1, 
the relative motion will be nearly identical with the motion of the 
foundation, Z — —b, and the recorded vibration trace will be a record of 
the motion of the foundation or base. An instrument that records 
vibration displacement is called a vibrometer. Its accuracy is strictly a 
function of how low the natural frequency is in relation to the excitation 
frequency, w. For seismographs, which record earthquakes where the 
periods may be long, natural frequencies are required to be in the order 
of 5 to 10 cycles per minute. 

An accelerometer is a vibration measuring instrument that measures 
acceleration. Going back to equation 4.13, 


2 


@ 

b 2 
z=Zsin wt = “—— sin wt 

@ 
1--s 
n 

bw : ii 

= => sin wt = 


For o/@,«1 the denominator is approximately a constant and the- 
relative motion is proportional to ii. The vibration record will be a 
record of the acceleration of the foundation or base. Unfortunately, 
higher harmonics may be in resonance with the natural frequency. The 


“an 
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presence of higher harmonics would destroy the meaning of an ac- 
celerometer record unless the instrument were damped. The reverse is 
true for a displacement-measuring instrument. Damping is not needed 
and indeed, if damping were present, it could lower the accuracy of the 
displacement measurement. It is also possible to integrate the output of 
an accelerometer twice and obtain a displacement-time record. This is 
often done, since accelerometers are smaller and more readily adaptable 
than are the larger, more bulky seismic vibrometers. 


EXAMPLE PROBLEM 4.1 


An electric motor has a mass of 10 kg and is set on four identical 
springs, each with a. spring modulus of 1.6 N/mm. The radius of gyration 
of the motor assembly about the shaft axis is 100 mm. If the running 
speed of the motor is 1750 rpm, determine the transmission ratio for 
vertical vibration and torsional vibration. 


= oy 2h(r0 -~= 


= - 
= 


“Lp 
/ SE + 2b(r0) 
“A 


Solution: 

The natural frequency for vertical motion can be found from the system 
constants quite easily. There are four springs, each with a known 
constant of proportionality. The total spring constant will be four times 
that of a single spring. The weight of the motor is known and the 
operating speed is known. 


k, 
o,7 =— 
m 
3 
7 = sito 640 sec”? 
10 
The transmission ratio in vertical motion follows, 
1 
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or, 
R= : = 0.01943 
[750)F 5 
640 
For torsional vibration, the torsional spring constant must be found in 
terms of the known constant of the linear springs. Each spring deflects r@ 
for an angular displacement of 6. The radius r= 125 mm. 
The geometric axis is also the center of mass in this problem, and 
taking the moment sum about the center of mass, 


- (584-240) -— (2kr0-28), = 166 
2 y) 
I,6+4kr6 = 0 


This is similar to equation 2.14, where the torsional spring constant is 
K =4kr’? 


Note that the static force of the weight cancels. From these equations, it © 
is easy to conclude that 


aig 4kr? 
‘ nm Ig 
2 4(1.6)(0.125710° 
. 10(0.1)* 


The transmission ratio in torsional vibration is 


= 1000 sec? 


or 
= 1 
BAISOF 
1000 


The torsional mode has a higher natural frequency, which is closer to 
the operating speed, and more torsional vibration is transmitted. 

If the center of gravity were not located in the plane of support, the” 
vertical and torsional modes would be coupled and the isolation prob- 
lem would be more complex. To avoid exciting the vertical mode 


TR = 0.0307 


pea 
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through torsional vibration and to avoid exciting the torsional mode 
with vertical vibration, it is good practice to place the plane of support 
so that it contains the mass center. 


EXAMPLE PROBLEM 4.2 


A steel frame supports a turbine-driven exhaust fan. At a speed of 
400 rpm, the horizontal amplitude of motion is 4.5 mm, measured at the 
floor level of the fan. At a speed of 500 rpm, the amplitude is 10 mm. 
No resonant condition is observed in changing speed from 400 rpm to 
500 rpm. To decrease this intolerable vibration, it is proposed to add a 
slab of concrete beneath the turbine. What would be the effect of this 
added mass? Estimate the amplitude of motion at 400 rpm, if this slab 
doubles the effective mass of the structure. What happens at 500 rpm? 


681 rpm 


Deflection, mm 
i= 


99 100 200 300 400 500 600 700 800 


Turbine, speed, rpm 


Solution: 

Since amplitude increases with increasing turbine speed, the resonant 
condition is somewhere above 500 rpm, , > 500(27r)/60. If we assume 
that these two bits of observed data fall exactly on the expected curve, 
we can solve for both the resonant frequency and the parameter m/mg. 


We have two equations, 


(Sy 

= Moe if 

0.0045 =— (4005 7 00 
fr 
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and, 
(20 
0.010 =e | fe A 
m ey 
fr 


Solving these two equations simultaneously, 


weal te) |_al > 


moe 4.5 i (Ny 10 rey 
fr fr 


from which, f, =681 rpm and, 


ee Stitm 
Moe 


If the effective mass were doubled, m/mge = 234 m7! and fr, = 483 rpm. 
The amplitude at 400rpm would be much greater, since the added 
concrete slab would lower the natural frequency of the structure, 
bringing the natural frequency much closer to the operating speed. 


@ 
mxX @,,” 
Moe w? 
1-5 
@, 


(Sy 
one 
234 400\? 

- Ges) 


=9.3 mm 


The structuré would probably not survive a speed transition from 
400 rpm to 500rpm, since the resonant condition would occur at 
483 rpm. 

This problem actually occurred. The structure has been modified, but 
the slab was poured and a lower natural frequency did result. As a 
matter of record, the vibration was so severe that the turbine speed 
never was raised above 250 rpm, which made the exhaust fan useless. 


a 


* 


a a a 


k=20N/mm 
m=8 kg 


7 ™\NS b sin wt 
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PROBLEM 4.3 

The pointer of the vibration measuring instru- 
ment is observed to move between the 0.20 and 
0.30 marks on the vertical scale, when subjected 
to a force alternating at a frequency of 
100 radians/sec. What would the excursion be if 
the forcing frequency were doubled? 


Answer: 0.21 to 0.29 


PROBLEM 4.4 

A. 1570 kg automobile is supported on four coil 
springs, each with a spring modulus of 25 N/mm. 
In traveling over an elevated expressway, a re- 
sonant vertical motion is excited. Each span of 
the expressway is 25 m in length and sags 15 mm 
at midspan. Determine the maximum vertical 
excursion of the automobile traveling at 100 km 
per hour over the expressway. Damping is neg- 
lected. 


Answer: 64mm 


PROBLEM 4.5 

The hand vibrometer is a simple seismic device 
used in field work for approximate measure- 
ments. The seismic mass A is suspended on a 
spring B. The double amplitude of vibration of a 
frame, casing, or foundation is indicated by the 
band swept out by the dial-gage pointer. The 
natural frequency of the instrument is 4.5 cps. If 
the indicated double amplitude is 0.95 mm for a 
known frequency of 20 cps, what is the true 
amplitude of motion. 


Answer: 0.90 mm 


PROBLEM 4.6 

A 350-kg gasoline engine driven air compressor 
operates at 800 power strokes per minute. 
When mounted on rubber pads, the transmitted 
vibration is reduced to one-fourth of the value 
without rubber pads. What was the static deflec- 
tion of the rubber pads? 


Answer: 7 mm 
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| F(t) = 3sinwt 


PROBLEM 4.7 

If the engine of Problem 4.6 is mounted on a 
50-kg concrete block, which is in turn mounted 
on the same rubber pads, what is the percentage 
decrease in the dynamic deflection? 


Answer: 55.6% decrease 


PROBLEM 4.8 

A portable shredder is used to shred bark, tree 
branches, and shrub clippings into 10 to 30 mm 
pieces. The shredder and trailer have a mass of 
200 kg. The tires and support system have an 
elastic constant of 460N/mm. Determine the 
vertical motion of the shredder, if the shredder 
exerts a vertical force of 3 sin wt, in KN, and the 
frequency of the excitation is 1200 rpm. 


Answer: 1.1mm 


PROBLEM 4.9 

In a remote sugar mill, a processing machine is 
mounted on a base which is in turn mounted on 
an elastic cork and rubber pad. It is impossible 
to measure the static deflection of the pad, so 
the natural frequency is unknown. There are 
two operating speeds of the machine, one at 
750 rpm and one at 1500 rpm. At 1500 rpm the 
amplitude of the casing of the machine is 40% 
of the amplitude at 750 rpm. There is no reson- 
ant frequency between 750rpm and 1500 rpm. 
These amplitudes are only comparative, since 
there is no means of calibrating the amplitude 
measuring instrument. From these two values, 
estimate the natural frequency of the machine 
and base. 


Answer: , = 63.957! 


PROBLEM 4.10 

During the installation of a 60-cycle induction 
motor with a mass of 200 kg, it is determined by 
means of a level that the deflection of the floor 
under the motor is 0.13 mm. The rated speed of 
the induction motor is 1800rpm. Would you 
recommend vibration isolation? Explain your 


a 
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PROBLEM 4.11 

A steel frame supports a 1000-kg concrete mass 
which in turn supports a turbine driven exhaust 
fan. At a speed of 400rpm the amplitude of 
motion is 4mm and at a speed of 500 rpm the 
amplitude is 11.6mm. Determine, as a factor, 
the change in spring stiffness necessary to allow 
operation at the maximum turbine speed of 
520 rpm with a maximum deflection of 2 mm. 


Answer: k’=2.62k 


PROBLEM 4.12 

The rotating parts of the right front wheel as- 
sembly of a 1979 automobile have a mass of 
35 kg and are measured to be out of balance. 
This unbalance can be corrected by attaching a 
150g lead weight to the 375mm diameter 
wheel rim. The tire has a diameter of 700 mm.. 
The car springs have a modulus of 50 N/mm and 
the tire can be considered to have a modulus of 
600 N/mm, if the tire deflection is small. If the 
balance correction is not made, at what speed 
will resonant vibration of the wheel assembly 
occur? What would the amplitude of motion be 
for a speed of 130 km/hr? 


Answer: 1.1mm 


PROBLEM 4.13 

A delicate aircraft instrument is mounted on 
four rubber isolators that have a rated deflection 
of 5mm. This means that the static deflection of 
the isolator at equilibrium is 5 mm. What is the 
transmission ratio of vibration transmitted to the 
instrument for 1800 rpm? 


PROBLEM 4.14 

An electric vibratory compactor is used to com- 
pact sand and gravel dynamically. It is mounted 
on the frame of a road roller and is flexibly 
suspended from the frame by six rubber (in 
shear) isolators. The electric motor delivers 
4200 blows per minute. The compactor and 


answer. motor weigh 200 kg. The modulus of the rubber y UUs. 
SAMOS 
vA : aon »~ o ho t. 
| a ae eye cad = 
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isolators is 25 N/mm and six are used for each 
compactor. How much force is transmitted to 
the frame of the roller? 


Answer: 0.389% 


\ 


Was [TF 


PROBLEM 4.15 

A high-speed diesel engine is mounted on four 
rubber pads such that the deflection is 5 mm. If 
the engine and coupling has a mass of 300 kg, 
above what speed must the motor run for 95% 
isolation? The engine is a four-cylinder, two- 
stroke cycle diesel. 


PROBLEM 4.16 

A motor operating at a speed of 950 rev/min is 
supported on four identical rubber pads, and 
vibrates with an amplitude of 3.8 mm. In start- 
ing, it passes through a resonant frequency at 
500 rev/min. Determine the amplitude of vibra- 
tion if the motor were mounted on four pairs of 
pads, each pair consisting of two of the original 
pads in series. 


Answer: 3.2mm 


PROBLEM 4.17 

A 100kg motor and generator set is mounted 
on rubber pads which deflect 3mm under the 
static weight of the set. The rated speed of the 
motor is 1800rpm, and at that speed the set 
vibrates with an amplitude of 0.05mm. What 
would be the amplitude of motion if the motor 
generator set is mounted on a 300 kg block of 
concrete, which is then mounted on the same 
rubber pads? 


Answer: 0.0116 mm 


/ 
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PROBLEM 4.18 

Determine the error in an accelerometer reading 
if the natural frequency of the accelerometer is 
four times the frequency of the observed mo- 
tion. 


Answer: 6.7% high 


PROBLEM 4.19 

The point of support of a simple pendulum is 
given a horizontal harmonic oscillation of x,= 
X, sin wt. Determine an expression for the mo- 
tion of the pendulum, assuming small deflec- 
tions. Determine the distance from the mass to 
the node in terms of w and @, using the coordi- 
nates x and x. 


2 
Answer: h= (5) 
@ 


PROBLEM 4.20 

A machine designed to test the bond between 
rubber and wire is shown schematically. The 
wire is immersed and bonded to a rubber com- 
pound which completely fills the cylindrical 
sleeve. For a double amplitude of motion at end 
A 2mm, what is the motion of end B? What is 
the maximum force on the wire at B tending to 
break its rubber bond? Consider the wires as 
weightless and rigid (m,=5kg, m.=50kg, k= 
175 N/mm). 


Answer: 1.11 mm; 488N 


PROBLEM 4.21 

A suspension system for a four-cylinder 
inboard-outdrive marine engine consists of four 
rubber isolators spaced in a rectangle 240 mm 
wide by 320 mm high. Each isolator consists of a 
shear type rubber fitting 50 mm in diameter and 
has a linear stiffness of 300 N/mm, determined 
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by a simple static load. The mass of the engine is 
150 kg. Polar radius of gyration of the engine is 
175 mm. What is the torsional transmission ratio 
(TR) at the rated speed of 2200 rpm? Below 
what rpm would the TR be greater than 1? The 
engine has the four-stroke cycle. 


PROBLEM 4.22 

Automobile engines are conventionally mounted 
on three isolators, one on each side of the 
engine block and one at the rear. For simplicity, 
assume that the rear isolator is on the centerline 
of the crankshaft. Each isolator has a linear 
stiffness of 200 N/mm. The engine has six cylin- 
ders and has a mass of 125kg. The radius of 
gyration for the engine is 150 mm. 


Gis task: (a) What is the transmission ratio for vertical 
attach here, (1) motion at an operating speed of 2200 tpm? 


(b) At what minimum distance from the center- 
line of the crankshaft must the side isolators 
be mounted so that the transmission ratio 
for torsional vibration is no greater than that 
for vertical vibration? The engine operates 
on the four-stroke cycle. 


Answer: 0.0102; 184 mm 


4.8. HARMONIC ANALYSIS 


A forcing function or disturbing motion is often periodic but not simple 
harmonic. An unbalance in rotating machinery almost always causes 
harmonic motion which is very close to being a pure sinusoid, but there 


i 
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can be many other sources of vibration. If the motion or forcing function 
is periodic, we can always represent the function by a Fourier series of 
sine and cosine functions of time, each representing some multiple of 
the fundamental frequency. In‘a linear system, each harmonic then acts 
as if it alone were exciting the spring and mass system, and the system 
response is the sum total of the excitation of all harmonics. 

A Fourier series can be written 


y(t) =4A 9+ A, cos wt +A, cos 2wt+ A; cos 3@t+--- 
+A,, cos nwt+B, sin wt + B, sin 2at 
+ B,sin3et+---+B, sin not (4.14) 


The function y(wt) can represent a force or a displacement if the 
excitation comes from ground motion. If y(wt) represents a force, the 
amplitudes 3Apo, A;, A>,..., B,, B.... also represent forces. If y(wt) is 
displacement, the amplitudes represent displacements. The fundamental 
frequency is w, the frequency at which the forcing function repeats itself, 
and A, cos wt+B,sin@t is then known as the fundamental forcing 
function. The frequency of the second harmonic is 2w, and A, cos 2wt + 
B, sin 2wt is the second harmonic. The frequency of the third harmonic 
is 3m, and A; cos 3et+ B; sin 3wt is the third harmonic, and so on. 

Without too much concern for the details of Fourier analysis with 
which students are intimately familiar, the arbitrary coefficients, A,, and 
B,, can be found by either direct or numerical integration. For the 
period wt=0 to wt=27, 


A, ee ig y(wt)cos nwt d(at) (4.15) 
T 


ees {“ y(oosin sab dap (4.16) 
T 


n 
‘0 


The introduction of the term 3Ao permits the use of the equation for A; 


-for all values of the coefficients A,, Az, A3,..., A, including Ay. The 


magnitude 4A, is nothing more than the average value of y(wt) over the 
full period. 


Ao 2a 
2n(52) = { y(wt) d(at) (4.17) 

With a Fourier analysis of the forcing function and knowing the 
response of system to sinusoidal forcing, the total response of all 
harmonics can be obtained by adding the individual responses of each 
harmonic. For the system response, let us presume that the periodic 
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forcing function y(@t) can be represented by the Fourier series and all 
the arbitrary constants are known. 


y(wt) =4F)+F, sin(wt + a,)+F, sin(2@t+a,)+--- 
+F, sin(nwt+a,) (4.18) 
This is a general form of the Fourier series in which one trigonometric 
function and a phase angle are used instead of both sine and cosine 
terms. F, and a, are the arbitrary constants, instead of A, and B,,. 
Here, F, =VA,?+B,” and tan” a, = A,/B,,. 
The steady-state response to the excitation F, sin(wt+a,) will be 


aoe 
2 
1 2 


n 


x,= sin(wt + Q,) 


And, the steady-state response to the excitation F, sin(2wt +a) will be 
similarly 


a ee 
Aw? 

rec 
Dy 

As a general expression, the steady-state response to the excitation 


F,, sin(n@t+ a,,) will be 
eS 
na" 
K1-") 
@,. 


At this point, we can no longer ignore our use of n in two different 
ways. Do not confuse the harmonic sin nwt with the natural frequency 
@,. The use of the symbol n in both cases is confusing but conventional, 
and it is better to familiarize yourself with the convention as it is, rather 
than to conjure up something that you will never see again. By addition, 
the total response of the single degree of freedom system will be 
X=XytxX_,+x,+--+ +x, 

or 


X= sin(2wt + a2) 


xX, = sin(not +.a,) (4.19) 


— F 
x= y ao sin(nwt+ a,,) (4.20) 
n=1 K(1- 5 ) 
®, i 


It is clear that the harmonic which most closely approximates the system 
natural frequency will disproportionately influence the system response. 


Fig. 4.7 
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4.9. NUMERICAL SOLUTIONS FOR HARMONIC 


COEFFICIENTS 


In most cases, direct integration of a periodic function is impossible. 
With hand calculation, harmonic analysis is difficult and time consuming, 
if more than the third harmonic is required. With the advent of 
computers and machine computation, it is quite easy to obtain higher 
order harmonics. 

Referring to Figure 4.7 the periodic function y(t) repeats after a 
period of 7. This period can be divided arbitrarily into N equal parts, 
a/N=At and wt/N=Awrt. The frequency of the fundamental is @,= 
2nlr. Replacing the integrals for A,, and B,, in equations 4.15 and 4.16, 
by the finite sums, : 


N : nat 
A, = ¥, ylor)eos 2 (wt) 
OT ; 


isl T 


N - 
ay y(t; )cos ona ; 
(4.21) 
2ntt, 


B,, me y y(t;)sin A(t) 


QT 5-1 T 


2ntt; 


2 N 
ae p> y(f,)sin 


T 


The subscript i denotes the ith interval. y,; is the value of the function 
y(@t;,) at the ith interval. The angle 27t/7 is that fraction of a circle 


(wt) 
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which the fraction t/7 represents, for n = 1. For higher harmonics, there 
will be n multiples of 27 radians. In calculating the coefficients of higher 
harmonics, it must be remembered that the small subscript n indicates 
the nth harmonic, while the large N is the number of equal intervals 
into which the period 7 is divided. In calculating the Fourier coefficients 
numerically, they need not be found successively. That is, the value of 
the nth harmonic may be found independently of the other harmonics. 


It is also possible to use a specific truncated series to represent F(wt). 
As an example, 


y(wt) =3A9+ A, cos wt +A, cos 2wt +A; cos 3at 
+ B, sin wt + B, sin 2wt (4.22) 


This series uses six terms. If we use the value of y(t) at six points, we 
can solve for $49, Aj, A>, As, B,, and B,, solving six equations, 
simultaneously. Six points are used because the angles appearing in the 
sine and cosine terms will be multiples of 7/3. The trigonometric terms 
will be +1, +3, +4 or zero. 

Needless to say, this a tedious calculation, but matrix methods do 
simplify the solution of a set of simultaneous equations. 


Yo 1, S.-H 0 01845 
vij {1 3 4-1 VEO VE Ila, 
yo} |1 4-4 1 VW ELA 
eb (a a Se ee ae 
ys} |1 2 4 1 -vE VE|/B, 
yst L1 4 -3 -1 v3 —VE}]B, 


inverting the matrix, we can find each term directly. 


1A, 1 1 a 1 1] Tyo 
Ay a oD sh ao 224 Lily, 
Ac|_,{2 -1 -1 2 -1 -1]/y / 
Ag 2) ft | 1 ~1|| ys 
B, 0 v3 V3 0 -V3 -v3/1 y, 
B, 0 V3 -V3 0 V3 —V3ily, 


Se, AS ee ee es eS 
a ee een ae ee 
ee ie i oe i 
eg! eS es RS ee ee 
Gap Se ede oe a eee a 
mee SY se eS a ae ee 
| 
ra NS RY! Ge, ee ee ee Oe ee 
a Fae hee a, wer ee eo oe 
\ 
Se Be A oh. as 
og ee 
4 = Oo wc LQ st a ee 


pee lt et ae 2 OS eS 
-{9 
lt 

Cc ee oe ed Cog t ea 
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Similar matrices can be set up for any number of equations, but it is 
convenient to use. submultiples of 27, which repeat, such as 7/2, 7/3, 
al4, 7/6, 7/12, m/24. This requires 6, 12, 24, and 48 intervals and a like 
number of equations. With six intervals and six ordinates, the coeffi- 
cients of the first three harmonics can be found. With twelve intervals, 
the first six harmonics can be found. A twelve-interval matrix is in- 
cluded. Normally, more intervals will give greater accuracy. 

These devices have no advantage or disadvantage over a conventional 
Fourier series, but they do force a truncated series to go through a 
specific set of data points. This may or may not be important. For 
example, there may be one or more points that the series must pass 
through exactly. Solving for the set of coefficients using simultaneous 
equations will do this, at the cost of some inaccuracy elsewhere. There 
are just different ways of finding harmonics numerically. 


WORK PER CYCLE 


If the energy put into a vibrating mechanical system exceeds that which 
is dissipated in some form of damping, the amplitude of vibration builds. 
It is important at this state of our study of vibration to consider the work 
put into a vibrating system by a harmonic force. 

Work is defined as the scalar product of force and the displacement in 
the direction of the force 


dU = F(t): dx (4.23) 


For the period wt=0 to wt=27, the work per cycle is 


2Qu/a 


Au=(— F(t) (2) dt= ("Fo dt) (4.24) 


Now, if we assume that the force F(t) is a harmonic of order n, 
F(t) = F, sin(net+a,,) and the displacement is a simple harmonic with 
a frequency w, x=Xsinwt, the work per cycle can be found by 
integrating 

2a 


AU=F,X { sin(nwt + @,,)cos wt d(wt) 
‘0 


=aF,Xsine,, for n=1 (4.25) 
=0, for nA#1 


Remember, n as used in nwt is an integer which is the order of the 
harmonic. The value of the integral is zero, except where n =1. This 


4.10. WORK PER CYCLE 127 


simply means that the harmonic force F (wt) and the displacement x(wt) 
must be of the same frequency, «, for energy to be added to the system. 
The work done by a harmonic force over a complete cycle is a function 
of the maximum displacement, the maximum force, and the phase angle 
between the forcing function and the displacement. Referring to the 
vector diagram of Figure 4.8, F, sin a, is the component of the rotating 
vector force in the direction of the velocity vector. A natural conclusion 
is that the force must be im phase with velocity of the same frequency to 
do work on the system. 


This does not mean that w is necessarily the fundamental. It could be | 


any of the harmonics. If we had started with F(ot) =F, sin(nwt + a,,) 
and x=Xsin2ot, no energy could have been added to the system 
unless n =2. If the harmonic force and the displacement or velocity are 
of different frequencies, no work is done by the forcing function, Over an 
integral number of cycles. 


an 


EXAMPLE PROBLEM 4.23 


A 3.68 g slider is placed in a smooth tube with an internal diameter of 
40 mm. The spring has a stiffness of 284 N/m. One side of the tube is 
open to the atmosphere. The pressure on the other side varies periodi- 
cally as shown in the graph. Determine the response of the slider. 
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iJ 
a 
= 
o 
z 
3 
a 
Time, seconds 
300 
i 
£ 
€ 
o 
£ 
o 
8 
ae 
2 
Time, seconds 
Solution: 


The forcing function p(wt) may be expressed in a Fourier series 


A 
P(t) = + Ay cos wt+ A, cos 2wt+:-- 


+ B, sin wt + Bz sin 2@t+ B, sin 3@tt+--- 
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for a period of t=2 seconds, or =27, and w=7sec™’. Solving for 
amplitudes Ag, Ay, Ao,... 


Qa 7 
As { F(ot) soe” { PA d(wt)= PA 
WT Jo T 


0) 
1 2a 1 P 5, 
A,=— | F(ot)cos wt d(wt)=— [PA sinwt]%” = 0 
WT Jo T 


Likewise, A, = A,=A,=--:-=0. A without a subscript is the frontal 


area of the piston. 
It is evident that there are no cosine terms in the series. This reflects 


our second thoughts, since the function p(wt) is odd. 


Solving for amplitudes B,, Bz, B3,... 
1 27 PA PA 
ee { Floss dle ==— Loswipe 2 — 
WT Jo 7 7 


1 Qa 
B,=— { F(ot)sin 2wt d(wt) = za [—cos 2wt]5 =0 
T Jo 27 


1.77 PA 
B,=— { F(at)sin 3t d(wt) = [—cos 3wt]§ = 2 he 
7 3a 3a 


0 


B,, es , for n odd, 
nt 


B, =0, for n even. 


The graph p(t) can be expressed by the series 


PA PA, 2PA, 2PA, 
p(@t) =——+2 — sin wt += — sin 3w0t+ >— sin 5ot+::: 
2 7 3 0 5 7 
A plot of the series shows how closely these terms approximate the 
square wave. 
The natural frequency of the spring and mass system is 
2k _ 284 


= —2 
ame rT 77.2 sec 


@, 


For the response to the static term, 


PA 50000 (7) (0.04)? 
ae | =0.1 
o- FE 3 0.1106 m 
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For the response to the first harmonic 


4) 284 


=2 (50 000) (7) (0.047' =] =0.1612m 
772 


For the response to the third harmonic 


2PA 1 
xX.=-— — 
: >i Iw? 
(\-2) 

@n 


_ 250 008 (a (2.067 =| =-0310m | 


3a 4/ 284 


And the fifth harmonic 


2PA 1 
a= 5 ak (1 -?a") 
rm) 2 


n 


_ 2(50.000) (a (2) (0.04)? 1 _ 
Sa \4) 284 le Le al ocheee 
77.2 


The third harmonic is very large since the natural frequency is closer 
to the third harmonic than it is to the fundamental or any other 
harmonic. The response is shown in the graph. 


EXAMPLE PROBLEM 4.24 

Determine the first three harmonics of the triangular wave which has a 
period of 0.24 second, using numerical methods to determine a Fourier 
expansion. 


Solution: 

The circular frequency of the fundamental is 27 radians every 0.24 
second, or w =26.2sec™’. Dividing the wave into six intervals, each 
interval will be 0.04 second or 7/3 radians of the full period. 
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(wt) 


ce) 
O 0.04 0.08 0.12 0.16 0.20 0.24 0.28 0.32 0.36 0.40 0.44 0.48 
Time, seconds 


The average value of the function p(t) will be the sum of all six values, 
P1, Pa» P3,---» Ps, divided by six, or 


2 & 
ge 2Ro 2 


3A =6, 
which is the average value. The other coefficients can be found from 


equations 4.24 
2ntt; 


A, a 2 yp cos 


=1 


2¥ ada 2nat; 


=1 


Setting up a table for the tabular computation of the fundamental 
A; cos wt + B, sin wt, n=1: 


. 271; _ 27h 271; . 27 
l Di cos —— sin — pi COS ——_ Bi Sin ——— 
T T T T 
1 4 0.50 0.866 2 3.464 
2 8 —0.50 0.866 —4 6.928 
\ 3 12 —1.00 0.000 —12 0.0000 
4 8 —0.50 —0.866 =4. —6.928 
2 4 0.50 —0.866 2 —3.464 
6 0 1.00 0.000 0 0.000 
y=—16 »=0 


jah 16 
2 yp cos <=> =~5.333 


132 FORCED PERIODIC MOTION 


Setting up the tabular computation of the second harmonic, 
A, cos 2wt+ B, sin 2wt, n=2: 


F 4at, . Att, at, ‘ ; 
l Di cos —— sin —— Dp; COS —— Dp; Sin —— 
T T T T 
1 4 —0.50 0.866 —2 3.464 
2 8 —0.50 —0.866 —4 —6.928 
3 12 1.00 0.000 12 0.000 
4 8 —0.50 0.866 —4 6.928 
5 4 —0.50 —0.866 —2 —3.464 
6 0 1.00 0.000 0 0.000 
x=0 »=0 
A» = 0 
B, =0 


And, in the third harmonic, A; cos 3wt+ Bs; sin 3wt, n=3: 


: 67t; . Ont; Tt, . Oh 
i Di cos —— sin — p; cos-—— p; sin — 
T T T T 
1 4 -1 0 —4 0 
2 8 1 0 +8 0 
3 12 —1 0 —12 0 
4 8 1 0 8 0 
5 4 —i 0 —4 0 
6 0 1 0 0 0 
y=-4 yY=0 
22 6nt, —4 
A3=-> . COS —— = — = — 1.333 
6 2B = 3 


The approximate expression is therefore, 
p(t)=6—5.333 cos 26.2t — 1.333 cos 78.5t 


If a large number of intervals are used, the Fourier expansion will be 
a more accurate expression of the function, and higher harmonics will be 
determined. As an example, using 24 intervals, each interval will be 
0.01 second or 7/12 radians of a full period. 

Doing the same for the second and third harmonics, an approximate 
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expression using 24 intervals is 


p(t) =6—4.891 cos 26.2t—0.5691 cos 78.5 


The exact expression is 


=6—4.05 cos 26.2t—0.45 cos 78.5t 


Since p(t) can be expressed as a continuous function of time, and the 
expressions for the Fourier coefficients are integrable. 

The absence of sine terms could have been predicted, since the wave 
form is an even function, that is p(t) is symmetric about the origin. 


Pressure, MPa 


oa) 
fo) 


PROBLEM 4.25 

Repeat Example Problem 4.24, forming the 
function to pass through six points, starting with 
yo=O at t=0. : 


PROBLEM 4.26 
Repeat Example Problem 4.24, using 12 points, 
starting with yo=0 at t=0. 


PROBLEM 4.27 

Repeat Example Problem 4.24, using 24 inter- 
vals, and determine an expression which in- 
cludes the first, second, and third harmonics. 


PROBLEM 4.28 

Determine the response of the slider of the 
Example Problem 4.23, if the pressure varies 
periodically as below. Plot the response. 


1 2 3 4 5 
Time, seconds 
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PROBLEM 4.31 

The variation of pressure with time in a hyd- 
raulic line is shown below. The data were taken 
directly from recorded pressure at 0.01-sec in- 
terval. What is the frequency of the fundamen- 
tal? Using harmonic analysis, determine a 
F(t) , ; Fourier expansion which will express the data. 


PROBLEM 4.29 

Make a harmonic analysis, which includes the 
first three harmonics, of the forcing function 
shown. 


Time, Pressure, | Time, Pressure, | Time, Pressure, | Time, Pressure, 


sec Nim? sec Nim? sec Nim? sec Nim? 
28.6 
25.7 
19.2 
10.4 
2.9 
0 
6 
: PROBLEM 4.32 
33 The turning effort of a typical six-cylinder four- 
& 2 stroke cycle gasoline engine is described by the 
1 following table and shown in the enclosed 
0 torque-time diagram. Make a harmonic analysis 
0 90 Bp 270 oe8 of the turning effort. Find the amplitude of at 
a least the first three harmonics. 
i 
Time, Torque,| Time, Torque,| Time, Torque,| Time, Torque, 
Teorey Bae : Sec N-m sec N-m Sec N-m sec N-m 
Make a harmonic analysis of the wave form \ 
shown in the graph below. 0.00075 410 | 0.00525 740 |0,00975 750 | 0.01425 500 
aed 0.00150 420 | 0.00600 860 | 0.01050 700 | 0.01500 470 
Answer: y = 40.0 in 60 sin ——_ ; 0.00225 440 | 0.00675 980 | 0.01125 650 ; 0.01575 440 
0.24 0.24 0.00300 480 | 0.00750 920 | 0.01200 600 | 0.01650 420 
0.00375 540 | 0.00825 860 | 0.01275 560 | 0.01725 410 
50 : 0.00450 640 |0.00900 800 | 0.01350 530 1!0.01800 400 
£ 1000 
£ . & 800 
¢ j 
5 2 2 600 
3 a = 400 
F 200 
—50 0 
0 0.1 0.2 0.3 0.4 0.5 


Time, seconds Time, seconds 
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PROBLEM 4.33 vertical motion of the shaper if the vertical 
The velocity pressure at the outlet of a ram jet, shaking force is 200 cos wt+75 cos 2wt, expres- 
which is a measure of the thrust, varies as shown sed in Newtons. The strong second harmonic 
below as a function of time. Make a harmonic originates from the quick return mechanism of 
analysis of the pressure as a function of time. the shaper. 


Include the first three harmonics. Check the 
maximum value of the first harmonic with the 


PROBLEM 4.35 
peak of the curve. 


A high-speed internal combustion engine has a 
bore of 92mm and a stroke of 100mm. The 
wrist pin is set laterally within the body of the 
piston. One end of the 200 mm connecting rod 
is attached to the wrist pin and the other to the 
crank shaft. The piston assembly is quite rigid 
and is ordinarily considered as a single mass. If 
we consider the wrist pin as a flexible spring, 
Cn between the piston and connecting rod, the 

natural frequency of this system is 300 


Time, Pressure,| Time, Pressure, | Time, Pressure, | Time, Pressure, 
sec MPa sec MPa sec MPa sec MPa 


ae y% cycles/second. Determine the maximum dis- 
placement of the piston relative to the connect- 
80 ing rod for an operating speed of 3600 rpm. 
< 60 Answer: 2.68 mm 
¢ 40 
g 56 PROBLEM 4.36 
© A 1000kg punch operates at 86rpm and is 
0 known to transmit a force to the foundation 
aad Bie " which can be expressed as 
F(t)=25+20 sin 9t—3 sin 18t—2 sin 27t 
PROBLEM 4.34 { an 5G 
A 200kg vertical shaper is placed on rubber where ¢ is in seconds. The punch can be 
pads which deflect 2 mm under the weight of the mounted on a cork and rubber pad with a rated 
shaper. The shaper has a maximum cutting deflection of 2mm, or on commercial isolators 
speed of 225 cycles per minute. Determine the which deflect from 20mm to 100mm _ under 
load, depending on the isolator selected. If these 
/ are taken as three representative choices, which 
F(t) = 200 cos wt + 75 cos 2 wt is preferred and why is it preferred? 
| ‘ Answer: cork and rubber pad 


PROBLEM 4.37 

A self-contained textile machine with a mass of 
5000 kg must be isolated against the transmis- 
sion of force to the foundation. The forcing 
function can be represented as 


Z F(t)=100 sin wt+5 sin 2et 


4 
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and the frequency of the fundamental is 
1200 rpm. Vibration isolators are rated by the 
static deflection with the isolators under load; 
isolators come in ratings of 4, 6, and 8mm. 
Which would reduce the transmission of force 
below 10%? 


PROBLEM 4.38 

Determine the response x of a simple pendulum 
to the cam, which moves at a constant angular 
velocity. The movement of point A is plotted as 
shown. The spring is stiff enough to maintain 
contact between the cam and follower at all 
times. : 


Answer: 
x = 1.09 sin wt +0.0694 sin 3t —0.006 sin Swt 


Displacement, mm 


0.254 m Seconds 


4.11.FORCED VIBRATION OF A NONLINEAR 


SYSTEM 


In the preceding sections, we have treated only linear systems, which, if 
we consider onty small amplitudes of motion, are satisfactory models of 
real problems. Either the spring, mass, or damping mechanism may be” 
nonlinear. Real systems are, in fact, more often nonlinear than linear. 
First, mass can be nonlinear, but in mechanical engineering there are 
few problems in which the mass of a system cannot be assumed to be 
constant for engineering purposes. A significant exception is a recip- 
rocating engine or a reciprocating compressor. In Figure 4.9, the inertia 
of the piston which moves up and down within the cylinder adds to the 
moment of inertia of the rotating crank and crankshaft when the crank 
angle 6 is at an angle which is nearly a right angle to the axis of piston 
travel. The actual angle depends on the length of the connecting rod and 
the throw of the crank. At crank angles of 6=0° and @=7, the piston 


Fig. 4.9 
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passes through top and bottom dead center, respectively, and the inertia 
of the piston does not add to the rotating inertia. Thus, the rotating 
inertia of a reciprocating engine varies with crank displacement, reach- 
ing a maximum and minimum twice in each revolution of the crankshaft. 
For the effective rotating inertia [,, the moment of inertia of ‘the 
crankshaft Ic, the reciprocating mass m,, and crank throw r and crank 
angle @ 
I, =Io+3m,r —3m,r? cos 20 


As stated, this is approximate. 

For multicylinder engines the reciprocating inertia of one cylinder is 
balanced by the inertia of another. This is one of the reasons that in-line 
engines have offset cranks on the crankshaft. As a result, in multi- 
cylinder engines, the variation of mass moment of inertia with time is 
also ignored. The equivalent mass moment of inertia is simply calculated 
to be 

I, =I, +3m,r* (4.26) 


Fig. 4.10 
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Second, of the three most prevalent forms of damping, two are 
nonlinear. The entire subject of damping, both linear and nonlinear, is 
treated separately in Chapter 6. 

By far the most common case of nonlinearity in mechanical vibration 
is that of the elastic member. In a built-up structure, the effective spring 
constant often increases with displacement. One can imagine a structure 
stiffening as the clearances within it are overcome. For small displace- 
ments, the structure is flexible, but for large displacements, it is also 
quite possible to have a situation where the effective spring constant 
decreases with displacement. The moduli of most engineering materials 
decrease with increased strain. In some cases, the decreased load- 
carrying ability with increased strain is so pronounced that the strain 
mechanism is assumed to be plastic. Buckling also may considerably 
lessen the load-carrying ability of any member or structure. Either a 
stiffening spring or a softening spring may be created by design or by 
accident. Figure 4.10 shows two cases of nonlinear elasticity, one 
increasing with displacement, the other decreasing. 

The term, P(x) is used to denote a nonlinear spring force. Various 
functions may be used for P(x), but one of the simplest is the polyno- 
mial 

P(x) = kox + «x? (4.27) 


shown in Figure 4.10. Additional terms could be used, but the cubic 


P(x) 


P(x) 


P(x) = kg x — xx8 


—— 
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gives an approximate solution which is usually satisfactory. For sym- 
metry, only odd powers of x should be used. (If even powers were used, 
say P(x)=kox+«x”, the force P(x) would stiffen with positive x and 
soften with negative x, which would be abnormal.) ko is the initial elastic 
constant, with the units being pounds/inch. The units for « are 
pounds/inch?. 

The forced vibration of a system containing a nonlinear spring pres- 
ents several unique characteristics which are important, even in an 
elementary study of mechanical vibration. The equation of motion for 
forced vibration is, ¥, F = mx, or 


mx + P(x) = F(t) (4.28) 
Substituting the cubic expression in the equation of motion, we have 
mk + kox + xx? = F(t) (4.29) 


Let us now excite this nonlinear system with the simple harmonic 
forcing function F(t)= F, sin wt. The result is a nonlinear differential 
equation, ‘5 


mk + kox+«x? =F, sin wt (4.30) 


This equation has been the subject of much study in nonlinear 
mechanics. It is often referred to as the Duffing equation, after G. 
Duffing who first presented and discussed the problem. Its general 
solution is unknown. 

An approximation of the response for this simple system can be found 
by assuming the displacement to be simple harmonic. This would be the 
true motion if x =0. Let us assume that P(x) is almost linear and the 
resulting motion is near enough to being simple harmonic to let 


x=X sin wt 


This assumption satisfies the equation of motion at wt=0, 7, 27, 
37,...,n7, Since the displacement and forcing function are identically 
equal to zero at these times. It does not satisfy the equation of motion at 
any other time, however, and it cannot be an exact solution. We can 
determine the value of the displacement X, which will make the trial 
solution further satisfy the equation of motion at wt=7/2, 37/2, 
5n/2,...,[(2n+1)/2]a, by equating the magnitude of the vector amp- 
litudes on each side of equation 4.30, since 


2nt+1 


sin qw=1 for n=1,3,5,... 
(4.31) 


—mw?X + kyX+ xX? = Fy 


Fig. 4.11 
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P(x) % + mw,2X, = P(X,) 


Rearranging terms, 


F,+mo?X = kyX + «X? = P(x) 


Graphically, these two equations are mutually satisfied where they 
intersect. If the elasticity is linear, there is a unique intersection, but if 
the elasticity is nonlinear, more than one intersection may be possible. 
In Figure 4.11, each amplitude X is plotted as a function of frequency, 
w. At w =0, the amplitude is Xo. If w = ,, the amplitude increases to 
X,, where F,+ mw,’X, = k)X,+«X,3. At a frequency w = wp, there will 
be two amplitudes which satisfy the equality F, + mw ”X, = kjX>+«X,°, 
one at negative amplitude where the two curves are tangent. For w = 3, 
and any higher frequencies, there will be three amplitudes, two negative 
and one positive. The result is a distorted response curve, which is 
typical of nonlinear forced vibration. The curve has two branches, one 
where the exciting force and the amplitude have the same sign and one 
where they have opposite signs. Compare this curve to Figure 4.2. 

The reason for this distortion is that the natural frequency of : 
nonlinear system is itself a function of displacement. This is contrary ito 
the case of linear vibration. If we define the frequency w,, as the natural 
frequency of the system at zero amplitude X, and if we call w,,' the 
natural frequency that is amplitude dependent, 


@,' = @, V1 £3K?X? (4.32) 


the + or — is used to designate a stiffening or softening spring. . 
The distorted response curve has one very pronounced effect on 
forced vibration. This is the so-called ‘jump’? phenomenon, which is 


tow 


Some. 


co] 


Fig. 4.12 


, 
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explained dramatically in Figure 4.12. At high frequencies, three amp- 
litude ratios are possible. If oc < wg the amplitudes from C to B are not 
attainable. If the frequency is decreased from some value above reso- 
nance, the amplitude will increase along line DC. At C the amplitude 
will “‘jump” to C’ with no change in frequency. If the frequency 
increases from some frequency below resonance, the amplitude will 
increase along the higher curve AB. Without damping, the amplitude 
continues to increase with an increase in frequency until a catastrophic 
failure occurs. Fortunately, damping is always present. With damping, 
the amplitude at resonance is limited and the amplitude “jumps” to B’ 
with no change in frequency. Even with the amplitude-limiting effect of 
damping, the degree of damping may not be sufficient to prevent 
catastrophic failure. 

One other phase of nonlinear response deserves being mentioned. If 
we go back to equation 4.30 and substitute our trial solution for x but 
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not for X, we have, 
—mitk,X sin wt + KX? sin? wt =F, sin wt 
Substituting the trigonometric identity 
sin? wt =1(3 sin wt —sin 3wt) 
we have 


. [ko 3X? Fi). KX? . 
X¥ =|—+—-———— ]Jsin wt -—— sin 3t 
m 4mm 4 


Integrating for x, the displacement will be an equation of the type 
x = B, sin ot + B; sin 3at 


containing a first and a third harmonic. This is a closer approximation to 
the actual displacement than simple harmonic motion, which had been 
assumed, but in most practical cases the amplitude of the third harmonic 
is so small that it can be neglected. The rare exception is the case when 
the forcing function contains the third harmonic. If damping is light, the 
third harmonic present in the amplitude will match the third harmonic in 
the forcing function and energy will be added to the system over an 
integral number of cycles, in which case the amplitude of motion will 
build. The third harmonic cannot build separately, without the amp- 
litude of the fundamental also increasing. If resonance occurs, the 
observed vibration will be at a frequency of one-third that of the natural 
frequency. This very rare phenomenon is subharmonic resonance. It is 
caused by the nonlinearity of the system and never occurs in linear 
systems. 


PROBLEM 4.39 

In the nonlinear system shown, the mass m is 

attached to two springs. When the mass is in the 

middle position, the springs have zero initial 

tension. Write the differential equation of mo- 

tion for free vibrations of the system, assuming 
—* * motion constrained along the x-axis. 


PROBLEM 4.40 
For a simple pendulum of. mass m and length |, 
write the differential equation of motion, using 


4.11. FORCED VIBRATION OF A NONLINEAR SYSTEM 145 


the first two terms of the power series expansion 
for sin 0. 


3 
Answer: 6 +8 -=| =0 


PROBLEM 4.41 

Assuming harmonic motion, 0(t)=@ sin w,t, de- 
termine the period of oscillation of the simple 
pendulum of Problem 4.40 when the length of 
the pendulum is /=300 mm and the amplitude 
of oscillation is 

= T 


GO 56 


7 
(b) O=— 


Compare these results with the solution for 


small amplitude 
mE 
T=27\/—- 
g 


PROBLEM 4.42 

A simple pendulum of mass m and length b is 
altered by attaching two elastic springs to the 
mass. For simplicity, assume that the distance b 
is the free length of the spring. Using the first 
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two terms of the power series expansion for 
sin 6, write the equation of motion for free 
vibration of the system in the y-—z plane. Note 
that the nonlinear terms compensate each other. 


. g [b> k g 
Answer: rs of s <-£| e°=0 


PROBLEM 4.43 

For the simple pendulum of Problem 4.42, de- 

termine 

(a) The equation of motion for free vibration of 
the system in the x-z plane 

(b) An approximate nonlinear equation of mo- 
tion 

(c) An approximate linear equation of motion. 


PROBLEM 4.44 

Determine the nonlinear equation of motion for 
large oscillations of the inverted pendulum of 
Problem 2.24. 


. 3 3k 
Answer: 6—Bsin 0+ sin 20=0 


PROBLEM 4.45 

In Problem 4.39, assume that an exciting force 
F, sin wt is applied to m in the x-direction. If 
F,=S0N, k=22.5N/mm, m=1.5kg, [= 
50 mm, and X)=25 mm, determine the approx- 
imate value of the steady-state amplitude of 
forced vibrations for w = 200 rad/sec. 


Answer: 0.83 mm 


PROBLEM 4.46 

A patented rubber spring for heavy duty vehi- 
cles consists of a spherically shaped elastomer 
permanently bonded between two metal plates. 
The spring stiffens as the vehicle load is in- 
creased, softens as the load decreases. The result 
is a more constant natural frequency, regardless 
of the load being carried. The deflection of the 
vehicle suspension system as a function of the 
gross weight is shown. The gross mass of the 
vehicle is 2000 kg empty and 15 000 kg loaded. 
Determine the motion of the empty vehicle 


4.11. 


FORCED VIBRATION OF A NONLINEAR SYSTEM 147 


Pressure, kN 


200 


150 


100 


50 


0 0.05 0.1 
Deflection, m 


traveling at 100 km/h over a road that has tar 
strips that project 7 mm above the road surface 
every 5m, for both a linear suspension and the 
nonlinear suspension. : 


PROBLEM 4.47 

An electric motor has a mass of 12.5 kg and is 
mounted on a structure cantilevered from a wall. 
For an additional load P(x) applied at the motor 
mounting, the load deflection curve of the struc- 
ture is shown here. If the armature of the motor 
has a mass of 5 kg and is known to be 0.1 mm off 
center, determine the vertical amplitude of mo- 
tion when the motor is running at 600 rpm. 


Answer: 0.042 mm 


P(x), N 


50 100 150 200 250 
Deflection, mm 
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PROBLEM 4.48 

Mechanical systems often exhibit clearances be- 
tween mechanical parts. These clearances give 
rise to non linear characteristics. The linear 
spring has a modulus of k and is in series with a 
clearance c between the. mass and spring. The 
natural frequency of the spring and mass where 
the clearance is zero is 30 Hz. What is the 
reduced natural frequency for a total amplitude 
of 1mm if the clearance c equals 0.5 mm? 


Answer: 18.3 Hz 


F 


mete N F= k(x —¢) 
[om ome] iL 


FIVE 


INITIAL CONDITIONS AND 
TRANSIENT VIBRATION 


ae 


INTRODUCTION 


A temporary component of motion is called a transient. In general, 
transient motion or transients accompany any change in the amount or 
form of energy stored in a vibrating system. In many cases, transient 
vibration can be ignored, considering only steady-state vibration. How- 
ever, large margins of safety, in which ignorance of transient conditions 
can be buried are not always possible, and today, the study of transient 
phenomena is one of the largest areas of concern in mechanical vibra- 
tion. The analysis of transient motion requires extensive mathematical 
treatment and modern computational methods. 

In mechanical vibration, the study of transient motion centers around 
the problems of overstress and the possibility of catastrophic failure or 
perhaps, low cycle fatigue. Although our mathematics may be similar to 
other problems in engineering, such as control theory, our perspectives 
of the physical problem are different. We are not as interested in the 
length of time during which a transient diminishes as we are in the 
number of cycles of large amplitude or high stress that the system may 
have. The presence of the transient condition is not as important as is 
the maximum amplitude or maximum stress. 

The exact solution of transient vibration problems is difficult, requir- 
ing advanced mathematical methods, but, there are three basic forcing 
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Fig. 5.1 
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functions which can be used to approximate transient phenomena. 
These are the rectangular step forcing function or suddenly applied load, 
the exponentially decaying step, and the ramp function, where force 
increases linearly with time. Since our primary interest is to determine if 
mechanical failure occurs, many times we can ignore a complete 
mathematical solution in favor of an approximate solution which uses 
one of these three basic functions. The approximate solutions are often 
sufficient to satisfy questions of design. 


5.2. THE RECTANGULAR STEP FORCING 


FUNCTION 


If a constant load Fo is suddenly applied to a simple spring and mass 
system, the spring will extend a distance Fo/k, and the mass will oscillate 
about this new equilibrium position. The amplitude of the vibration will 
depend on the initial conditions of motion. 

Consider the free body diagram of Figure 5.1, after the load Fo is 
applied. The equation of motion is 


mx + kx = Fo (5.1) 
and the displacement x, is 


F 
x=A cos w,t+B sin ont +E (5.2) 


If the system were initially at rest, x(0)=0 and x(0)=0. The arbitrary 
constants A and B are no longer arbitrary; substitution of the initial 
conditions will show that the constants are A =—F)/k and B=O, and 
the response would be 


< == G=oawa (5.3) 
K, 
Fo F(t) 
x(t) 
“yi 
EM: . 


5.3: 


Fig. 5.2 
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A displacement-time curve shows this motion in Figure 5.1. Note that 
the maximum amplitude of motion is 2(Fo/k). This is a simple statement 
which is quite valuable in design. The maximum amplitude for a 
suddenly applied load is twice the amplitude for the same load applied 
statically. 

If the mass m were not initially at rest, the amplitude of motion would 
be larger. If x(0) =x, and x(0)= v9, A =Xp—(Fo/k) and B= v/a, 


Dv 


F . F. 
x= (xo—“2)cos ott sin w,,t+—° 


k 


n 


which can be rearranged algebraically into the more instructive form, 


2 U9\. Fo 
x=(4/Xo se sin(w,t+ d) as (1—cos a,1t) (5.4) 


If the system were initially at rest, the first term in equation 5.4 would 
be zero and equation 5.4 would be identical with equation 5.3. 


THE RAMP! OR LINEARLY INCREASING 
FORCING FUNCTION 


In Figure 5.2, the forcing function F(t) linearly increases with time. 
Naturally, it cannot increase indefinitely, but our interest is confined to 
the regime where the force does increase linearly and the elastic limit of 
the spring has not been reached. The equation of motion is 


mk +kx=Ct (5.5) 
for which 


Ct 
x=Acoso,t+B sin Ont +7 (5.6) 


Again, the arbitrary constants A and B depend on the initial conditions. 
If the system were initially at rest, x(0)=0 and x(0)=0, the arbitrary 


Ct 
cH R(t) x(t) 
+ hs he es 


t) 


El>3 


VI 
’ 


5.4. 
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constants A =0 and B=—C/kw, 


Cc ; 
(@,t —sin ,,t) (5.7) 
ko,, 

The displacement oscillates at the natural frequency w, about a middle 
position which linearly increases with time. The amplitude of this 
oscillation is C/kw,. Catastrophic failure is possible, and the maximum 

displacement from the original equilibrium position, at any time ¢, is 

Cc 

X= 

k 


Oy 


x= 


(1+@,1t) (5.8) 


THE EXPONENTIALLY DECAYING STEP 


FUNCTION 


A third basic forcing function is the suddenly applied load which decays 
exponentially with time. It typifies many blast-like impulses and can be 
adapted to a variety of problems by changing the value of the exponent 
a, which has the same units as w, radians/second. 

In the equation of motion, 


mx +kx = Foe” (5.9) 


for which the solution is 
—at 


. F 
x= A cos w,t+B sin w,t +—=— 
ma*+k 


(5.10) 


The mathematical similarity between this forcing function and the 
forcing function F(t) = F,e* can be used as an analogy. It is the same as 
equation 4.6, with a substituted for iw and Fo substituted for F;. 

Assuming rest conditions initially, 


F, 
——_- |= sin w,,t— cos w,t+ e*] (5.11) 
a Oy, 
K(1 +5) 
@ 


n 


x= 


If a—0O, the forcing function decays very slowly, and the 
displacement-time curve approaches x=(Fo/k)(1—cos @,f), the re- 
sponse to a rectangular step forcing function. 

If a—© the forcing function immediately decays to zero, the area 
under the force-time curve (which is the net impulse), approaches zero, 
and the force imparts no velocity change to the mass m. If a >, the 
system would remain motionless. 


Fig. 5.3 
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These are the two extremes. Between these, the displacement oscil- 
lates, with the amplitude decreasing with time. The steady state amp- 
litude, which is reached for at>5 is 


Fo 


2 
a 
kyltos 


n 


X= 


The maximum amplitude depends on the ratio a/w,, but it is always less 
than 2(Fo/k). This again is an important fact to remember. The only way 
that the displacement can exceed 2(Fo/k) is for the initial conditions to 
have an initial velocity, imparting kinetic energy to the system. Figure 
5.3 shows the response of a simple system to an exponentially decaying 
step function. ae 


D5: 


COMBINATIONS OF FORCING FUNCTIONS 


The three basic forcing functions can be combined in a variety of ways 
to approximate just about any possible transient forcing function. In a 
linear system the response to a combination of two or more forcing 
functions, all acting at the same time, can be found by superposing the 
response from each forcing function, one on the other. In linear 
mathematics, this is known as the principle of superposition. 


Rectangular Step—Exponential Decaying Step. As examples of combi- 
nations of practical importance, an exponentially decaying step forcing 
function can be subtracted from a rectangular step. 


F(t)=F,(1-e™) (5.13) 


(5.12). 
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This function is familiar since it is analogous to the response of a glass 
thermometer immersed in a liquid bath. It is evident that F(t) could 
reproduce the transient response to thermal stress or a thermal pulse 
due to sudden heating.’ 

By combining equation 5.2 with equation 5.10, the solution to such a 
transient forcing function would be 


—at 


x=Acosw,t+B sin a (5.14) 


a’ | 
1+5,) 
(1433 
If the system were initially at rest, x(0)=0 and x(0)=0 


x 


Wy,” 


F, F. 
=e |= i COS @,f+sin ot) + «| (5.15) 
(1+ ) n Wy, . 


The response to this motion is shown in Figure 5.4. Note that the 
motion becomes simple harmonic for at>5, oscillating about a new 
equilibrium position, which is displaced by a distance Fy/k. Dropping 
the exponential e~“, which would be nearly zero, for at>5, 


a 


af 


ae 1-7 sin (w,t +) (5.16) 


n 


The amplitude of the simple harmonic motion is 
a 


Fo __@y 
k a’ 


n 


Fig. 5.5 
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and the maximum possible excursion is 


= 
Fo {e 
Ci ale 

@,” 
Two Exponential Decaying Step Functions. A second example of a 


practical importatice is to subtract one exponentially decaying step from 
another with a longer time constant. 


F(t) = Foe —e~") | (5.18) 


For F(t) to be positive b>a. A variety of blast-like impulses can be 
approximated by changing the time constants a and b. In Figure 5.5 the 
impulse shown is for b= 2a. The displacement x is 


(5.17) 


FE, —at eet 
x= A cos ott B sin wnt +72 a | 19) 
—t1 —+1 ; 
(*1) (G3) 
For rest conditions initially, 
x= pcre Oe |= sin @,t— COS w,,t + e| 
a @ 
k (1 +4) fs 
See Pe sin @,t— COs w,t+ | - (5.20) 
@, 
ena 
K(1+ 53). 


Successive Functions. It is also possible to add or subtract one function 
after another, using the previous solutions in succession as building 


Fy (e—% —e ~5t) 


Fy(e~% —e~ ot) 
F(t) Li F() 
kx 


x(t) 


ee eer eee rrp na nn eT 
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Fig. 5.6 F(t) | 0 
(a) 


FO| on 
(b) 
L<—>| t 
T 
see 
(c) 
— : 
T 
Fi)! 
(d) 


blocks for more complicated forcing functions. As an example, in Figure 
5.6a, one rectangular step function is subtracted from another of equal 
magnitude, but after a time interval 7 has passed. The result is a square 
impulse. A triangular impulse of Figure 5.6b is the result of having a 
linearly increasing forcing function which has a duration of a period 7, 
and a maximum force Fo, added to a linearly decreasing forcing func- 
tion, which is mirror image of the first. 

In the same way, in Figure 5.6c, a ramp function is added to a 
rectangular step, giving the forcing function a finite rise time. A ramp 
function could be combined with an exponentially decaying function, 
shown in 5.6d. This last example is an excellent approximation of a 


shock. If the forcing function is expressed in pressure, it would simulate - 


a shock wave. In each instance, 5.6a, b, c, d, we are not superposing 
forcing functions, but are applying them successively. The terminal 
condition for one transient becomes the initial condition for the next. 
This is not an easy way to solve transient problems, but it is direct. It is 


bie Ss 
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physically simple and algebraically difficult, unless the simplest of 
mathematical terms are used. But, it is very easy for an engineer to see 
what is happening. As an example, if the rise time, 7, is equal to one half 
the natural period of the single degree of freedom system, the system 
will be at maximum displacement when the transition occurs. Similarly, 
if the rise time is equal to the natural period of motion, or some multiple 
of the natural period, the system will have a minimum displacement 
when transition occurs. 


EXAMPLE PROBLEM 5.1 


A 20kg piston slides in a smooth cylinder with an internal diameter of 
125mm and is supported on a spring with an elastic modulus of 
965 N/m. At time t=0, the valve between the gas reservoir and the 
cylinder is suddenly opened, raising the pressure in the cylinder to 
20 MPag. The gas is then bled through an orifice B, the pressure falling 
exponentially with time so that after 0.2 second, the pressure is reduced 


to 10MPag. Determine the transient response of the piston as a 


function of time, and the steady-state amplitude of the piston. 


P= poet 


0.2 second 


Solution: 

The pressure is known to have an initial pressure of 20 MPag, to 
decrease exponentially with time, passing through the point where 
p(t)=10 MPag at t=0.2 second. The physical constants are 


at 


P= Poe | 


solving for the constant a, 

1 
2 
a 


=3.47 sec? 


a 
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and the natural frequency, 


n> 


,2 = ~ = = 48.25 sec? 
@,, = 6.94 sec} 
for the equation of motion, 
> F=mk 


mx + kx = Foe“ = ppA,e 
A, is the projected area. The solution is 


PD oA,e 


x=A cos w,t+ B sin wt +-——_— 
" ™~ (ma? +k) 


for rest conditions, initially x(0)=0, and x(0)=0 


ig oA, 


a 
x =——— | — Fj a —at 
(ma2+k) ( SIN w,,f— COS w,,t +e } 


@, 


A plot of this equation, as a function of time, shows that the maximum 
deflection occurs after 0.36 seconds, and is 0.312 m. 
As e~“ > 0, the motion approaches a steady state. 


PoA, a, 
x ~(ma?+k) *\{— sin w,t— cos wt) 


Wy, 


i PoA, a? a . 
= Grate k) k) ( 1 +S )sin(o,t+ ) 


P oA, 


=— === sin(w,t + d) 
kVl+—5 


nm 
for this case, a/w, =4 and 
T 


PoA, A | «20 000) (2) (0.125) | 
5 


x =———————_—_—__ = 
965 


=0.227m 
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PROBLEM 5.2 

The piston of Example Problem 5.1 is subjected 
to a pressure that slowly leaks in, instead of out. 
p, is the final static pressure. Determine the 
response of the system and estimate maximum 
displacement of piston in the cylinder. 


p(t) =p, (1—e—*) 


ie) 0.2 04 06 08 1.0 
Time, seconds 


PROBLEM 5.3 

Determine an expression for the transient re- 
sponse of a linear single degree of freedom’ 
system to the versed sine impulse 


F, 
3 (1-cos wt) 


for t<+7, assuming the system to be initially at 
rest. 
Answer: 


F 2 
x =———_- x | 1-cos oe (1—cos ont | 
@, 


in 


F(t) 
4 


=k 
gi 
£S PROBLEM 5.4 
ci A falling weight of mass m drops from a height 
| h and strikes a simply supported beam which 
1 has an equal mass and remains attached to the 
aan | beam without rebound. Determine the max- 


i | se aaererS! |S imum dynamic deflection of the beam in terms 
‘ * of the static deflection and the modulus of elas- 


ticity, the flexural rigidity and the length of span, 
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provided that the deflection remains elastic. At 
impact, the velocity of the weight is v. After 
impact, the deflection of the beam is A,,. 


2 
Answer: 6=A, [1 +4/1+ (-\-| 
m+35m/ gAgr 

PROBLEM 5.5 

An instrument package installed in the nose of a 
rocket is cushioned against vibration. The rocket 
is fired vertically from rest with an acceleration 
which increases linearly with time i = bt, where 
b is a constant. Derive the equation of motion 
for the instrument package if it has a mass, m. 
Find expressions for the relative displacement of 
the package with respect to the rocket and its 
absolute acceleration as a function of time. 


Answer: x= bi - ~ sin ont] 
PROBLEM 5.6 

If the rocket of Problem 5.5 were to be fired 
vertically from rest with a constant acceleration 
ui=c, find an expression for the relative dis- 
placement of the package with respect to the 


rocket. 


PROBLEM 5.7 

In ejection seat experiments, the torso is mod- 
eled as a spring and mass system. The head is a 
single mass weighing 5.44 kg. It is supported by 
the spinal column, with an elastic modulus 
of 21.89N/mm. If ejection follows the 
acceleration-time curve shown, determine the 
peak acceleration of the head. Does it match 
experiment? 


Head acc. 


0 40 80 120 
168 ao milliseconds 


0 40 80 120 200 
Time, milliseconds 


al 


| 
‘e\ GF, 
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PROBLEM 5.8 

1000 kg of sand are loaded from a hopper into a 
dump truck in 2 seconds. The dump truck and 
its load weigh 10000 kg before the 1000 kg of 
sand are loaded. The springs of the truck have a 
modulus of 350 kN/m. Estimate the vertical dis- 
placement of the truck at the end of the loading 
process. You may assume that the sand is loaded 
at a uniform rate during those 2 seconds. 


Answer: 30.4mm 


PROBLEM 5.9 

In the firing of the second or third stage of a 
rocket, the acceleration increases slowly accord- 
ing to 


u=ae 


Determine an expression for the acceleration x 
that an astronaut feels. Assume initial conditions 
z(0)=0, z(0)=0, where z=x-u. 


iv = ae bt 


PROBLEM 5.10 

A thin wire of length J, linear coefficient of 
thermal expansion a, cross-section A and elastic 
modulus E, supports a mass m. Electrical con- 
tinuity is maintained by a mercury pool which 
offers little resistance to the motion of the mass. 
When the switch is closed the capacitor dis- 
charges through the wire. The rate of tempera- 
ture rise for the wire is O@—do= 
(hm —$o)(1—e7"") where ¢ is the ambient 
temperature and @,, is the maximum tempera- 
ture, and t,;=L/R. Determine the equation of 
motion and the deflection x if the system were 
initially at rest. 
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0.25 m 


PROBLEM 5.11 

Two identical pistons, each weighing 2.5 kg and 
elastically connected with a constant of 2000 N/m 
fit in a smooth tube that is 50 mm in diameter. 
At rest, the spring is unextended and uncom- 
pressed and 0.25m separate the two pistons. 
The pistons and tube are connected through 
valve B to a large storage tank containing a dry 
gas stored at a pressure of 100 MPag. At some 
instant, the valve B is opened and the pressure 
in the tube rises to the pressure in the storage 
tank as shown. Determine the maximum and 
minimum separation of the pistons after equilib- 
rium has been restored. 


Answer: 0.372 m; 0.324m 


eet ae ee Le 
ol PET TTI TT iit 
0.5 
Time, ery 


PROBLEM 5.12 
An atmospheric pressure pulse can be approxi- 
mated by the equation 


p(t) = 500[e7°" a e107" 


where p(t) is in Pascals and ¢ is in seconds. 
Estimate the lateral displacement of a small car 


0 0.01 0.02 0.03 


0.04 0.05 006 007 0.08 009 O1 
Time, seconds 


q 


Temperature 


5.6. 
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that has a projected area of 5 m* and has a mass 
of 800kg. The four rubber tires have a total 
resistance to lateral movement measured as 
618 N/mm. 


Answer: 0.96 mm 


—¢,=600°C PROBLEM 5.13 

caer A 2kg target is suspended by a single steel 
cylindrical strut 1.06 m long and 5 mm diameter 
and placed within an atomic pile, where it is 
subjected to neutron bombardment. This in- 
duces a rapid rise in temperature in both the 
12345 6 target and the strut and induces a thermal stress, 
SUE lise Ea(d — ¢o) in the strut, where E is the modulus 

of elasticity. a is the coefficient of expansion, 

and (@—¢,) is the temperature differential. If 

the temperature differential is 300° after one 

millisecond, and reaches a steady-state value of 

600°C exponentially, (¢—0) =600(1—e™), 

what is: 

(a) the amplitude of motion for the thermally 

induced vibration, and 
(b) the maximum displacement of the target 
from its original position? 
Hint: Superpose the elastic stress due to target 
displacement and the induced thermal stress. 


— bp = 300°C 


Answer: (a) 3.3mm; (b) 10.8 mm 


STATE SPACE AND THE PHASE PLANE' 


For a simple elastic system, the equation of motion is described by the 
linear, second-order differential equation, 
¥+a,’x =0 (5.21) 
where @,” is determined by the system constants. Let us introduce a 
state variable, y, which is defined .as 
x : 
y=— (5.22) 
Dy 
It is called a state variable because it is a function of the time derivative 
of the variable x. Differentiating, 
y= ig 


Qn 


Fig. 5.7 
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Substituting this expression in the equation of motion reduces the 
equation from a single second-order equation to two first-order equa- 
tions, 5.22 and 
yo, +@,"x =0 
y (5.23) 


LS 
wo, 


n 


Dividing y by x, the frequency w, cancels. 


y_dy_ x 


ae Ty (5.24) 


The motive behind this mathematical ploy is clear. Equation 5.24 
describes a circle where x*+ y?= X?. We can plot y = f(x) as a circle of 
radius X, which is a constant. Figure 5.7 (p. 000) is such a plot. 

The rotation of the radius vector X describes both the harmonic 
displacement and the velocity. The vector X rotates at angular velocity 
w,, and the position of the vector is located by the angle (w,t+). The 
physical meaning is unchanged. For a simple elastic system, the displace- 
ment is harmonic, and 


x=X sin(w,t+¢) 
X= yw, = Xw,, cos(w,,t + ) 
Cancelling w,, 
y =X cos(w,,t+ ) 
Adding sin?(,t + 6) + cos*(w,t + 6) = 1, or x?/X?+ y?/X? = 1, we have a 
graphical description of y= f(x), where y and x are the ordinate and 
abscissa, respectively, known as the phase-plane. Each point in the 


. 
2 
x a 


Ree 


Ene 


5.7. STATE SPACE RESPONSE TO A STEP IMPULSE 165 


phase-plane represents a unique displacement and a unique velocity. 
The rest state is the origin, where x =0 and y = x/w, =0. All points that 
satisfy the equation of moticn ¥+ @,”x =0 lie on the circle of radius X. 
The magnitude of the vector X is determined by the initial conditions of 
motion. 


THE STATE SPACE RESPONSE TO A 
RECTANGULAR STEP IMPULSE 


If a constant load is suddenly applied to a simple spring and mass at rest, 
the equilibrium position is changed by a displacement of F/k. The 
equation of motion is now X+,’x = F/m. Since the system was at rest, 
the initial velocity is zero, but the initial displacement from equilibrium 
is now F/k. A circle with a radius of X=F/k, centered at the new 
equilibrium position, will be the locus of all the state points in the 
phase-plane or state space which represent displacement and velocity. 

After a period t,, the suddenly applied load is just as suddenly 
removed. The state variables at that time are y, and x,. These become 
the initial state conditions for motion which is now described by the 
rotation of the vector X about the original origin. Both the displacement 
and the velocity may be found by projection of the respective vectors X; 
on either the x or y axis, respectively. Figure 5.8 shows graphically the 
response to such a suddenly applied load. 

If several rectangular step impulses succeed one another, the terminal 
state conditions from one impulse become the initial state conditions of 
the next. In Figure 5.9, the arc from (0, 0) to (x,, y,) represents the state 
conditions during the time interval t,. The arc from (x,, y;) to (x2, y2) 


. represents the state conditions during the time interval t,—t,. The arc 


from (x2, y2) to (x3, y3) is for the time interval t,—t,, and so on. In this 
way, the response to any general forcing function can be found by 
approximating it as the response to a series of successive rectangular 
step impulses. 


Fig. 5.8 x sd 
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Fig. 5.9 
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Figure 5.9 is a general forcing function which can be approximated by 
the three step impulses. In Figure 5.10, the number of impulses has 
been doubled, giving a better approximation and a smoother state space 
curve. Note that the displacement time curve is little different from i 
Figure 5.9. The velocity time curve is less exact, which could be 
expected. The use of the phase-plane is a very good way to find 
displacement, but is a poor way to find velocity. 


Fig. 5.10 
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PROBLEM 5.14 

The pendulum of Problem 4.19 has a length of 
30.4 mm. Determine (a) the maximum excursion 
and (b) the double amplitude of steady-state 
vibration of the pendulum after 1 second if the 
horizontal oscillation x, of the slider varies as 
shown. Use the phase-plane for your solution. 


Answer: (a) +10 mm, —11.62 mm; (b) 3.78 mm 
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x(t), mm 


Displacement, mm 


2.0 3.0 
Time, seconds 


PROBLEM 5.15 . 

The instrument package is mounted on commer- 
cial isolators within an aircraft. The isolators 
deflect 4.76mm under static load. Using the 
phase-plane method, graphically determine the 
maximum amplitude of the instrument package 
if the aircraft fuselage moves vertically as 
shown. 


Answer: 15.5 mm 


Time, seconds 


APWNHOr NW 


PROBLEM 5.16 

Ground motion at a structure is determined to 
vary as shown in the displacement—time curve. 
Using the phase-plane method, graphically de- 
termine the lateral response of the structure 
with a period of 0.4 second, assuming that it is 
initially at rest. Determine the maximum excur- 
sion of motion and the double amplitude of 
steady-state vibration at the end of 1 second. 


Answer: 5.88 mm; 3.88 mm 
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Time, seconds 


PROBLEM 5.17 

Ground motion at the structure of Problem 5.16 
is determined to vary as shown in the 
displacement~time curve. Using the phase-plane 
method and assuming that it is initially at rest, 
graphically determine the maximum excursion 
of motion and the double amplitude of steady- 
state vibration at the end of 1.05 seconds. 


Answer: 29.6mm; 8.8mm 


K06 08 LOfi. 
"Niitesigieens 2 ee a 


Time, seconds 


PROBLEM 5.18 

A test specimen impacts against a sand-filled 
rubber bag, which has a linear constant of defor- 
mation of 25N/mm for deformations up to 
0.44m. The table supporting the specimen is 
hydraulically driven as shown. Determine the 
maximum deflection and the steady-state amp- 
litude after 0.030 second. The natural period of 
oscillation of the system is 0.015 second. 


Answer: 29.8 mm; 9.4mm 


i) 0.010 0.020 0.030 
Time, seconds 
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PROBLEM 5.19 

A static force of 500 N deflects the table 2 mm. 
The table receives a series of short hammer 
blows with a duration of 0.1 second and with 1 
second between blows. What is the maximum 
horizontal displacement of the table, if the 
natural frequency of the table is one cycle per 
second, and the table is initially at rest? 


Answer: 4mm 


ae 4 = 


5.8. THE USE OF THE LAPLACE TRANSFORM 


METHOD 


The Laplace transform is also used in the solution of vibration problems, 
primarily because the method is simple to use, has wide acceptance, and 
can be applied to simple differential equations without going through a 
derivation or integration. Tables of transforms are readily available, and 
the process of solving differential equations dissolves to judging the 
correct transform or the inverse transform. 

By definition, the Laplace transform of x(t) is 


Lpo|= [roe dt = f(s) (5.25) 


Here, s is the transform parameter and is treated as a constant. For 
simple functions, the integration is easy. 


e& —T 1 


L(e") = ete dt= e Star dt= 
( ) io Sta 


—sta 


oo et oo s 
L(cos at =| cos at)e"“ dt =—=— (—s cos at+a sin at = 
( ) b ( ) +a! ) lo «8? +a? 
food e oO a 
&£(sin at =| sin at)e * dt =—~—; (—s sin at—a cos at = 
( ) b ( ) agi! ) i s?+az 


and for the step function, 


(u(t) = ia eo dt= =[- 


lo —s 


5:9. 
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But, these elementary functions are simple, and the power of the 
Laplace transformation is not needed to solve problems using exponen- 
tial and trigonometric functions, e~“, sin at, and cos at. It is convenient, 
but the method does require the equation of motion, and stating it is 
often the more difficult task. 

In practice, the equation of motion is Laplace transformed, term by 
term. The result is an algebraic equation which can be solved for the 
transfer function and the characteristic values of the response function. 
The time response is found by inverting the Laplace transform. A short 
table of Laplace transforms is included in the Appendix, but for in- 
volved problems the student should refer to a larger collection and one 
of the many good reference books on transforms and their application to 
engineering problems. 


CONVOLUTION 


The response of a simple single degree of freedom system also can be 
obtained to any general forcing function, F(t), by using a method called 
convolution. Unfortunately, if the forcing function is mathematically 
complicated, the method is difficult to apply, since it does require 
integration. But, for simple expressions, it is useful and it is the basis of 
the more powerful transform methods. 

The motion of an undamped, unforced single degree of freedom 
system is 


Vo. 
X =Xy COS @,f +— sin @,t (5.26) 


nm 


In this equation, the initial amplitude of motion is x(0)=x 9, and the 
initial velocity is x(0)= vo. This is a general expression which describes 
how the motion continues with time, once initiated. Both the velocity 
and the displacement are uniquely known at any time. All that is needed 
are the two initial conditions, the time interval since the beginning of 
motion and the system constant, w,,. 

Let us now consider a general forcing function F(t), as in Figure 5.11, 
which forces a simple spring and mass system. The general function F(t) 
can be considered to be a series of infinitesimally short impulses, each 
affecting the motion of the system. If after a time t’, the system is forced 
by an infinitesimal impulse F(t’) dt’ from Newton’s second law of 
motion, there will be a resultant infinitesimal change in momentum. 


F(t’) dt' =m dx (5.27) 


Fig. 5.11 
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S 
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F(t) 


wv a 
{- oy 


| 


It is important to recognize that only the momentum will be changed. If 
mass is not a variable, this means that only velocity will be changed. 
Fit’) dt’ 
dx = Ee (5.28) 
m 

The change in the displacement, x, at any time 4, caused by a change in 
momentum at some other time ¢’ will then depend on the time interval 
between t and ?¢’ or t—-t'. Referring back to equation 5.26, by analogy, 
the change in the displacement due to the impulse F(z’) dt’ will be 


dx ae sin w, (t—t') 
Compare this statement to the last term in equation 5.26, which is the 
effect of velocity on displacement. Instead of the initial velocity, v9, each 
infinitesimal impulse initiates a change in the velocity dx. After a time 
interval, t—t', the change in the displacement will be dx. 
Substituting for dx, 
Fit’) 


dx = 
m 


sin w,,(t—t’) dt’ (5.29) 
@,, 
This then is the change in displacement wrought by a change in 
momentum due to one short impulse F(¢’) dt’. If there is a series of short 
impulses, each impulse will also change the momentum and affect the 
displacement. The concept of convolution is that for a linear system, the 
response to the general forcing function can be found as the super- 
position of the responses to the sum of all the individual impulses. If 
F(t’) is integrable, and x9=0, 
t 
x ihe { F(t’)sin @,,(t— t’) dt' (5.30) 
MO, Oo . 

Equation 5.30 is known as Duhamel’s integral and is a special form of 

the convolution integral. 
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Mathematically, we normally express the convolution integral as 
x(t)= { F(t')G(t—t’) dt' = F(t)* G(t) (5.31) 


In equation 5.30, sin w,(t—t’) is a special form of the function G(t—t’), 
valid for an undamped system. The convolution integral is not that 
restrictive. The variable t' is merely a dummy variable in time. 

Borel’s theorem states that the convolution of two functions is the 
inverse of the product of their Laplace transforms. Thus, 


x(t) = F(t)* G(t) =L"[f(s) « g(s)] 


This is of extreme practical importance because it does allow us to use 
Laplace transforms to solve transient problems. 


EXAMPLE PROBLEM 5.20 


A force F(t) is suddenly applied to a mass m which is supported by a 
spring with a constant modulus k. After a short period of time 7, the 
force is suddenly removed. During the time the force is active, it is a 
constant, F. Determine the response of the system for t> 7. The spring 
and mass are initially at rest before the force F(t) is applied. 


0) a 
— tn F(t) - 
bit 


Solution: 
For any time t>7, the equation of motion can be written as 


mx + kx = FLu(t)—u(t—7)] 
the designation of u(t) and u(t—7) are unit functions or the Heavyside 
step function, 0 1<0 
u(t) = { 
1 t>0 


$ 


i 


0 t<7r 
u(t—n)=| 
1 t>?r 
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The initial conditions are as before x(0)=0 and x(0) =0. Transforming 
each side of the differential equation, 


L{x(t)] = x(s) 
LLK(t)] = s?x(s)— sx(0)— X(0) = s?x(s) 


Ful) =* 


—Sst 


é€ 


Llu(t—7)]= - 


Substituting the transforms for each of the functions, 


ms?x(s)+ kx(s) =F (--<) 


Ss 


( ne) 
a ~ s(ms?+k) 

Fl (-e™7) 
a(S} m ress =| 


From tables of Laplace transforms, the inverse, 
1 
eS ana ee eres 
QD, 


s(s?+,”) 
and 


= (eae A ep = = 
L tee |= a2 COS w,,(t — 7) ]u(t—7) 


for 0<t<z, the solution is 
F 


me,” 


x(t)= (1—cos o,f) 


and for t>7, the complete solution is 


F 


mo,” 


x(t)= {(1—cos w,,t)—[1—cos w, (t—7)}} 


F 
= 5 [cos w,,(t—7)—cos w,,t] 
Mo, 
This is a satisfactory expression for the displacement x as a function of 
time, but more can be learned by a simple trigonometric manipulation. 
Let, 
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and, 


Substituting for t and t—7, and using the trigonometric identity 


cos(a — 8)—cos(a + B)=2 sin a sin B 


s [2 sin (« =) sin | 
x = — —— 
mye OE 2 
This is also a valid expression for the displacement x as a function of 
time, but additionally, it is easy to see that x(t)=0 for t>, if 


PnT = 0, 7, 277, 37,..., NT 
2 
In each of these cases, the mass m will make one, two, three, or n 
complete oscillations, return to the initial position with zero velocity at 
which time F(t) is removed, and the system will then remain at rest. No 
steady-state oscillation is possible. 


EXAMPLE PROBLEM 5.21 


Repeat Example Problem 5.20, using the convolution integral. 


Solution: 
With rest conditions x(0) = 0; when x(0) =0, the convolution integral is 


t 
x= : { F(t')sin @,,(t—t’) dt’ 


n “0 


This may be separated into intervals, 0 to r when F(t')= F, and 7 to t 
when F(t’)=0 


| F(t')sin @,,(t—t’) dt’ 


0 nr 


1 Tv 
x= { F(t')sin @,,(t—t') dt'+ 


Mo, 


Integrating, 


F 
x= cos w, (t—t')]§ 
rag 3 L008 @n(t 2h 


F 
x= 5 [cos w,(t—7)—cos w,t] 
Mo, 


n 


which is the same result as Problem 5.17. 
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PROBLEM 5.22 

A spring-mass system initially at rest is sub- 
jected to a triangular impulse as shown. Deter- 
mine the displacement x of the mass at a time 
t=7/2 where 7=natural period in seconds. 


Answer: 0.75 mm 
F 


200 N 


ats 
vi 


PROBLEM 5.23 

Determine an expression for the transient re- 
sponse of the system of Problem 5.3 to the 
versed sine impulse for t>7, assuming the sys-, 
tem to be initially at rest. , 


Answer: 
—Fo ; 
x SS ay [cos w, (t — 7) —cos oi, t] 
2(1-") 
w* 
PROBLEM 5.24 


Using the result of Problem 5.25, show that for 
t>, the system will have no response if 


PROBLEM 5.25 


Discuss the transient response of a linear system 
with a single degree of freedom to a triangular 
impulse. In particular, what values of w/w, will 
yield no response after t=27/w, and what value 
of w/w, will have a minimum deflection at t= 
ala? 
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PROBLEM 5.26 

Determine the response for t>7/w, of a simple 
mechanical oscillator to a forcing function which 
has a rise time of half a period, using the con- 
volution integral. Compare the steady-state 
amplitude of motion to that for the same system 
to a forcing function with zero rise time. Assume 
rest conditions, initially. 


PROBLEM 5.27 

Determine the transient response for t>a/w of 
a linear single degree of freedom system to the 
forcing function 


F(t) =F (1-cos ot) 


for 0<t<a/w, F(t)=F for t>7/, assuming 
rest conditions initially. 


Answer: 
F ‘ ne 
Sa rel [2-23(1-cos ~) 
@, 
2k(1 -<,) ‘7 ee 


F-eva(-2) 


PROBLEM 5.28 
Determine the steady-state response for the sys- 
tem in Problem 5.26, if the rise time is 7/2w,. 


PROBLEM 5.29 
Determine the steady-state response for the sys- 
tem in Problem 5.27, if the rise time is 7/4e,. 


PROBLEM 5.30 

A bridge truss can be simplified and represented 
as a deck, with a moment of inertia E and a 
supporting spring with a modulus k. The effect 
of an automobile moving across the bridge can 
be approximated as a moving concentrated load 
of weight W. The moment of the car increases 
linearly to a maximum at midspan and then 
decreases. Find an equation of motion using the 
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Laplace transbridge as a function of time. Hint: 
Note that the applied moment is Wut, where v is 
the velocity of the car. 


Wo 7 
Answer: 6=—  [@,f—sin w,1) 
Io, 


in 


PROBLEM 5.31 
Repeat Problem 5.10 using the Laplace trans- 
form. 


PROBLEM 5.32 

A spring with an elastic constant k and a mass m 
rests so that in the position shown the spring is 
unstretched. At t=0, the supports under the 
mass are suddenly released, permitting the mass 
to fall. Referring to the position at t=0 as the 
origin, x(0)=0, determine the differential equa- 
tion of motion using the Laplace transform. 


PROBLEM 5.33 
Repeat Problem 5.23, using the Laplace trans- 
form. 
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PROBLEM 5.34 
Repeat Problem 5.5, using the Laplace trans- 
form. 


PROBLEM 5.35 
Repeat Problem 5.6 using the Laplace trans- 
form. 


SIX 


DAMPING 


6.1. 


INTRODUCTION 


The process by which vibration steadily diminishes in amplitude is called 
damping. In damping, the energy of the vibrating system is dissipated as 
friction or heat, or transmitted as sound. The mechanism of damping 
can take any of several forms, and often more than one form may be 
present at a time. 

Fluid damping may be either viscous or turbulent. In viscous damping, 
the damping force is proportional to velocity. In turbulent damping, the 
force is proportional to velocity squared. In dry friction or coulomb 
damping the damping force is constant. It is caused by kinetic friction 
between sliding dry surfaces. Solid damping or hysteretic damping is 
caused by the internal friction or hysteresis when a solid is deformed. 
Stress amplitude is a measure of solid damping. 

The most commonly used damping mechanism is viscous damping, in 
which the damping force is proportional to velocity. ‘Strictly, this is only 
valid for damping such as that caused by the laminar flow of a viscous 
fluid through a slot, as in a shock absorber, around a piston in a 
cylinder, or the oscillation of a journal in a bearing. In each of these 
cases the constant of proportionality is dependent on the absolute 
viscosity of the fluid, the surface area, and the fluid film thickness. All of 
the latter can be made constant for a given set of physical conditions. 
These examples are about the only practical examples of viscous damp- 
ing. Other forms of damping do approximate viscous damping, however, 
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Fig. 6.1 
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if the dissipative forces are small. Lord Rayleigh made this approxima- 
tion when he used viscous damping to approximate the combined effects 
of air damping and hysteresis in a tuning fork. The use of viscous 
damping has the advantage of linearizing the equation of motion. If the 
dissipative forces are not small, considerable error can be introduced by 
assuming damping to be viscous when it actually is not. 


VISCOUS DAMPING 


In Figure 6.1, a dash pot has been added to the simple single degree of 
freedom system which had consisted of only a spring and a niass. A dash 
pot is a loose fitting piston in a cylinder filled with a real fluid, such as 
water or oil. The piston is rigidly connected to the mass m, but ideally, 
the mass of the piston is negligible. It is loose fitting so that the fluid can 
flow around the piston through the clearance from one side to the other. 
This flow will be proportional to the pressure difference, the fluid 
viscosity, and the time rate of change in volume, which is the piston 
velocity. All of this is lumped into a damping constant of proportionality 
such that the damping force is 


F=—cv (6.1) 


The negative sign indicates that the damping force is opposite to the 

direction of velocity. The constant of proportionality, c, is the damping 

eee The units are N-s/m, or impulse per unit of displacement, or 
S. 


The equation of motion for a single degree of freedom with spring, 


ku + mg 
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mass, and damper is 
* —kx — cx = mx 
Meese (6.2) 
mx+cx+kx =0 
This is a familiar linear, second-order differential equation with constant 
coefficients. For the solution, the trial exponential function, Ce”, yields a 
characteristic equation, 


c k 
r’+—rt+—=0 
m m 


the roots of which are complex. 


2 
c c k 
Nho=-zTt -— 6.3 
? 12" 2m 4m? m (6.3) 
The general solution for the displacement is then 
x= eemTC, et Vea) —dm)t Ce enn 4] (6.4) 


C, and C, are again arbitrary constants that depend on the initial 
conditions of motion. There must be two arbitrary constants in the: 
solution of a second-order differential equation. 

Mathematically, this is an exponential equation, but physically, the 
displacement—time curve can be described as having three distinct forms, 
depending on whether the radical V(c7/4m7)—(k/m) is real, zero, Or 
imaginary. 


Case I. c2/4m?> k/m. In this case, the radical is real and the motion of the 
system is dominated by damping. On displacement and release, the 
system will approach equilibrium exponentially. No oscillation occurs 
and, theoretically, the system will never return to its original position. 

Examples of heavily damped elastic systems for which this motion 
applies are recoil mechanisms, such as the common automatic door 
closer. This motion, expressed in equation 6.4, is shown in Figure 6.2a 
(p. 182). 


Case Il. c2/4m?=k/m. In this case, Figure 6.2b, the radical is zero, and the 
system is said to be critically damped. That value of the damping 
constant for which the system is critically damped is called the critical 
damping constant. It is indicated by the damping constant with a 
subscript, c,,. Its value is strictly a function of the system constants, m 


and k. 
Co? = 4mk 


Co =V4mk= 2m, 


(6.5) 


c2 k 
() 3 <n 


The ratio of the actual damping constant to the critical damping 
constant is the damping ratio, ¢, 


a (6.6) 


which is a dimensionless parameter. 

In critically damped motion, the damped system is restored to equilib- 
rium in a minimum of time and without oscillation. Instruments used to 
measure steady-state values, such as a scale measuring dead weight, are 


usually critically damped. Mathematically, the two characteristic roots nr 
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and r, of the equation of motion are identical. In that case the displace- 
ment would be 
s=(GGpe oe (6.7) 


Case II. c?/4m?<k/m. This is the case of the damped harmonic in which 


oscillation about an equilibrium position occurs, with each successive 
amplitude diminished from the preceding amplitude. Rearranging equa- 
tion 6.4 the displacement can be expressed as 


PSE POC ee eC eres (6.7) 


or in trigonometric form, 


x =e"? A cos wt +B sin w,t] (6.8) 


where w, =V(k/m)—(c?/4m7) is the frequency in radians per second of 


the damped harmonic, and A, B, C,, and C, are arbitrary constants. 
The motion is shown in Figure 6.2c. 

The damped natural frequency and the undamped natural frequency 
are related to one another through the dimensionless damping ratio @ 
the viscous damped natural frequency always being less than the un- 
damped, 


4 =0,V1-2 (6.9) 


Figure 6.3 is a measure of the degree in natural frequency with in- 
creased amounts of damping. It is equation 6.9, slightly transformed 
algebraically. It is obvious that the decrease in frequency will be small, 
unless the damping present is a large fraction of that necessary to 
critically dampen the system. In mechanical engineering systems, damp- 
ing is normally quite a small fraction of critical damping. It is not 
negligible, but system damping above £=0.2 must be by design. The 


Fig. 6.3 


Table 
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Typical Values of Damping 


re 


g 
S$ 
Automobile shock absorbers 0.1-0.5 
Rubber 0.04 
Riveted steel structures 0.03 
Concrete 0.02 
Wood 0.003 
Cold rolled steel 0.0006 
Cold rolled aluminum 0.0002 
Phosphor bronze 0.00007 


ee 


natural damping of real engineering materials or structures is quite 
small. Typical values of damping are shown in Table 6.1. 


LOGARITHMIC DECREMENT 


Ina viscously damped harmonic, successive amplitudes have a simple 
logarithmic relation with one another. Referring again to Figure 6.2c, 
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damping ratio ¢ 


ie (2n\__ nk 
° aa) en 4 


The logarithmic decrement and the damping ratio are system con- 
stants since they do not have arbitrary values but are dependent on 
clearances, surface conditions, temperatures, size, shape, and other 
factors. As an example, 6=4 is a typical value for the logarithmic 
decrement of a shock absorber system in an automobile when new. Six 
months later, the logarithmic decrement will have decreased. A typical 
value of the logarithmic decrement for the shock absorber system of a 
used automobile would be 6=2. 

The values of the logarithmic decrement for thin wires of various 
materials suspended in a torsional pendulum are shown in Figure 6.4. 
These data would have comparative value if the specimens were all of 
the same size, but the absolute number is not significant. As an example, 
for the wires tested, tungsten had a lower logarithmic decrement at 
500°F than copper. This is an indication of comparative damping in 


wires. To extrapolate this knowledge to parts, where material proper- 


ties, stresses, and weight would be significant, is difficult, since geometry 
and construction are so important. But, comparative knowledge is 


the maximum amplitude at time t=) is Xo. One cycle later, the 
amplitude has diminished to an amplitude X,, where t=t +74. Two 
cycles later, the amplitude has diminished to X2, with t=t,+27,. The 
constant A is arbitrary. Its magnitude depends on the amplitude of the 
motion Xo at t={). The period for damped motion, which is the time 
between successive cycles, is 271 wy. 


Xo ss Ae l2m)ty 
De; = Ae 2m tog) = Xe 24 
X, = Ae /2Mtg+27,) = Xoe 2m 2% 
and after n cycles, 
a ~—(c/2m) 
X, = Xe "a (6.10) 


The quantity (c/2m)7z = 6 is a measure of the system damping called the 
logarithmic decrement, 


X, = Xe 
or 
i oe. ¢ 
6 =—|In—2 
a (6.11) 


It is dimensionless and is actually another form of the dimensionless 


valuable to design engineers. 


al we 
LOI 
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6.4. ENERGY DISSIPATED IN VISCOUS 


DAMPING 


It is important at this stage to consider the energy dissipated per cycle in 
viscously damped harmonic motion. The rate of energy dissipation with 
time is 
tat (By, 
at fat ‘Nat 61) 


For simple harmonic motion, x = X sin wt, the energy dissipated over 
a complete cycle will be, 


2Qafw dx 2 2a 
AU= (2) dt= [ cX?@ cos? wt d(wt) 


(6.14) 
AU= mcwX? 


Alternatively, if we had plotted force as a function of displacement 
where x = X sin ot, ; 


radon 
dt = CWX COS wt 


we would have an ellipse, shown in Figure 6.5 


Ge 619) 


The area of the ellipse is the energy dissipated per cycle, AU = mewX2. 

The energy dissipated is proportional to the square of the amplitude 
of motion. It should be noted that it is not a constant value for a given 
amount of damping and amplitude, since the energy dissipated is also a 
direct function of frequency. 


6.5. 


6.5. SPECIFIC DAMPING 187 


SPECIFIC DAMPING 


The specific damping capacity is that fractional part of the total energy 
of the vibration system which is dissipated during each cycle of motion, 
AU/U. For a simple system, with one generalized coordinate, the 
specific damping factor is directly related to the logarithmic decrement 
and the dimensionless damping ratio 


aonegee =25~Ant (6.16) 


The total energy U can be expressed either as the maximum potential 
energy, kX”, or the maximum kinetic energy, }mX*w*, the two being 
approximately equal for light damping. Specific damping is not often 
used in mechanical vibrations, since it has a useful definition only for 
light damping, (6<0.01). It is useful in comparing the damping capacity 
of engineering materials. 


EXAMPLE PROBLEM 6.1 


A simple viscometer consists of a thin steel disc, 200 mm in diameter 
and 2.5 mm thick, suspended on a steel wire as a torsional pendulum. In 
operation, the lower face of the disc just touches a 8 mm layer of oil ina 
shallow pan. When the pendulum is in contact with oil, the damped 
natural frequency, fz, is lower than the undamped natural frequency, f,,, 
when the pendulum oscillates freely in air. Starting with Newton’s law of 


3-D sketch of disc sitting 
on a layer of oil 
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viscosity, F = wA(dv/dh), where yu is viscosity, A is the area of contact, 
and dv/dh is the velocity gradient in the oil, determine the expression 
for the viscosity of the oil in terms of the damped and undamped natural 
frequencies. Solve for the viscosity in the case where f; = 1.15 Hz and 
f, = 1.20 Hz. Discount any end effects on the disc. 


Solution: 
The viscous drag on an element of area, which is a thin ring of radius r is 


dv 
dF = p(2ar dr) ah 


A thin ring was selected as our element, since the velocity of all points 
at the same radius 7 will be the same, v=ré. If we assume a linear 
velocity gradient in the oil 


the moment of the drag dF is 


dT = dFr = r(2-ar dr) (Z) 6 = =e Pdr 


Integrating over the face of the entire disc, the viscous torque which 
tends to dampen motion is 


RQ pmR* . 
T=| h Or? dr = Ph 6 


This is a linear function of the angular velocity 6. The fraction puaR*/2h 
is the damping coefficient, with units of Newton-metre-seconds. 


_ umR* 
2h 


Equation 6.9 states that the damped natural frequency is less than the 
undamped natural frequency by the factor V1— ¢? 


Og = @,V1—-L 


Solving for g the dimensionless damping ratio 


The critical damping coefficient is defined in terms of the natural 


6.5. SPECIFIC DAMPING 189 


frequency and the inertial mass, 
Cop = 21m, = 4 aI f,, 


Substituting for the damping coefficient, the viscosity of the oil can be 
found in terms of f, and f, and the physical constants J, h, and R. 


»ate lB 


n 


For this particular case, 


fy = 1.15 Hz 
f, = 1.20 Hz 
R=100mm 


I =42r(0.1)7(0.0025)(7.85)(0.1)? = 3.08 x 10° kg - m? 
and therefore, 


_ g (3.08 x 10*)(1.2)(0.008) 1- (33) =1.93x10-*Pa- s 
uw (0.1)* 1.20 


or, 790 Reyns. 


PROBLEM 6.2 

For a damping ratio of 0.2, what is the differ- 
ence between the damped and undamped 
natural frequencies. 


Answer: 2% 


PROBLEM 6.3 
Plot a curve of the double amplitude of motion 
as a function of the number of cycles elapsed for 
data shown. Plot on semilogarithmic paper. De- 
termine the logarithmic decrement and the 
damping factor. 
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PROBLEM 6.4 

A 2-kg piston supported on a helical spring 
vibrates freely with a natural frequency of 125 
cycles per minute. When oscillating within an 
oil-filled cylinder, the frequency of free oscilla- 
tion is reduced to 120 cycles per minute. Deter- 
mine the damping constant c. 


Answer: 14.33 kg/s 


PROBLEM 6.5 

What is the ratio of successive amplitudes of 
vibration for a simple mechanical system if the 
viscous damping ratio is known to be £=0.5. 


Answer: 37.5:1 


PROBLEM 6.6 

Many devices have an adjustable viscous damp- 
ing apparatus. In one such device the ratio of 
successive amplitudes is 10:1. If the amount of 
damping is doubled, what will the ratio of suc- 
cessive amplitudes then be? 


PROBLEM 6.7 

If the ratio of successive amplitudes of damped 
free vibration is 2:1, what is the logarithmic 
decrement and damping factor £? 


Answer: 6 = 0.693; £=0.110 


PROBLEM 6.8 
A shock absorber design must be limited to 
10% overshoot, when displaced from equilib- 
rium and released. Determine the necessary 
damping ratio ¢ 


Answer: £=0.591 


PROBLEM 6.9 
For the free vibrations of a system, determine 
the viscous damping constant of the system, F. 


10 mm thermometer 
5 mm gap 


20 mm beaker 
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The following data are given: 


Spring constant 8 kN/m 
Mass 10 kg 
Amplitude of first cycle 64mm 
Amplitude of second cycle 48mm 
Amplitude of third cycle 36mm 
Amplitude of fourth cycle 27mm 


PROBLEM 6.10 

A manometer consists of a tube 15mm in 
diameter containing a column of SAE 5 oil, 
0.25 m long overall, with a specific gravity of 0.8 
at 15°C (wu =35 centipoises or 35 mPa_- s). Esti- 
mate the damping factor ¢ for the manometer. 
Hint: From Poiseuille’s law for flow through a 
capillary tube, vayg= APA/8 aul. 


Answer: £=0.351 


PROBLEM 6.11 

A 0.25m mercury in glass thermometer, which 
has a mass of 28 g in air, is suspended by a rubber 
band and is fully immersed in a slender beaker 
filled with a light oil. When displaced it oscillates 
at a frequency of 1 cycle/second and the motion 
is damped from an amplitude of 40mm to 
10 mm in two cycles. 

(a) What is the logarithmic decrement? 

(b) What is the dimensionless damping ratio, £? 
(c) Estimate the viscosity, u, of the oil. 

Hint: Remember that Newton’s equation for 
viscous motion is F=A(dv/dh); for a linear 
velocity gradient F= wA(v/h). 


PROBLEM 6.12 

A critically damped system consists of an elastic 
spring with a constant of 250 N/m supporting a 
2kg mass. The mass has an initial displacement 
of 100mm and is given an initial velocity of 
5 m/s in the direction opposite to the displace- 
ment. Construct a displacement-time diagram 
showing the time ¢ after release when the mass 
passes the equilibrium position and the max- 
imum overshoot. 
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PROBLEM 6.13 

A testing device consists of a pneumatic cylinder 
which accelerates a piston and assembly 5 kg to 
a speed of 30 m/s. At that instant, the assembly 
is decelerated by engaging a spring and dash 
pot. The spring has a modulus of 50 N/mm and 
the dash pot is initially damped with a constant 
of 1000 N-s/m. Determine the maximum dis- 
placement of the piston after the spring and 
dash pot are engaged and the time of the en- 
gagement that this occurs. 


Answer: 0.11m 


PROBLEM 6.14 

A slab door, 2m high, 0.75m wide, 40mm 
thick, and with a mass of 36kg, is fitted 
with an automatic door closer. The door opens 
against a torsion spring with a modulus of 
10 N- m/radian. Determine the necessary damp- 
ing to critically dampen the return swing of the 
door. If the door is opened 90° and released, 
how long will it take until the door is within 1° 
of closing? 


Answer: t=9.4 seconds 


HYSTERETIC DAMPING 


If we had considered the viscous damper to be in parallel with an elastic 
spring, as in Figure 6.6a, the total force £, would be the sum of the 
damping force and the spring force, 


f,=kxtck (6.17) 


If we again had used simple harmonic motion, x = X sin wt, the compo- 
nent of the total force in the x-direction would be 
f, =kX sin wt + cwX cos wt 


° 


Plotting force as a function of displacement in the x-direction yields the 
skewed ellipse of Figure 6.6b 


(5) +(Se) 


for which the force expressed in terms of the system constants and the 


Fig. 6.6 
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maximum displacement is 
f.=kx+cwv X?—x? 


The energy dissipated for one cycle of motion is 


Qala dx 2Qa/w ( =) = ( a)" 
= ~~) dt = ~\ dt+ =) dt 
AU (2) at { kx{ 7) dt a: 


2a 


2a 
= { kX? sin wt cos wt d(wt)+ { cX’w cos” wt d(wt) 


= mew” 


which is identical with equation 6.14. This is logical, since the spring 
force will do no net work over a complete cycle or some integral number 
of cycles. If damping were absent, the force-deflection curve would be a 
single line, f= kx, instead of a closed figure. 

Using viscous damping to represent the internal damping of materials 
or the damping of a built-up structure incurs a serious error. The energy 
dissipated per cycle in viscous damping increases with frequency. Solid 
damping, structural damping, or hysteretic damping are all terms used to 
denote internal damping, and the energy dissipated per cycle in internal 
damping is invariably independent of frequency or decreases slightly 
with increasing frequency. 

There are physical reasons why the damped natural frequency of a 
specimen will affect the apparent value of the decrement. One is the 
thermal effect of repeated elastic strain. A suddenly applied tensile 
stress causes a slight cooling of material as it expands. If one portion of 
a structure is stressed differently from another, as occurs in bending, 
there will be heat flow across grain boundaries dissipating energy and 


Fig. 6.7 
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causing damping. At higher frequencies, there is no time for heat to flow 
and damping is less. 

In the introduction, we learned that if the dissipative forces are small, 
viscous damping is a good approximation of the actual mechanism of 
energy dissipation. The advantage of using a linearized equation of 
motion outweighs whatever compromises are necessary to make the 
approximation. We now have reached a conclusion which is contrary to 
our physical observations and viscous damping is not a satisfactory 
approximation as a damping mechanism. 

In the early years of research leading to the design of high pressure 
steam turbines, damping capacity was one variable which was closely 
studied. High pressure steam jetting from nozzles meant large impulse 
forces on turbine blades. The first blades failed in a matter of hours 
from fatigue. Damping was one means of decreasing the number of 
blade oscillations. By changing the alloy composition of the blade 
material, the damping capacity was increased twenty times. Aside, it was 
noted that the dimensionless damping factor increased with temperature 
and decreased with frequency. The latter observation was in complete 
opposition to accepted viscous damping theory. Figure 6.7 shows the 
physical variation of the dimensionless damping factor with frequency, 
taken from the early literature. The numerical value of the damping 
parameters has been removed to avoid placing an absolute value on the 
data. 

The simplest device that can be used to represent internal damping is 
to assume that the damping force is proportional to velocity and 
inversely proportional to frequency. This type of damping is called 


“Viscous 
— cw 
t= 


2k 


¢, damping ratio 
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(a) () 


hysteretic damping, since it can be directly related to the hysteresis loop. 
A constant h is used in place of the product cw and is called the 
hysteretic damping constant. The units for h are the same as those of a 
spring constant, N/mm or N/m. 


£,= pay (6.18) 
@ 


The usual symbol for hysteretic damping is a crossed box. Retracing our 
steps we can see that by replacing cw by h, the energy dissipated per 
cycle is dependent only on the constant h and the amplitude of motion. 


AU= thx? (6.19) 


Referring to Figure 6.8, the hysteretic damping constant is a measure 
of the hysteresis loop and is a property of the material or structure. The 
intercept of the hysteresis loop on the force axis depends on the value of 
the hysteretic damping constant h and the maximum displacement X. If 
d is the intercept of the hysteresis loop on the displacement axis, 

h d d 

t TL (6.20) 
For light damping, the value of d is small in comparison to X and it is 
sufficient to evaluate the hysteretic damping constant by the approxi- 
mate ratio of equation 6.20. This is permissible, since hysteretic damp- 
ing is not used where large plastic deformation is evident, for several 
reasons. 

The free vibration response of a system with hysteretic damping is no 
different from the free vibration response of a system with viscous 
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damping. The hysteretic logarithmic decrement can be defined in a 
similar manner as the viscous logarithmic decrement. 
ah h 
6= = 1 6.21 
mo,” ar ( ) 


Calling £ the ratio of the actual hysteretic damping to that amount 
necessary to provide critical damping 
ea 
WT 
This is constant, which does not completely reproduce the data of Figure 
6.7, but does fit the data better than a function increasing linearly with 
frequency. 

One other added note, in application to the design of turbine blades, 
for similar geometries, smaller blades have lower inherent damping 
because of their higher natural frequencies. This is another reason why 
it is meaningless to state absolute values for the logarithmic decrement 
of engineering materials. Logarithmic decrement is a function of 
geometry. 

In some real materials, stress is not proportional to strain and the 
energy dissipated in each cycle is not proportional to the square of the 
amplitude of motion (stress). Examples are inelastic materials, such as 
rubber, and materials such as cast iron, where the damping mechanism 
is not thermoelastic. In cast iron it is due to the slipping of one grain on 
another with the aid of free carbon in the grain boundaries. An 
empirical relation for the energy dissipated in each cycle is 


AU=amhx™ (6.23) 


(6.22) 


m is an empirical exponent. If m=2, the system response cannot be 
distinguished from viscous damping. If m# 2, then the specific damping 
capacity will itself be a function of amplitude. 
AU_awhx™ 
U  43kxX? 
In most materials m >2, which means that the specific damping capacity 
will increase with amplitude of motion. , 


=4AafX™? 


COMPLEX STIFFNESS 


Occasionally, the term complex stiffness is used for structural damping. 
It is a simple mathematical expedient, but awkward to defend physically. 
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If motion is harmonic, and this is a necessary assumption, x = Xe'@!*?) 
and x = iwXe'“'*® = iwx. Substituting into equation 6.2, the equation of 
motion becomes 


mi+k(1 + i)x=0 (6.24) 


The complex quantity [1+(h/k)i] is the complex stiffness of the 
system. It represents both the elastic and the damping forces at the same 
time. There are advantages to the use of this terminology, if the student 
is familiar with complex notation, and it is particularly adaptable for 
vectors, but complex stiffness has no physical meaning in the same 
engineering sense as the spring modulus. 


EXAMPLE PROBLEM 6.15 


When a built-up structure is loaded and unloaded, recorded data yield 
the load deflection curve shown on p. 198. From these data, estimate 
the hysteretic damping coefficient, h, the logarithmic decrement, 6, and . 
the dimensionless damping ratio, . 


Solution: 
The area enclosed by the hysteresis curve is the energy dissipated during 
each full cycle. Counting squares, it is approximately 36 N.- m 


AU = hx? =36N-m 


For a maximum deflection of 20 mm, the hysteretic damping coefficient, 
h is 
ie AU ___36 
aX" = 7(0.02)? 


The slope of the force—deflection curve is k=250N/mm, and the 
logarithmic decrement and dimensionless damping ratio are 


= 28.65 N/mm 


h 
é= 77 = 0.36 


lh 
f= ak 0.0575 
All of these calculations are based on the assumption that damping is 


light. 
If we had used the intercept to determine h, and symmetry to 


198 DAMPING 6.7. COMPLEX STIFFNESS 199 


Load,N Di ti 5000 
Se i PROBLEM 6.1 
0 0 4000 | sz I Through experimental measurement, force— 
2000 8 3000 d, deflection data for a structure show the hys- 
3500 14 JA teresis loop below. Estimate the hysteretic 
3850 16 ce JA damping coefficient, h. 
4000 18 = & | || ; Force, N Deflection, mm 
m8 Fee 
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—2000 -8 5000 : 500 7.1 
400 5.9 
am 300 4.6 
7 3000 200 3.3 
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2000 0 0 
> 1000 
g 0 PROBLEM 6.17 
2 Data from a laboratory bending test on an inter- 


vertebral disc are given below. Estimate the 
— 2000 : i hysteretic damping coefficient. 


—3000 Answer: h=3.29N - m/radian 


—5000 


8 12 16 2 


Deflection, mm 


determine the spring constant, 


Bending moment, Nem 


hX =500N 
k =225 N/mm 
For X=20 mm, h=25.N/mm 
6= at =0.349 . ‘ Deflection ; 
k 
cat _ 9.0555 PROBLEM 6.18 
2k A helical spring with a modulus of 0.50N/m 


which values are very close to those obtained above. supports a mass of 1 kg. The mass is given an 
el SR A A ee ak Se ee initial deflection of 20mm and released. After 


Stress MPa 
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2 4 6 8 10 
Deflection, mm 


i Oe 


Strain, mm/mm x 107° 


200 cycles of motion, it is noted that the amp- 
litude has decayed to 10 mm. What is the value 
of the hysteretic damping coefficient, h? 


Answer: h =0.055 N/m 


PROBLEM 6.19 

When a simple elastic structure is loaded and 
unloaded, the force—-deflection curve shows a 
hysteresis loop. Determine the damping ratio if 
the structure supports a 1 kg mass. 


Answer: £=0.05 


PROBLEM 6.20 

The.damped vibration curve of Problem 6.3 was 
taken from an experimental vibrating table con- 
sisting of a single large mass supported on four 
leaf springs serving as legs. The tape speed was 
10 millimeters per second. The table has a single 
degree of freedom and has a mass of 50kg. 
Estimate the hysteretic damping constant, h. 


PROBLEM 6.21 

Actual data of the stress strain characteristics for 
aluminum are shown. Determine the hysteretic 
damping constant from the given data. 


Answer: h =4.2<10° N - m/m? 
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PROBLEM 6.22 

If a space frame deflects 2 mm for a 500 N load, 
applied so that the deflection approximates the 
first mode shape, for which the resonant fre- 
quency is 10Hz, and £=0.1, determine the 
hysteretic damping coefficient. 


PROBLEM 6.23 

A simplified diagram of the response of a steam 
turbine blade is shown as it passes through a 
turbine jet. This particular blade is a reaction 
blade 100 mm long, with a mass of 0.5 kg, with a 
damped natural frequency of 600 Hz. For the 
purposes of this problem the cross-section of the 
blade can be assumed to be uniform. Estimate 
the hysteretic damping coefficient h. 


Answer: 21.6 N/mm 


Stream jet force 


Amplitude 


We 


6.8. COULOMB DAMPING 


The third important type of damping is Coulomb or dry friction damp- 
ing. This is sometimes called constant damping, since the damping force 
is independent of displacement and its derivatives and only depends on 
the normal forces between sliding surfaces. The direction of the friction 
force does oppose motion however, and the sign of the friction force will 
change when the direction of motion changes. This necessitates two 
solutions to the equation of motion, one valid for one direction and the 
other valid when motion is reversed. Individually, the solutions are 
linear, but they are discontinuous after every half cycle. 

Referring to Figure 6.9 (p. 202), for the half cycle moving from right 
to left, the equation of motion, )} F= mx becomes 


—kx+ pN = mk 
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Fig. 6.9 y F 
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the solution is 


N 
x= A, COs @,+B, sin ad (6.25a) 
If the motion is from left to right, the equation of motion for that half 
cycle becomes 


—kx—pN= mx 


for which the solution is 


x =A, COs w,,t+ B, sin wot EX . (6.25b) 
Ay, By, Az, and B, are arbitrary constants which depend on the initial 
conditions of each successive half cycle. Different subscripts are used to 
show that the constants are not the same. The factor 4N/k is a constant, 
being the virtual displacement of the spring under the friction force uN, 
if it were applied as a static force. 

For each half cycle the motion is a harmonic, and the displacement— 
time curve is a pure half sine curve with the equilibrium position 
changing from +yN/k to —uN/k, each half cycle. 

As an example of motion under the influence of dry friction, let us 
study the motion of the simple system of Figure 6.9, starting with some 
given initial conditions and continuing until motion ceases. 

At time t=0, the mass m is displaced a distance x(0)=X> and 
released from rest, such that x(0)=0. A, and B, can now bé evaluated 


C 
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explicitly from equation 6.25a 


Ay=Xo—HN and B,=0 
a (6.26a) 
x= (x,-4* cos are 
This is a cosine wave displaced in the positive direction by an amount 
wN/k. It is valid only for 0<t<7/w,. At time t=a7/w,, x= 
(2uN/k)— Xp. For the second half cycle, motion reverses and equation 
6.25b must be used. 
Agee EN. and B,=0 


i (6.26b) 


x= (x,-=* cos aot ES 
This is a cosine wave displaced by an amount wN/k, in the negative 
direction, and with a reduced amplitude of Xp—(34N/k). It is valid only” 
for m/w, <t<27/w,. At time t=27/@,, x = Xo—(4uN/k). For the third 
half cycle, 27/#, <t<37/,, motion again reverses and equation 6.25a 
can be used again. 


x= (x,—2e cos gan (6.26c) 
k OK 

In each successive cycle, the amplitude is reduced by an amount equal 
to 4(uN/k). Motion stops at the end of the half cycle for which the 
amplitude is less than wN/k. At that point, the spring force restoring 
equilibrium is less than the friction force and motion ceases, kx < wN. In 
Figure 6.10, this occurs at the end of the third cycle. The rest position is 
displaced from equilibrium and represents a permanent deformation in 
which the friction force is locked in. Shaking or tapping the system will 
usually jar it sufficiently to restore equilibrium. 

The decrement for constant damping is not logarithmic but linear. 


_4uN 
k 


The displacement-time curve will lie within the envelope of a pair of 
straight lines that approach the equilibrium position with a slope of 
2(No,/7k) as shown in Figure 6.10. 

Two interesting facets of coulomb damping or dry friction are signific- 
ant. The first is its extent. All damping must be partly due to coulomb 
damping, since only dry friction damping can stop motion. In viscous 


Xavi = X, 
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Fig. 6.10 


damping and hysteretic damping, motion theoretically continues forever, 
albeit at an infinitesimally small amplitude. This is an academic point, 
but it is basic to the understanding of damping mechanisms. The second 
is that the natural frequency is unaltered by dry friction damping. 


eS 
6.9. EPILOGUE ON DAMPED FREE VIBRATION 


Rarely does one form of damping occur exclusive of another. More 
Often, all three kinds of damping occur together, perhaps with several 


Fig. 6.11 
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Amplitude, mm 


Amplitude, mm 


Cycles 


Amplitude, mm 


oO a 
i 
Amplitude, mm 


Cycles 


other forms of damping which have not been mentioned. In understand- 
ing a particular problem, if the amplitude is large, the damping may be 
considered as hysteretic, and viscous if the amplitude is small. A 
convenient indication of the damping present is the semilogarithmic plot 
of the logarithm of the maximum displacement versus the number of 
cycles of free vibration, such as that of Figure 6.11. If damping is 
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viscous, Or hysteretic with the energy dissipated per cycle being propor- 
tional to the square of the amplitude, the plot will be linear. The slope 
of the line is the logarithmic decrement. If internal damping is present, 
and the energy dissipated per cycle is proportional to the amplitude 


raised to some power greater than two, the plot will be curved concave © 


upwards. This will be particularly noticeable at higher amplitudes. If dry 
friction is present, the plot will be concave downwards. 

Often 13 to 2 cycles are sufficient to indicate a change in damping. 
Such is the case in Figure 6.12. Here, four decrement curves are shown, 
all taken from the actual damped records of automobile motion. To 
obtain them, a recording pen was attached to either the front or rear 
bumper, while the car was standing still, and the body displaced. In the 
first example, damping is viscous due primarily to a well-functioning 
shock absorber system. In the second, the shock absorber action is poor 
and damping is primarily structural or chassis. In the third, the dry 
friction of rubbing structural parts is apparent. A fourth example, where 
the shock absorbers are ineffective, a loose fitting plunger makes the 
damping different in each direction. It is included as a curiosity. Regard- 
less of their condition, most shock absorbers limit motion to two or 
three cycles and this limited motion is enough to provide a good 
indication of the spring and shock absorber system performance. 

As a last remark, even for automobile shock absorber systems, 
damping is-usually less than half critical, £<0.5. This fact bears out one 
original statement: in mechanical engineering systems, damping is light. 


EXAMPLE PROBLEM 6.24 


A trailer is supported on a single axle and a pair of leaf springs. Dry 
friction between the spring leaves replaces a hydraulic shock absorber. 
When the trailer is fully loaded and then carefully emptied, the height of 
the trailer bed is measured to be 0.615 m from level ground. When the 


——--—>k 
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empty trailer is jacked up, so that all load is removed from the springs 
and axle, and then the trailer is carefully lowered, the trailer bed height 
is 0.635 m. Estimate the number of cycles of damped free vibration that 
the trailer will experience, if it is depressed 23 inches and released from 
rest. What will be the rest position of the trailer bed? 


Solution: 
The equilibrium position of the trailer is at h=0.625 m, midway be- 
tween the two extremes. In the lower position, the interleaf friction 


0.670 m 


0.630 m 
-_——_—_—- - ——_— - —— Rest position 


0.625 m Equilibrum position 


0.560 m 


restrains the springs from restoring the trailer to equilibrium, the same is 
true for the higher position, but the frictional forces are reversed 


uN _ 
k 


For a damped oscillation with an initial displacement of 65 mm, 
4(uN/k) = 40 mm of amplitude will be lost during each cycle.. The trailer 
will come to rest after 13 cycles with the bed at a height of 0.630 m. 
At that position, the displacement from equilibrium is only 5 mm. 


10 mm 


N 
x=5mm a 
k 
The spring force restoring the trailer to equilibrium is not sufficient to 
overcome the Coulomb frictional force and motion ceases. Needless to 


say, equilibrium can be reached by jarring or shaking the trailer. 
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PROBLEM 6.25 

For a system with a natural frequency of 5 Hz, 
determine the equivalent viscous damping 
coefficient for the hysteresis loop of Problem 
6.13. 


Answer: 1567 N-s/m 


PROBLEM 6.26 

A spring and a mass are constrained to move 
horizontally on a flat surface. A record of the 
motion is shown below. Determine the coeffi- 
cient of friction. 


Answer: = 0.103 


i 


13 mm 0.2 mm 


1 second 


PROBLEM 6.27 

The 15 kg mass of Problem 6.26, is given an 
initial displacement of 60 mm and released. The 
spring modulus is 1800 N/m. Assuming that the 
kinetic coefficient of dry friction is constant, 
, =0.1, determine the position at which the 
block comes to rest. 


PROBLEM 6.23 

An ordinary pocket watch was opened and the 
balance wheel was observed to oscillate at 
5.2 Hz. The balance wheel is essentially a thin 
ring. 12 mm in diameter and attached to a spin- 
dle which is 0.5mm in diameter. The spindle 
runs in jewel bearings which are conical pivot 
bearings. The friction moment can be shown to 
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be C- uWd for conical pivot bearings, where » 
is the coefficient of friction, d is the diameter of 
the spindle, and mg is the weight that the spin- 
dle supports. The constant C is 0.341 for 90° 
conical pivot bearings. When the watch is. fully 
run down, if the balance wheel is displaced 90°, 
it will oscillate 20 times before stopping. Esti- 
mate the coefficient of dry kinetic friction, y. 


Answer: 4 = 0.144 


PROBLEM 6.29 

A small boy makes a swing in a tree. The 
coefficient of dry friction between the rope and 
the tree branch is x. Determine an expression 
for the decrease in the angle of swing for each 
cycle caused by dry friction. 


2d/e*" —1 
Answer: Sere Fad 


PROBLEM 6.30 

A 3.10kg connecting rod is suspended on a 
cylinder which fits loosely in the wrist pin bear- 
ing. It is displaced an angle of 6° and released. 
The coefficient of friction between the bearing 
and journal is w =0.05. Determine the number 
of cycles until motion ceases and the angle of 
repose. 


Answer: 43 cycles; 0.00167 radian 
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PROBLEM 6.31 
When the solid semicylinder is pulled laterally at 
a constant velocity on the flat horizontal surface, 
the semicylinder will be inclined to the horizon- 
tal at an angle 0, which angle is a function of the 
kinetic coefficient of friction f,. Describe the 
motion of the semicylinder if it starts from rest 
and the static coefficient of friction , exceeds 
4. Determine the maximum amplitude of mo- 
tion and the natural frequency. 


Answer: fax Us o, = yee 
4 3ar 
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SEVEN 
DAMPED FORCED VIBRATIONS 


7.1. INTRODUCTION 


In real systems, damping is always present to some measurable degree. 
It may be difficult to predict its effects, particularly if the mechanism of 
damping is anything other than simple viscous damping, but it is always 


present. Many times, damping can be assumed to be viscous for en- 


gineering purposes, and other times, it can be wholly ignored. It is just 
as important to know when damping can be ignored as it is to know 
what damping mechanism is best to assume. As an example, there is 


little difference in the damped and undamped response of a system with 
a single degree of freedom, if the forcing frequency is many times 
greater than the natural frequency. In this case damping, regardless of 
the mechanism, can be ignored. The effect of damping at or near 
resonance is quite another matter. 

Usually, we can categorize damping according to one or more of the 
three forms already discussed, viscous, hysteretic, or dry friction damp- 
ing. Each is merely a model of the actual damping present, and at 
frequencies away from resonance, the differences are more or less 
academic. At resonance, the difference in the various forms of damping 
are pronounced. For example, the dry friction model does not limit 
resonant amplitudes, but hysteretic and viscous damping do. Viscous 
damping affects the frequency of the resonant peak, but hysteretic and 
dry friction damping do not. 
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Fig. 7.1 


212 DAMPED FORCED VIBRATIONS 


FORCED DAMPED HARMONIC VIBRATION 
F(t) = F, sin wt 


Figure 7.1 shows the simple spring~mass system of Chapter 4 subjected to 
a harmonic forcing function F, sin wt with a viscous damper added. As 
we have learned, the viscous damping mechanism provides a damping 
force which is proportional to the velocity of the mass. From the free 
body diagram, the equation of motion is 


—kx—cx+ F, sin wt = mx 

Baste : (7.1) 
mk+cx+kx = F, sin wt 
This again is a linear second-order differential equation. It is a particular 
form of equation 6.2 and the integral must contain both the general 
integral, which is equation 6.4, and a particular integral which will be a 
solution of the equation of motion when the applied force is F, sin wt. 
The solution is 


x=e PT A cos wtt+ B sin wgt]+ Ccoswt+Dsinwt (7.2) 


The first term is the homogeneous term and is a transient which damps 
out with time. The second and third terms are the particular terms and 
represent steady-state vibration which is present as long as the forcing 
function is active. In Chapter 4, we omitted the term involving damped 
forced vibration, without explaining why this was permissible in consid- 
ering the steady state. We can now see that it can be ignored if 
ct{2m>5. 
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E(t) =F, sin wt F(t) = F, sin wt 
} 


. 
| 


Re 


7.2. FORCED DAMPED HARMONIC VIBRATION F(9 = F, sin wt 213 


Substituting the steady-state solution in the equation of motion, we 
have 


[-cor# D+ choos or 
mm 
Fy. 
+[-Dor- C24 phsin ar= 7 sin of (7.3) 
mm m 


This equation simply states vectorially that for any given harmonic, the 
amplitude of the cosine component is zero and the amplitude of the sine 
component is F,/m, for all time. These statements can be expressed in 
two simultaneous equations, which we can solve for the magnitudes of C 
and D. If we had chosen the cosine function instead of the sine function 
for our excitation, the equations would have been reversed. In matrix 


form, 


(w,” — @”) +— Cc 0 
a =|r (7.4) 
-2 @P-0|{D] {7 : 
m m 
The values of C and D are 
Cc ae Fycw 
m?| (wo 2 gy)24 (=) 
* (7.5) 
D ny F,(o, w”) 


The negative value for the constant C merely indicates that the cosine 
component of the forced amplitude must lag the sine component instead 
of leading it. This can be shown in a vector diagram, Figure 7.2. 
Resolving the vectors C and D into the single vector X, at a phase angle 
to D, equation 7.2 becomes 

x= e 2 A cos wjf+ B sin wgt]+ X sin(wt— >) (7.6) 


The magnitude of X is 
F, - 
x=V@+ bi -—_— 
my(o 2 a+ (“) 
7 m 


@ 
F, 


(7.7) 


Fig. 7.2 
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Recalling that X/(F,/k) is the amplitude ratio, the response of a viscous 
damped single degree of freedom system excited by the harmonic force 
F, sin wt is shown in Figure 7.3 


a (7.8) 


me Iayee) 


n Wy 


Two characteristics of the response are immediately evident. One is 
that damping decreases the amplitude ratio for all frequencies, some- 
what in proportion to the amount of damping present. The reduction of 
the amplitude ratio in the presence of damping is most striking at or 
near resonance. The second observation is that with damping the 
maximum amplitude ratio occurs at a frequency lower than the resonant 
frequency w = @,. One would expect the peak amplitude ratio to occur 
in resonance with the damped natural frequency, w,, but this does not 
happen. The maximum amplitude ratio occurs when 


~ = Vi-2f (7.9) 


n 


which is lower than the damped natural frequency, w, =@,V1- 7, by a 


small amount. 

This may seem to be trivial, but in resonance testing, it is sometimes 
convenient to obtain a measure of damping by determining the amp- 
litude of vibration at resonance. Conversely, if the amount of damping is 
known, it is simple to make an estimate of the amplitude of vibration at 


resonance. At # = ,, 
»¢ 1 
=—= 7.10 
alee 2 


Fig. 7.3 5 
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Amplitude ratio, Aik 


Phase angle, @ 
nr] 


This is one of the most important physical relations in vibration testing. 
If we were to use the maximum amplitude of vibration, instead of the 
amplitude at resonance, a small error would be introduced, since they 
are not the same, but the error would be negligible, for light damping. 
This is one of the academic points associated with viscous damping. 

The value of the amplitude ratio at resonance is also called Q, 
borrowing a term from electrical engineering circuitry which allows us to 
use a large number to designate damping. 

The phase angle ¢ by which the response X lags the forcing function 


ny 


13: 


Fig. 7.4 
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is defined as 


a) 
2f— 
-C cw ~ On 
ee ae eee (7.11) 
re 


It is very small for small values of w/,. For very large values of @/w,, 
the phase angle approaches 180°, asymptotically. This means that the 
amplitude of vibration is in phase with the harmonic exciting force for 
w/w, <1 and out of phase for w/w, > 1. At resonance, the phase angle is 
90° for all values of viscous damping. Below resonance; the phase angle 
increases with increased damping. Above resonance, the phase angle 
decreases with increased damping. Figure 7.3 also shows the variation of 
phase angle with frequency and damping. 


FORCED DAMPED VIBRATION CAUSED 
BY ROTATING UNBALANCED FORCES 
F(t) = mow’e sin wt 
In Figure 7.4, the force F, has been replaced by mpw’7e, the magnitude 
of the force vector caused by the unbalanced mass mo, rotating about 
the geometric axis O. The entire mass is m, which contains the eccentric 
rotor, and it is constrained to move only in the vertical direction. Lateral 
motion is ignored. 

Replacing F, by mpw7e in equation 7.7, 


Mowe 


Fig. 7.5 
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Since w,,” = k/m; 


2 
et eee (7.12) 


This is the magnification ratio for forced damped vibration. Figure 7.5 is 
the nondimensional plot of mX/moe as a function of the frequency ratio 


mX 
moe 


Magnification ratio, 


Phase angle, 6 


7.4. 
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Wp. It looks a lot like the amplitude ratio, except that it passes through 
the origin, and at very high frequencies, w/w, 1, the amplitude 


x-> moe! m. The phase angle ¢ is identical with the phase angle for a 
harmonic force F(t) = F, sin ot. : 


TRANSMITTED FORCES AND VIBR 
ISOLATION ee 


Let us consider again the forces transmitted to the base or foundation of 
an elastic system and include the effect of damping. Referring to Figure 
7.6, the mass m is subjected to the harmonic force, F, sin wt. The 
resulting motion in the x-direction will also be simple harmonic. The 
spring force and damping force are, respectively, 


kx = kX sin(wt— d) 
cx = cXw cos(wt— d) 
These are orthogonal vectors and their sum represents the magnitude of 
the total transmitted force 
|Fop|=V(KX)* + (cwX)? = XVk2+ c?w? 


This will include both the force transmitted through the damper as well 
as the force transmitted through the spring. , 


The transmission ratio has been defined as that fraction of the 


Fig. 7.6 F(t) =F, sin wt 


Y | 


1 


Fig. 7.7 
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maximum impressed force which is actually transmitted through to the 
foundation. 


x 
TR=5 [2+ c2@? 


1 


Substituting for X from equation 7.8, 


(7.13) 


The transmission ratio for various amounts of damping is plotted in 
Figure 7.7. 

If we compare this result with equation 5.7, it is quite obvious that the 
forces transmitted cannot become infinite at resonance, unless damping 
is absent. With damping present, the denominator will never be zero. A 
careful examination of Figure 7.7 also shows several other interesting 
aspects. While damping decreases the amplitude of motion for all 
frequencies, damping decreases the maximum forces transmitted only if 
w/o, <2. Above that value, the addition of damping increases the 
forces transmitted. If the forcing frequency varies, the choice of elastic 
supports to minimize the transmission of force must be a compromise. 
They must have sufficient damping to limit the amplitude and forces 
transmitted while passing through resonance, and not enough to seri- 
ously add to the force transmitted at operating speeds. Luckily, natural 


Transmissibility 


Tas 


Fig. 7.8 
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rubber is a very satisfactory material and is often used for the isolation 
of vibration. For very delicate machines, requiring extreme isolation, 
only coiled springs can give the large static deflections which are needed 
for very low natural frequencies. 


SEISMIC INSTRUMENTS 


The measurement of vibration in all its aspects, amplitude, velocity, 


acceleration, and stress, just to mention several of the most desired 
quantities, is a field in itself. The instruments used for measurement and 
recording of vibration are highly developed, intricate, and expensive. At 
the core of these measurements, however, one usually finds some form 
of a seismic instrument. A seismic instrument, in its simplest form, is an 
elastically supported or seismic mass mounted inside a frame so that the 
relative motion between the mass and frame can be indicated or 
recorded. This relative motion is a direct measure of the vibration. 
Figure 7.8 is a schematic of a seismic vibration measuring device. 

The mass is both elastically suspended from its supporting frame and 
viscously damped. Let us assume that the frame is moving with a motion 
corresponding to the displacement 


u=b sin ot 


In this case we are using the fundamental, but we could equally as well 
have chosen a harmonic of order n, u=b sin not. 
If the displacement of the seismic mass is x, the equation of motion is 


~—k(x—u)—c(x— uv) = mk (7.14) 


We must be careful and note that the spring force is proportional to the 
relative displacement between the seismic mass and the frame and the 
damping force is proportional to the relative velocity. The absolute 
motion of the seismic mass, x, is of secondary interest, since it is the 
relative motion that our instrument will measure, and it is the motion of 
the frame, u, that we seek to measure. Arranging the equation of 
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motion in terms of the relative displacement and its derivatives, after 
first defining the relative displacement as the difference between x and u 
Z=xX-uU 
The equation of motion becomes 
m(z+ t)+cz+kz=0 


(7.15) 
mi+cz+kz= mbo’ sin wt 


This is essentially the same as equation 7.1, with the force F, sin wt 
replaced by mbw’ sin wt. In the steady state, the relative motion would 
follow the motion of the frame according to the relation, 


z=Z sin(wt— >) (7.16) 


where Z/b is determined by the fraction, 


@” 


2 
Z O, 


2\2 2 
eared 
Dr Dn 
and the phase angle is the same as equation 7.11. 

If we wish to measure or indicate amplitude, the natural frequency of 
a seismic instrument must be several times less than the lowest harmonic 
of the motion to be measured. This means that the ratio w/w, is large 
and the relative motion between the mass and frame approaches the 
absolute motion of the frame. There is: a phase difference, which 
approaches 180°, but this does not affect the magnitude of the reading, 
which is usually all that matters. Essentially, the seismic mass does not 
respond to the forced motion and remains motionless in space. We can 
use the seismic mass as a reference for measuring motion. Damping has 
little effect on the relative amplitude of motion, and in general, 
amplitude-measuring seismic instruments are undamped. 

If we wish to measure or indicate acceleration, the response of the 
instrument must match acceleration. The acceleration, i= — bw? sin wt. 
The relative motion is an indication of the acceleration, if w/w, <1. 
Rephrasing equations 7.16 and 7.17, 


2 
Ny Girt =) (7.18) 
wo” 2 @ 2 Wn 
V(-3) +2) 
On On 
For w/o, «1, the entire bracket is approximately unity, and wo, is a 
constant of the system. In Figure 7.9, b(w7/w,”) is a parabola. It can be 


(7.17) 


Fig. 7.9 
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seen that the response of a seismic instrument fits this parabola very well 
for w/w, =0.5. 

In the case of an accelerometer, the natural frequency must be higher 
than the highest harmonic of the motion to be measured. This is a 
considerable problem, since most motion which is experimentally meas-" 
ured is not sinusoidal and contains higher harmonics. If damping is 
added, 0.5< £<0.7, the range of the accelerometer can be extended up 
to w/w, <0.75, depending on the acceptable error. Seismic accelerome- 
ters with a frequency range to 5000 cps are commercially available. 


EXAMPLE PROBLEM 7.1 


A small motor driven paint compressor set has a mass of 27 kg and 
causes each of the four rubber isolators on which it is mounted to deflect 
-5 mm. The motor runs at a constant speed of 1750 rpm. The compressor 
piston has a 50mm stroke. The piston and reciprocating parts have a 
mass of 0.5 kg, and for the purposes of this problem, the reciprocating 
motion of the piston can be assumed to be simple harmonic. Determine 
the amplitude of vertical motion at the operating speed. Assume the 
damping factor for rubber to be £=0.2. 


Solution: 
This is a clear application of equation 7.12, which states that the 
magnification ratio is 


i 
i 
| 
1 
| 
| 
i 
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In this case, the harmonic force varies at a frequency of 1750 rpm, or 
oe (1750) = 183 sec * 
° 60 


The natural frequency is 


_ {9.806 _ = 
@, = 2808 = 44.3 sec 


and the frequency ratio 


w 183 
grag 


For a dimensionless damping factor £=0.2, 
mx _ (4.14)? 
moe V(1—(4.14)”)? + (2(0.2)(4.14))? 


= 1712 1.056 
V(-16.12)? + (1.655)* 
The piston and reciprocating parts have a mass of 0.5 kg. The total mass 
of the compressor and engine is 27 kg. The eccentricity is 25 mm, half 


the stroke. This means that 


x= “2 (25)(1.06) = 0.49 mm 


PROBLEM 7.2 

An electric motor has a mass of 25 kg and is 
mounted on a beam cantilevered from a vertical 
wall. If the motor is displaced 16 mm, the vibra- 
tion of the motor and beam is observed to 
dampen to less than 1 mm in 4 cycles. Estimate 
the value of the dimensionless parameter 
mX/moe for resonant forced vibration, if the 
armature were unbalanced. 


Answer: 4.53 
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4 


PROBLEM 7.3 

The free vibration of a cantilever beam is ob- 
served to decay from an amplitude of 20 mm to 
half that value in 10 cycles. Calculate the max- 
imum amplitude of vibration at resonance, 
which is to be expected if the base is subjected 
to a harmonic vibration 1 mm in amplitude. 


Answer: 46mm 


PROBLEM 7.4 

A machine has a resonant frequency at 400 rpm 
when supported on four steel springs for which £ 
can be neglected. At 1200rpm the undamped 
amplitude of motion is 0.5 mm. What would be 
the amplitude if the steel springs are replaced by 
four rubber isolators, where £=0.25? The re- 
sonant frequency is unchanged. 


PROBLEM 7.5 

The enclosed graph shows the actual vertical 
displacement of a paper pulp screen mounted on 
rubber isolators as the speed varies from zero to 
1500 rpm. Estimate the damping ratio ¢ of the 
system. : 


1 second 
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PROBLEM 7.7 

The decay of free vibration for a complex struc- 

ture which supports and houses a jet engine is 

shown. Estimate: 

(a) the magnification ratio of vibration, 
mX/mye, at resonance 

(b) the magnification ratio at the operating 
speed of 2200 rpm. 


PROBLEM 7.8 

An electric motor operates mechanical equip- 
ment at a speed of 1750rpm. The system is 
supported on rubber pads, which have a static 
deflection of 5mm. Determine the transmission 
ratio of force to the foundation, if the damping 
of the rubber pads is £=0.25. 


Answer: 0.1414 


PROBLEM 7.9 

The modal response of a space frame when 
excited by a harmonic displacement of a con- 
stant magnitude is shown below. Estimate the 
damping of the system. 


Speed, rpm 


PROBLEM 7.6 

When the electric motor of Problem 7.2 is dis- 
placed, the motion is damped so that the ratio of 
successive amplitudes of free vibration is 2:1. 
What is the transmission ratio for w/w, =5? 


Answer: T.R. = 0.062 
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In a resonance test under harmonic excitation, it 
was noted that the amplitude of motion at reso- 
nance was exactly twice the amplitude at an 
excitation frequency 20% greater than reso- 
nance. Determine the damping factor ¢ of the 
system. 


Answer: {= 0.138 
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Double amplitude-mm 


PROBLEM 7.11 
For small amounts of damping, show that the 
damping ratio ¢ can be approximated from the 
response curve as 


= f 27 f 1 
hath 
f. and f, being the frequencies on either side of 


resonance where the amplitude is 0.707 of its 
maximum value. 


g 


PROBLEM 7.12 

An electromechanical device is mounted on a 
set of rubber isolators. The system exhibits an 
amplitude resonance peak of 5:1 at a frequency 
of 500 cpm. Above what frequency would the 
transmission of force be reduced to one-half? 


Answer: 879 cpm 


PROBLEM 7.13 

The resonance curve below is the actual vertical 
motion of the floor of a factory measured near a 
punch press. Estimate the resonant speed and 
the damping ratio ¢ What is the transmission 
ratio at 1800 rpm? 


800 1000 1200 


Speed-rpm 


PROBLEM 7.14 
Show that the peak of a viscous damped reso- 
nance curve occurs at w =(V1—2£7)a,. 


a sin wt 
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PROBLEM 7.15 

If a vibrometer is used to determine amplitudes 
of vibration at frequencies very much higher 
than its own natural frequency, what would be 
the optimum system damping ratio £ for max- 
imum accuracy? 


Answer: £=0.707 


PROBLEM 7.16 

An electric motor which is used as a mechanical 
drive is mounted in the center of a light frame 
table. The weight of the motor added to the 
effective mass of the table is 40 kg. The arma- 
ture and rotating parts have a mass of 10 kg and 
have eccentricity of 15mm. The table is ob- 
served to defiect 3mm when the motor is 
mounted. In free vibration, a displacement of 
32mm is damped to 1mm in 1 second. The 
operating speed of the motor is 875 rpm. Calcu- 


late the amplitude of motion if the damping is 


assumed to be viscous. 


Answer: 6.10 mm 


PROBLEM 7.17 

A vibrometer has a natural frequency of 5 Hz 
and is constructed with a damping factor of 
£=0.6. Determine the lowest frequency for 
which vibration can be measured with an accu- 
racy of +2%. 


PROBLEM 7.18 

A piston slides with viscous friction in a cylinder 
bored within a mass m. The piston has a sinusoi- 
dal motion b sin wt. Determine the equation of 
motion of the mass m. Determine an expression 
for x as a function of wt. 


Answer: x = 


X b sin(wt+ ) 


Fig. 7.10 
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PROBLEM 7.19 

An oil well pumping system consists of a motor- 
driven walking beam and sucker rods at- 
tached to a mechanical lift pump. The diameter 
of the pump barrel is 51mm. The steel sucker 
rods are 19mm in diameter and 1905 m long. 
The total mass of the sucker rods immersed in 
the column of oil is 3675 kg. The column of oil 
lifted at each stroke of the pump is 3175 kg. The 
speed of the pump motor is 18rpm. Assume 
that the damping ratio ¢ is 0.5. If the stroke of 
the sucker rods at the walking beam is 1.25 m, 
what is the stroke of the piston? Determine the 
output of the well in barrels per day. 


Answer: 410 bbls/day 


7.6. FORCED HARMONIC VIBRATION WITH 


HYSTERESIS DAMPING 


For the system of Figure 7.10, a hysteresis damper replaces the viscous 
damper. The equation of motion becomes 


~kx-* 8+ FQ) =m 
h (7.19) 
et x+kx = F(t) 


In this case, the damping force is not simply a function of velocity. It is 
also a function of the forcing frequency w. This makes thé equation of 
motion nonlinear, unless w = a,. 


| 


F, sin wt 
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The mathematical solution for motion with hysteresis damping is quite 
complex. We can simplify our task by considering only the steady-state 
response to a sinusoidal forcing function F(t) = F, sin wt or F(t) = F,e™", 
the motion will be the harmonic, 

x =X sin(wt— ¢) 
where, 


nee eee 
xX 7 Joo"? () (7.20) 


by dividing by ,7, the amplitude ratio is 


x 1 
V(- ) +) 
On k 

and the phase angle, 
h h 
= 7.22 
tan 6 hoe 0") K(1-25) ee 
Dn 


The steady-state response of a single degree of freedom system with 
hysteresis damping is shown in Figure 7.11. Comparing Figure 7.11 with 
Figure 7.3, for viscous damping, two differences are apparent. One is 
that the maximum amplitude ratio for hysteresis damping occurs at the 
resonant frequency, w =@,, and not at a frequency below resonance. 
The second is that the phase angle has an intercept of @ = tan ‘(h/k) at 
zero forcing frequency. Motion with hysteresis damping can never be in 
phase with the forcing frequency, unless we. presume the trivial case 
when both the damping and the forcing frequency are zero. We have 
learned that the factor h/k is a measure of the hysteresis damping and it 
appears again here. Note that it takes the place of the dimensionless 
parameter 2£(/«,). 

For the spring and a hysteretic damper, the respective spring force 
and damping forces transmitted to the base or foundation are 


kx = kX sin(wt— ¢) 
“ x= hX cos(wt— o) 


These also are orthogonal vectors, and the magnitude of the total 
transmitted force is 


° Fr | =XVk?+h? 


Fig. 7.11 
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x 
Fy/k 


Amplitude ratio, 


0.5, 
aod 
a 
Pr 
=f 
3 2 
£ 
a 
0 1 2 3 4 
a2 
Wn 


(7.23) 


The transmission ratio for hysteresis damping is plotted in Figure 
7.12. Note that maximum force transmission occurs at resonance for 


Tks 
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Transmissibility 


~ 


hysteresis damping, but for viscous damping, it does not. The transmissi- 
bility is exactly the same for viscous damping as it is for hysteresis 
damping at w=, and w=2o,. Below w=, and above w=2.e,, 
viscous damping gives greater force transmission. Between w =, and 
® =2,, hysteresis damping gives greater force transmission. 

These differences between forced vibration with hysteresis damping 
and forced vibration with viscous damping are not significant, but they 
are the source of some difficulty in reconciling physical data. In most 
damped vibration, damping is not viscous, and to assume that it is 
without knowing its real characteristics is an assumption of some error. 
It is, however, usually a conservative assumption. 


FORCED HARMONIC VIBRATION WITH 
DRY FRICTION DAMPING 
The response of a single degree of freedom system subjected to a 


harmonic forcing function is very difficult to predict if dry friction is 
present. The equation of motion is also nonlinear. 


mi+kx+pN = F, sin ot (7.24) 
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The sign of the friction force changes with the direction of motion. An 
exact solution is known, due to the early work of J. P. Den Hartog but 
only if the damping force is small enough to permit continuous motion. 
If the dry friction damping force is large, discontinuous motion results. 
This latter problem is of academic interest and has some practical 
importance, but unfortunately, the amplitudes of motion involved are 
usually small and are rarely critical. 

If the dry friction force is small compared to the harmonic forcing 
function, an approximate solution is available that explains much of the 
phenomena associated with dry friction damping. 

If the friction force is wN and the amplitude is xX, the energy 
dissipated per quarter cycle is «NX. For a full cycle of motion, .the 
energy dissipated is 


AU =4yNX (7.25) 


The energy dissipated per cycle using an equivalent viscous damping 
constant is 
AU= m1¢,q@X (7.26) 


Equating the energy dissipated per cycle, we obtain an equivalent 
viscous damping factor which is measured in terms of dry friction 
@ 


Cog @ 4uN 
aay Weg On EE 
beg On ss Cor On KX 


(7.27) 


Substituting this equivalent damping term into equation 7.8, we have 
an expression for the amplitude ratio : 


wee 1 
F,/k v( _@’\ (“ex 
: <) . akx 


This contains X within the radical. Squaring and solving algebraically, 
the amplitude ratio is 


(7.28) 


This is a satisfactory expression for the amplitude ratio, if F,/uN> 
4/a. If F/wN<4/a the numerator of the fraction under the radical is 
negative, the radical is imaginary, and the approximate solution cannot 
be used. It is actually in serious error if F,/N< 1/2. The exact solution 
as derived by Den Hartog is given in white in Figure 7.13 for reference. 


Fig. 7.13 
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At resonance, the amplitude of motion is not limited by the dry 
friction damping that is present. The energy dissipated in dry friction is 
proportional to the friction force and the amplitude of motion. The 
work input of the harmonic forcing function is also proportional to the 
magnitude of the force and the amplitude of motion. Thus, as long as 
the friction force is less than the applied force, the amplitude will 
increase without limit. 


7.8. 
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The phase angle can be found in a similar way. 


For a given value of F,/N, the tan @ is constant, but with a positive 
value of w/w, <1 and a negative value for o/,, > 1, 


(7.29) 


It follows that the phase angle is discontinuous at resonance for dry 
friction damping. 


EQUIVALENT VISCOUS DAMPING 


As stated in Chapter 6 viscous damping may or may not be a good 
approximation of the actual damping in a real system. It is, however, the 
simplest form of damping to use since it does linearize the equations of 
motion. Often, complex forms of damping are- lumped in terms of an 


equivalent viscous damping coefficient. This equivalence can be found in’ 


any one of several ways. 

One definition of equivalent viscous damping has already been used. 
By equating the energy dissipated per cycle to the amount of energy 
which would be dissipated in viscous damping, equation 7.26. 


AU : 
Coq = (7.30) 


Another definition of equivalent viscous damping is that it is that 
amount of viscous damping which would limit the amplitude ratio at 
resonance to the value observed experimentally. 


Cc 1 


eee pe. 
21 |. 


It should be noted that this method can be extended for frequencies 
other than resonance. The energy input per cycle for the harmonic force 
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F, sin wt is F,Xa sin @. The energy dissipated in damping per cycle is 
CeqX’ rw. Equating the energy input per cycle from the impressed force 
the energy absorbed in damping 


F., 
Coq = 5, Sin od (7.31) 


This is identical with the previous result for # = w,, except for reference 
to the phase angle. However, measuring the phase angle of motion can 
be difficult. At resonance, sing@=1, and the result of equation 7.31 
becomes identical with equation 7.30. 

A third method used to compute equivalent damping refers to the 
width of the response curve at resonance. This has application in 
resonance testing and is particularly useful when damping is light and 
only a portion of the frequency response spectrum has been tested. Use 
of the width of the response curve involves accurately determining the 
frequencies for which tan @ =+1. Referring to the figure shown, one 
will occur at w,, slightly below the resonant frequency. The other will 
occur slightly above the resonant frequency,-at @,. 3 

From equation 7.11 for tan ¢@=1, 


Coqa 
m(@,"— @,°) 
for tan d=—1, 
_— eq ___ 


m(e,, — @,”) 
Adding cw, to cw, 


Ceq (@, + @p) = m(o,” a @,°) 


and 
Coq = Mw — @,) (7.32) 
et 
R Cool 
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The difficulty in using this technique is that phase angle is very difficult 
to measure accurately. Resonance is avoided, however, and the equival- 
ent viscous damping constant measured in this manner is much more an 
average than if it were taken from the single value at resonance. Using, 
Cop = 2MO,, : 


(@, ad @,) 
20, 


i= (7.33) 


This method is used in measuring the damping present in the torsional 
vibration of internal combustion engines. It requires only a narrow 
portion of the resonance curve, which is usually all it is possible to 
obtain, since below a minimum speed an internal combustion engine will 
simply refuse to run. 


EXAMPLE PROBLEM 7.20 


For Example Problem 6.15, estimate the value of the dimensionless 
parameter X/(F,/k) at resonance under forced damped vibration, F(t) = 
F, sin wt. 


—20 -16-12 -8 -4 0 4 8 2 16 2 -~4000 —16 
Deflection, mm —2000 -—8 
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Solution: 


From Example Problem 6.15, h=28.65N/mm and k=250 N/mm. 
The maximum amplitude with hysteretic damping is 


Se eae ee ae 
ME (53) +) 
a eee, + eae 
: 2 k 
At resonance, w = @,, and 
x k 250 
— =—=-——— = 8.73 
(Fa). h 28.65 
EXAMPLE PROBLEM 7.21 


The spring and mass of Problem 6.27 are shown here again. In this case, 
one quarter of the mass is contained in a rotor which rotates at an 
angular speed w with an eccentricity of 2 mm. The kinetic coefficient of 


dry friction is 0.1. The mass is 15kg and the spring modulus is: 
1800 N/m. What is the amplitude of motion at w=100sec"*? What 


happens when w = 10sec”*. What does this physically mean? 


ZY 


2mm 


k 
AWW 


Solution: 
The applied force, F(t) = mow7e sin wt. With the given system constants, 
for w =10sec™’, 


F, = mw?e = (=) 0.002)(107 =0.75N 


and, 
uN uN _ 0.1(15)(9.806) 


= 19.6 
F, mw7e 0.75 


Since 19.6> 7/4, motion is unlikely. The applied force is not sufficient 
to overcome static friction. 


238 DAMPED FORCED VIBRATIONS 


For # = 100 sec", it is quite a different matter. In this case, 


Now, motion is possible and it is continuous, since 0.196 < 7/4. The 


F, =mw7e = (72) 0.002)(100)2 =75N 


amplitude can be found using equation 7.28. 


1- (- (0.196)) 


= (11007 = 0.107 
120 
75 
X= 300 (0.107) = 4.4 mm 


nr 


PROBLEM 7.22 

Repeat Example Problem 7.20, using hysteretic 
damping where successive amplitudes of free 
vibration are halved. 


PROBLEM 7.23 
Repeat Example Problem 7.20, using four 


isolators made from the helical springs of Prob- 
lem 6.18. 


PROBLEM 7.24 

The electric motor of Problem 4.10 is mounted 
on 16 rubber isolators which exhibit the shown 
force deflection characteristics 


. 


| 


sees ASN atin Sate a casita ahah 


a fla eh cement 


Force, N 


Deflection, mm 


Force, N 
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(a) What is the value of the dimensionless 
parameter MX/me for resonant forced vib- 
ration using these isolators? 

(b) What is the transmission ratio for w= 
1800 rpm. 


PROBLEM 7.25 
Repeat Problem 7.16 with hysteretic damping. 


Answer: 6.14 mm 


PROBLEM 7.26 

A small 20 kg electronic instrument is mounted 
in an aircraft panel on four rubber isolators 
which deflect 3mm under load. The instrument 
must be isolated from a dominant excitation of 
1200 cpm. The load—-deflection curve for the 
tubber isolators is shown below. What is the 
transmission ratio of the vibration transmitted to 
the mounted instrument? 


Answer: 0.266 
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13 mm 


PROBLEM 7.27 

An electromechanical device is mounted on a 
set of rubber isolators. The system exhibits a 
resonance amplitude ratio of 5. Above what 
frequency ratio would the transmission of force 
be reduced to one-quarter, if 

(a) damping is ignored, 

(b) viscous damping is assumed, 

(c) hysteretic damping is assumed. 


PROBLEM 7.28 

A light frame structure shows the following 
amplitude-time trace for damped-free vibration. 
The frame deflects 2 mm under a force of 500 N. 
What would be the approximate amplitude of 
motion if the force F is replaced by the har- 
monic force F = 500 sin wt, where w = 960 rpm? 


Answer: 0.316 mm 


7 


PROBLEM 7.29 

The connecting rod of Problem 2.36 and Prob- 
Jem 6.30 is subjected to a small oscillating 
couple, M(t)=0.1sin 204, where the couple is 
measured in N-m. What is the approximate 
amplitude of steady-state motion? 


PROBLEM 7.30 

For Problem 6.26, the spring has a constant of 
12500 N/m. Determine the amplitude of steady- 
state motion if a force F(t) = 10 sin wt is applied 
to the mass m. F(t) oscillates with a harmonic 
frequency of 1200 rpm. 


Answer: 0.1 mm 


ED, 
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RANDOM VIBRATION 


Random vibration is the term used for vibration which cannot be 
described as periodic. There is no pattern to frequency or amplitude, 
and the usual methods of analyzing periodic motion through harmonics 
do not apply. The motion can be treated statistically, however, and a 
considerable body of knowledge of random vibration has been assem- 
bled using statistics as a base. 

Random vibration has a language all of its own. Measured data are 
different from conventional vibration data, and response is stated in 
terms of the probability that some amplitude or acceleration will occur. 
The terms narrow band and wide band are both used to describe 
random vibration. These are qualitative descriptions that are rather 
loosely used to describe the vibration spectrum. 

If motion is truly random, there will be no dominant frequency and no 
dominant amplitude. Over a given time interval, 7, it can be described 
by the mean square amplitude, 


P=7[ x? dt (7.34) 


T 


or the root mean square or rms value, 


z= y+ x? dt 
T Jo 


To simplify analysis, we will assume that this is a stationary process, 
which means that the root mean square is independent of the time at 
which the measurement was taken. 

With this simplification, the response of a single degree of freedom, 
linear system to random excitation can be predicted quite easily. If an 
excitation occurs at a frequency w,, the response to a sinusoidal force 
F, sin @,t is r; = e,y,, where y, is the amplitude ratio at w = @,, and e, is 
the excitation, in this case e, = F,/k sin w,t. If the excitation occurs at a 
frequency w>, the response is r,= ey. If these two excitations occur 
together, it is possible to add them by superpositioning, since we are 
dealing with a linear system. The root mean square response is 


Fizo=V(€1y1)" + (€2yo)* 


For n discrete excitations as in Figure 7.14a, all occurring simultane- 
ously, the root mean square response is the square root of the sum of 
the squares of all the products of excitation and amplitude ratios. 


in = J y (Yn) (7.35) 


Fig. 7.14 
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@] Wp WZ W4 5 @ 
(a) Discrete excitation 


eu 


dw 


(6) Continuous excitation 


In each case, whether due to one, two, or n discrete excitations, if the 
excitation is in terms of amplitude or the parameter F/k, the response is 
an amplitude, if the excitation is an acceleration, the response is an 
acceleration. The amplitude ratio is dimensionless. 

For a continuous spectrum of frequencies as in Figure 7.14b, an 
integral replaces the discrete sum. The excitation is now a continuous 
function of frequency rather than a discrete expression of one frequency 


alone. 
R= V| (e.Y.)?do (7.36) 


The symbol R is used to denote the response of a random spectrum. 

To be correct, the excitation e,, must be in amplitude units or 
acceleration units per radian per second to the one half power. e,,” is the 
mean amplitude spectral density squared, m?-sec, if the response is an 
amplitude or the mean acceleration spectral density squared, g”-sec if the 
response is in terms of acceleration. Occasionally, this will also be called 
the power spectral density, but this term is deceptive and should be 
avoided. It is sometimes shortened to simply spectral density. 

The mean square spectral density is a measurable quantity. An output 
such as the voltage from a seismic instrument is fed through a band pass 


i 


Fig. 7.15 
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filter, squared, and averaged over a long time interval 7. The result is a 
measured quantity which is the mean square spectral density of the 
output of the seismic instrument. It is also a function of the band width 
that the band pass filter will admit, its center frequency and the time 
interval 7, but all these are known. The output can be indicated on a 
meter or recorded. 

Wide band random vibration is a stationary random process in which 
the mean square spectral density is relatively constant in value over a 
wide spectrum, usually at least half the total spectrum. Figure 7.15a 
shows wide band random vibration as it would appear as a function of 
time, and Figure 7.15b is a typical plot of mean square spectral density. 
The vibration environment associated with the firing of a rocket is 
typically a wide band random process. 

Narrow band random vibration is a stationary random process in 
which the mean square spectral density is measurably significant over a 
narrow range of frequencies. This is typical of resonant systems where a 
forcing function with one or more closely related frequencies forces 
motion. The response exhibits beats and the amplitude varies widely, 


but the frequency does not. Figure 7.16a and b show narrow band’ 


random vibration, using actual data from the wind-induced vibration of 
transmission line cables. Here, the periodic shedding of vortices induces 


(b) 


i 
4 
i 
i 
i 
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Fig. 7.16 


os 


(8) 


a strong resonant forced vibration which is truly a narrow band random 
process. 

Two kinds of problems are clinically solved using random vibration. 

The first is to estimate statistically the probable time to failure, given a 
certain vibration spectrum. The second is to predict the system response 
toa certain spectral density of excitation, knowing the resonant charac- 
teristics of the system. 
4 A random excitation that is constant for all frequencies is called 
‘white noise,” since it contains all frequencies, all with uniform amp- 
litude. The response of a single degree of freedom system to white noise 
is one of the most important relations that a vibration engineer has. 
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R?= | (eye)? do 
1 


= | (y.,.”) dw 
0 rs 


= ates Q (7.37) 
It is simple and direct, and many random excitations can be approxi- 
mated as white noise avoiding a more complicated analysis. It requires 
only the level of excitation, the natural frequency w, and the level of 
damping, expressed by the factor Q. When the mean square response is 
desired in terms of displacement units and the excitation is known in 


terms of acceleration units squared per radian per second, dividing by. 
4 5 < 


Dy, 


=e (7.38) 


If an approximation of white noise cannot be made, the response can 
be numerically calculated, and equation 7.36 becomes 


R= a‘ Y (CaYo)? Aw (7.39) 


In this case, suitable band widths Aw must be chosen. The excitation e,, 
and the amplification factor y,, apply only over each band width. The 
sample problems show how this is applied. 


EXAMPLE PROBLEM 7.31 


By actual test, an aircraft instrument package has been damaged by 
sinusoidal vibration that exceeded the limits of 2.5 g. Determine the 
necessary static deflection of isolators which could protect the package 
from damage from a random vibration of 0.1 g?/Hz from 5-2000 Hz. 
Assume that the isolators are made of synthetic rubber for which 
€=0.05. 


soir erase nieatte tae ans easton 
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nw 0.2 
= 
tp 
2 Ps 
% § 01 
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a 0 
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Frequency, Hz 
Solution: 


This is a simple problem involving “white noise” at constant density of 
ef = 0.1 g?/cps. The root mean square response, R will be 


R= Vero, Z0=25 g 


Stated in units of g?-sec/radian, 


sees 
2a 
the damping factor is expressed as Q, 
37> 200.05) 


Solving for the natural frequency, w, 


n 


(2.5)? = C=) o,(F)(00) 


@, =25 sec! 


Going back to simple vibration theory, the static deflection will be 


aoe 
Ay 
or, 
9.806 
A, = = 
«5p 0.0157 m 


EXAMPLE PROBLEM 7.32 


An instrument is mounted on a spacecraft structure in such a manner 
that the response in one direction exhibits the shown modal characteris- 
tics. This has been predetermined in a resonance test, where an ac- 
celerometer measured the acceleration and displacement over an as- 


signed frequency spectrum. In summary, there are two peaks at between 
20 to 1000 Hz. 
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(a) If o is the standard or root mean square amplitude of vibration, 
what is the length of time before the amplitude first exceeds 5o, 
with a 0.99 reliability? 

(b) Determine the mean square response of the instrument to a 
constant acceleration spectrum density of 0.01 g?/Hz. 

(c) Determine the mean square response of the instrument to a 
variable spectral density. 


6 


(8) a 
QO 100 200 300 400 500 600 700 800 900 1000 
Frequency, Hz 


Solution: 
(a) Assuming a stationary Gaussian process with zero mean, the fre- 
quency that the amplitude x exceeds the root mean square amplitude o, 
is 

peje 


f is the midband frequency which in this case f=490 cps. For the 
reliability to be 0.99, the probability that the event will occur is 
P(t)=0.01. The period between successive times when the amplitude 
exceeds 5 times the mean square value is then 


_ P(t) _0.01e°"? 
ey 490 


If we had desired 0.999 reliability, which is a probability of 0.001, we 
could have only counted on 0.55 seconds. In all likelihood, the time 
would be much longer, but random vibration is studied statistically, and 
a statement of reliability and probability is necessary. In the design of 
spacecraft hardware, where the failure of any one of a long series of 
components would mean the failure of the total system, reliabilities of 


= 5.5 seconds 


248 DAMPED FORCED VIBRATIONS 


0.999 and 0.9999 are not uncommon. Since this chain is cumulative, the 
general effect is that testing is very expensive, and components are 
over-designed, and redundant components are used if the component is 
at all critical. 


(b) For the mean square response to a constant acceleration spectral 
density of 0.01 g?/Hz, the modal response curve is divided into finite 
bands, with a constant amplitude ratio for the selected band width. The 
mean square response is then tabulated by squaring the amplitude ratio 
Y, Squaring the excitation e, and multiplying the product (e,y,,)* by the 
band width Af,. The mean square response is then the square root of the 
sum. ( : 


1000 


R=) Y (enya) Af, = 5.146 g 
20 


Random Vibration Response to Constant Spectrum 


Density 
fr Yn en Af, (€n0.)° Afra 
60 1.3 0.1 80 1.352 
125 1.8 0.1 50 1.620 
175 2.6 0.1 50 3.380 
210 2.8 0.1 20 1.568 
235 1.7 0.1 30 0.869 
275 0.5 0.1 50 16.245 
325 5.7 0.1 50 0.125 
375 1.1 0.1 50 0.605 
450 0.6 0.1 100 0.360 
550 0.4 0.1 100 0.160 
700 0.2 0.1 200 0.160 
900 0.1 0.1 200 0.040 


Briefly, this states that the mean square response will exceed 5.146 g 
32% of the time, 10.29 g 4.6% of the time, and 15.44 g 0.27% of the 
time. It is up to the engineer to judge whether his design will meet this 
environment. 


(c) For the mean square response to a variable acceleration spectral 
density, the same procedure is used. Since the acceleration density is less 
at the highest and lowest frequencies, the mean square response is less. 
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Frequency, Hz 


fr 


60 
125 
175 
210 
235 
275 
325 
375 
450 
550 
700 
900 


Ya 


1.3 
1.8 
2.6 
2.8 
1.7 
0.5 
5.7 
1.1 
0.6 
0.4 
0.2 
0.1 
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en Af, (enYn) Af 
0.037 80 0.185 
0.100 50 1.620 
0.100 50 3.380 
0.100 20 1.568 
0.100 30 0.869 
0.100 50 0.125 
0.100 50 16.245 
0.100 50 0.605 
0.100 100 0.360 
0.080 100 0.102 
0.070 200 0.039 
0.055 200 0.006 


Tabulating, and again taking the square root of the sum (e,y,)* Af, 


1000 


R=\ Y (enyn)* Af, = 4.462 g 
20 


PROBLEM 7.33 

Determine the root mean square displacement 
for the space frame of Problem 7.8 in response 
to white noise with a constant excitation density 
of 4 g”/Hz. 


PROBLEM 7.34 

An electronic instrument package is mounted on 
four rubber isolators which deflect 5 mm under 
static load. What is the “white noise” excitation 
that can be sustained if the response is to be 
limited to 4g? Damping is known to be [= 
0.05. 


Answer: e? = 0.036 g’/Hz 


PROBLEM 7.35 

The solar panels for a spacecraft can be modeled 
as two symmetrically placed cantilevered beams. 
During resonance testing, the structure shows a 
marked peak at 82 Hz, but no higher mode was 
observed below 1000 Hz. Damping is hysteretic 
at £=0.1. 
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j—— >> x 


0 : 
0 2100 200 300 400 500 600 700 800 900 1000 


Frequency Hz 


(a) Determine the root mean square accelera- 
tion in response to white noise with a con- 
stant excitation density of 0.1 g*/Hz. 

(b) Determine the root mean square accelera- 
tion in response to a constant excitation 
density of 0.1 g”/Hz, if the excitation is lim- 
ited to a spectrum from 20Hz to 200 Hz 
only. 


PROBLEM 7.36 

What would be the added effect of the spectrum 
from 200 Hz to 1000 Hz, if no resonance peak is 
observed between those frequencies? 


5 


bh 


0 20 40 60 80 100 120 140 160 180 200 
Frequency, Hz 


PROBLEM 7.37 

Determine the root mean square acceleration 
response of the high gain antenna shown in the 
figure of Problem 7.33 to a constant excitation 
density of 0.1 g’/Hz over the entire spectrum 
from 20 Hz to 1000 Hz, if the antenna shows a 
resonance peak at 400 Hz. 


Answer: R=17.7g 


EIGHT 


TWO DEGREES OF FREEDOM 


FREE VIBRATION AND THE FREQUENCY 
EQUATION 


While it is possible to simplify the dynamics of complex systems and use 
one degree of freedom to approximate many, there are times when this 
simply cannot be done. A single coordinate may not be enough to 
describe motion. Two or more generalized coordinates may be needed. 
The system may also have more than one mass. These aspects of 
dynamics cannot be approximated, without affecting some of the very 
results we want to preserve. 

These systems have more than one degree of freedom and are called 
multidegree of freedom systems. Instead of one resonant condition, 
there are several. Each resonant condition has its own characteristic 
mode shape. The study of multidegree of freedom systems is elaborate, 
but the general principles involved for many degrees of freedom can be 
set forth with only two. If you understand what happens in a system with 
two degrees of freedom, it is easy to extend your understanding to many 
degrees of freedom. The principal differences between one and two 
degrees of freedom are more than the differences between two and ten 
degrees. 

As an example, with the two mass system of Figure 8.1 constrained to 
move in one direction only, the system has two degrees of freedom. If 
these two masses were free to move in three-dimensional space, each 
would have three degrees of freedom, and six coordinates would be 
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needed to describe their motion. As it is, the generalized coordinates x, 
and x, are both needed to describe the motion of masses m, and my. 
Consider the first mass m, to be displaced a distance x, from its 
equilibrium position and the mass m, to be displaced a distance x, from 
its equilibrium position. No external forces act on either mass, which 
means that the system vibrates freely. Isolating each mass, for x.> X14, 
the equations of motion are 


¥ F= mk 


bas i cape me (8.1) 
kyx2— k3(x.— x1) = M2X2 


These two equations can be rewritten in matrix form. 


m, O |{x (k, + ks) —k x 0 
Lo mlb TS” castollede fo} 2 
Mz |X k (kz + ks) ] (x2 0 
The use of matrices is a shorthand way of expressing sets of simultane- 
ous equations with convenience. The matrix 


Lo mal 
0 m, 


is the mass matrix. 
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The matrix 
& +k3)  —ks 
aa ks (k, + Ks) 


is the stiffness matrix. Each is a scalar which modifies a vector. The 


matrices 
x x 
x2 X2 


are column matrices representing vector quantities. They are also re- 
ferred to as column vectors. Later, we will use matrix algebra to solve 
sets of many equations of motion simultaneously, but at this point, it is 
sufficient to establish that the differential equations 8.1 and 8.2 are 
identical expressions of the equations of motion. They are linear second- 
order differential equations and are the basis for the analysis of the 
vibration of the two degree of freedom system. 

If motion is assumed to be in a principal mode, both generalized 
coordinates will have harmonic motion of the same frequency, o. 


xX, = X, sin wt 
Xz = X, sin wt 


Substituting these harmonic expressions in the equations of motion, will. 
give us two algebraic equations involving X,, X>, and w” as unknowns. 


Xk, + k; i m,o7|—- k3X, =0 
Xo[ ko + k,- mw7|- k,X, =0 


In each equation, the fraction X,/X, can be determined in terms of the 
system constants and w”. Equating, X, and X, can be eliminated. 


x2 eo = (8.3) 


This fraction is called the modal fraction, since its value determines the 
mode of motion. 
Cross-multiplying will give a quadratic in w. 
(ky +k3— m,w*)(k, + k3— m,w”) = k3” 
mM, m0" — o*[m4(k.+ k,) + m(k, + k,)]+ k, k,+ k,(k, + k,) =, 0 
(8.4) 
Equation 8.4 is called the frequency equation, and the roots of the 


frequency equation are the characteristic values or eigenvalues of the 
system. Since these frequencies satisfy the original assumption, that all 
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parts of the system have the same harmonic frequency, w, without an 
application of/external force, they are natural frequencies. In the case of 
two degrees’of freedom there are two natural frequencies, each corres- 
ponding to one of the two principal modes. 

_As another example, the torsional system of Figure 8.2 consists of two 
discs, each with mass moment of inertia, joined by one elastic torsional 
spring, and fixed to a rigid wall by another. If the discs are displaced 
about the z-axis and released, the system will vibrate torsionally about 
the z-axis. 6, and 6, are the generalized coordinates which describe the 
motion of the discs and the distortion of the springs. The equation of 
motion for angular displacement are, 


> M=16 
—K,0,+ K2(6,— 6,) = 1,6, (8.5 
—K,(6,~ 0) =16, = 
For vibration in a principal mode. 
0, = 0, sin wt 
0, = ©, sin wt 
The modal fraction ©,/®, is 
@, K,+K,-I,w? K 
= a = 1 2 1 = 2 5 (8.6) 
1 K, K,—Le 
and this yields the frequency equation 
I, 1,0*— w7[ I,K, + 1,(K,+ K)]+ K,K>= 0 (8.7) 


It again is a quadratic in w”, with two roots. 
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The existence of a frequency equation involving the physical constants 
of the system, the roots of which are the characteristic values or natural 
frequencies, is typical of multiple degrees of freedom. For two degrees 
of freedom, it is easy to establish a frequency equation and seek its 
characteristic values algebraically. This becomes increasingly difficult for 
multiple number of degrees of freedom, since the order of the frequency 
equation increases with the number of degrees of freedom. For three 
degrees of freedom, the frequency equation will have three roots, for 
four degrees of freedom, the frequency equation will be a quartic in w, 
and so on. For any larger number, we must seek a means to find the 
characteristic values of the frequency equation without knowing the 
frequency equation itself. To determine the frequency equation ex- 
plicitly becomes too arduous a task, and there are other ways of finding 
the roots of algebraic equations, numerically. It is important to recog- 
nize, however, that when we do use numerical means to determine the 
characteristic values of a system of many degrees of freedom, these 
characteristic values are the roots of a frequency equation which we 
have not determined, but which does exist. 3 


MODES AND MODAL FRACTIONS 


A mode is a description of motion. There are various kinds of modes, 
many with a modifying phrase, such as the first mode, the second mode, 
a principal mode or a coupled mode—all describing a particular 
manner of motion. 

At a natural frequency, a vibrating system moves in a principal mode. 
This mode is also called a natural mode. If the amplitude of one mass is 
one unit of displacement, the mode is said to be normalized or is simply 
called a normal mode. All these descriptions mean the same thing, that 
all parts of the system have the same harmonic motion, with maximum 
displacements at identical times and maximum velocities at still other 
identical times. The number of principal modes that exist will corres- 
pond to the number of degrees of freedom. 

The coordinates used to describe motion also describe the mode. 
These coordinates are not stated in absolute quantities, but as numerical 
ratios. That is, the value of one coordinate relative to all others is fixed 
for any given mode, and the absolute value of any one coordinate 
determines the value of all the other coordinates. 

As an example, the value of X,/X, and ©,/@, establishes the modes 
of motion for the two systems we have considered. It makes no 
difference what the absolute values of ©,, @,, X2, or X, really are, since 
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the relative value of one with respect to the other sets the mode. To find 
the mode for a specific value of w”, simply substitute that value in the 
equation of motion, or in the modal fraction, equation 8.3. 

When we refer to the modal fraction for a given characteristic value, a 
superscript in parentheses is conventional. This should not be confused 
with an exponent. which it is not. A superscript (1) is used for the first 
mode, a superscript (2) for the second mode, a superscript (i) for the ith 
mode, etc. 


7 ks 
a (8.8) 
2) _ 2" k,+k,—m,@2 
XP 


If one of the modes has a displacement of one unit, then the modes 
are normalized and the modal fraction has the same numerical value as 
the other coordinate. Thus for X{?=1, y= xX, and for XP =1, 
x =X. Normal modes are very useful, as we will later see. It is usual 
to assign unit displacement to the first coordinate, but which coordinate 
is X, and which is X, is arbitrary. 

An array of all coordinates for any one mode is called a modal column 
matrix. 


xP] [xP] (xP 
XP UX] XD (8.9) 
XP] [x2] [xP 

The first is the modal column for the first mode for n coordinates; the 
second is for the second mode, and the third is for the ith mode. For 
two degrees of freedom, there will only be two coordinates, two modes, 
and two modal columns. 

As an extra thought, these modal relationships conform to our earlier 
concept of modes, natural frequencies, and Rayleigh’s principle, where 
amplitude and frequency are independent at a natural frequency. 


EXAMPLE PROBLEM 8.1 


Let us assume a two mass system consisting of two identical masses and 
three identical springs, with each mass constrained to move only in the 
vertical direction. Determine the frequency equation and solve for the 
two natural frequencies. 
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Solution: ; 
Referring to equation 8.1, the equations of motion are 


—2kx,+ kx. = mx, 
—2kx.+ kx, = mx, 
For harmonic motion at a frequency, w 
x, = X, sin wt 
X= X, sin wt 


Substituting for x, and x, in the equations of motion, 
Eliminating X, and X,, frequency equation is 
k 
o4-4— w?+—>= 
m m 


Solving the frequency equation for the natural frequencies or charac- 
teristic values, 


and, 


23k 
m 


@2 


There are two natural frequencies w, and w,, as expected for two 
degrees of freedom. 
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EXAMPLE PROBLEM 8.2 


Determine the two principal modes corresponding to the two natural 
frequencies of Example Problem 8.1. 


Solution: 
The equations of motion for this system were, 


X,[2k — mw?]— kX, =0 
and, 
Xf2k —mw?|— kX, =0 


Substituting the characteristic value of w,7 = k/m in the first equation of 
motion, the modal fraction for the first mode is 
ay _ XS = 2k—-mo,° 


x? k 
Substituting the second characteristic value, w,?=3k/m, the modal 
fraction for the second mode is 
(2) _ xX? i 2k — Mo” 


= = = -] 


XO 


=4+1 


Physically, this means that x, and x, are in phase and equal for the 
first mode, whatever their absolute value. In the second mode, they are 
equal but out of phase. 

The results would have been the same, if we had used the second 
equation of motion to determine the modal fraction instead of the first 
equation. 


PROBLEM 8.3 

A movie projector reel drive consists of a tightly 
wound helical spring, stretched around two 
grooved pulleys. The pulleys have radii r, and r, 
and centroidal moments of inertia I, and h, 
respectively. Derive an expression for the 
natural frequency or frequencies in cycles per 
second. 


7T +r dL. 
Answer: w,7=0; ofa rk [ Eat 
LI, 


PROBLEM 8.4 
The automobile and trailer of Problem 3.37 is 
shown again. The trailer with a 3800-kg mass 
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and is hitched to a 1750 kg automobile. The 
flexibility of the hitch is 175 N/mm. What are 
the frequencies or what is the frequency of free 
oscillation of the automobile and trailer. 


Answer: only one, 1.92 cps 


PROBLEM 8.5 
Determine the natural frequencies and mode 
shapes of Problem 3.42. 


PROBLEM 8.6 

Determine the natural frequencies for the two 
mass system. Both masses move only vertically. 
Do not consider rotation of the lower mass. ~ 


Answer: @;7= 1.439 sec”; 
@,” = 5.562 sec” 


PROBLEM 8.7 

A large automobile manufacturer analyzed the 
problem of the automobile by taking an entire 
automobile apart. By weighing each section, the 
following values of equivalent weights were 
found. 


m, axle mass 180kg 
mz, body mass 670kg 
k, springs 45.5 N/mm 
k, tires 538 N/mm 


Discount the natural frequencies such as pitch, 
roll, and yaw. Determine the two natural fre- 
quencies of motion. 


Answer: 75.5 cpm; 544 cpm 
PROBLEM 8.8 


Determine the two natural frequencies and 
mode shapes for the frame and pendulum of 


262 TWO DEGREES OF FREEDOM 


bol 


AWWA 


= 


© 


MAA 


© 


Problem 3.41. The pendulum swings free in the 
same plane in which the frame moves. 
2_ m,+m2/g 


Answer: w,7=0; o> -mim/8) 


PROBLEM 8.9 

Determine the natural frequencies and the mode 
shapes for those frequencies for the system of 
Problem 3.43. 


PROBLEM 8.10 

Determine the two natural frequencies and 
mode shapes of the system shown below. Please 
think about coordinates, free bodies, and equa- 
tions of motion before doing this problem. The 
rod is rigid and weightless. 


1k k 
Answer: o,7==—; #”=— 
2 m 


PROBLEM 8.11 

Both masses are identical. The concentric pul- 
leys are free to turn independently of each 
other. What are the natural frequencies and 
mode shapes? Neglect the mass and inertia of 
the pulleys. 


PROBLEM 8.12 
Two identical springs support a rigid rod and 
two identical masses. Determine the two natural 


_ frequencies of motion for the two mass systems. 


k 

Answer: ,’= (OMS) 3 
3 k 
m 


PROBLEM 8.13 

Problem 3.45 is repeated again. The mass of the 
piston and the mass of the pendulum have a 
mass of 5kg. The spring has a constant of 


Te xg 
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400N/m and the pendulum is 0.25m long. 
Determine the two natural frequencies of the 
two mass system. Assume that oscillations will 
be small. 


Answer: f;=0.767 Hz; f.=1.85 Hz. 


PROBLEM 8.14 

Determine the two natural frequencies of Prob- 
lem 3.42. Assume that oscillations will be small: 
k=700 N/M; m=10kg; 1=0.25 m. 


Answer: f,=1.09 Hz; f,=3.29 Hz 


PROBLEM 8.15 ‘ 
Determine the two natural frequencies and - 
mode shapes for a thin rod suspended as a 
pendulum (Problem 3.40). 


Answer: ,7=0.916 7 @,”7 = 13.08 g 


x, = 1.18, x.=—0.85 


PROBLEM 8.16 

Determine the two natural frequencies and 
mode shapes of Example Problem 3.36. Assume 
that oscillations will be small. 


PROBLEM 8.17 
A platform of mass 2m supports a solid cylindri- 
cal mass m, which is elastically separated from 
the platform by a spring. Determine the two 
natural frequencies and mode shapes. 

2k a _k 


Answer: #7 ==—; o.”2=— 
7m m 
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PROBLEM 8.18 

Two slender uniform bars are supported at 
either end of a shaft with a torsional modulus of 
K. The shaft is free to rotate without frictions in 
journals at A and B. Determine the frequencies 
of free oscillation. 

3g ., 6K 3g 


Answer: 0,2==8; #2=—>+=8 
NSwer: @, 3 1? @2 mE 21 


PROBLEM 8.19 

Determine the natural frequencies of the sys- 
tem. The spring may be considered to be mass- 
less. 


a’ 
r 


Answer: o2=8: we=4 


poe 
I m 


PROBLEM 8.20 

A 2kg slender uniform bar, 300mm long, is 
fixed at one end to a circular shaft. In equilib- 
rium, the end A of the shaft is deflected 12 mm 
in the z-direction and torsionally deflected 20° 
in the y—z plane, from its free position. Deter- 
mine the two natural frequencies of motion in 
the y—z plane. 


Answer: f,=1.77 Hz; f.=9.69 Hz 


PROBLEM 8.21 

At all times the cylinder rolls without slipping 
and the two masses are equal. The flat plate 
moves without friction on the horizontal surface. 
Determine the two natural frequencies of mo- 
tion and the mode shapes. 


PROBLEM 8.22 
Determine the natural frequencies and mode 
shapes of Problem 3.51. 
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PROBLEM 8.23 
Tension spring packaging is a means of support- 
ing extremely fragile packages for shipping. Bas- 
ically, the fragile package is supported inside the 
shipping container by springs in tension. To 
simplify the problem, idealize it as two masses 
and three springs, with m=2.5kg, k= 
1930 N/m. What are the two natural frequencies 
and mode shapes? 


k 
Answer: @;7=0.439—; w,”=4.56 ud 
m m 


frit Eek ft eal 

X 1.281}? LX, —0.781 4 
PROBLEM 8.24 

Determine the two natural frequencies and mode 
shapes for the long slender bar supported by two 
springs, each having a stiffness, k. One spring is | 
attached at the end of the bar, and the other is - 
attached at a point which is one-third of the 
length of the bar from the other end. 


4k k 
Answer: 0,7==—; o.”?=4— 
3m m 
can” (as 
= =z 


ae 


PROBLEM 8.25 

Determine the two natural frequencies and 
mode shapes for small oscillations of the two 
mass system composed of two long slender rods 
of equal length. 


Answer: x,= 1.59; w;7=1.019 ; 


<b: w= 3.718 F 
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PROBLEM 8.26 

The thin rigid rod is pinned at point A to a 
roller, which rolls on a frictionless surface. The 
rod has a mass m, but the mass of the roller may 
be neglected. Determine the two natural fre- 
quencies and mode shapes of the system. 


k 
Answer: @,=0.917 — 
m 


@2 = 13.08 « 
m 


PROBLEM 8.27 

The slender rod is pivoted at its upper end and 
swings freely from an L-shaped rod and bracket, 
which is fixed in the base at B. For the purpose 
of the problem, neglect the mass of the support- 
ing rod and bracket. The rod and bracket have a 
torsional spring constant, K, and the mass of the 
slender rod is m. Determine the frequency equa- 
tion for the natural frequencies of free vibration. 


4k 4 6gk _ 


2/4 
mb? 1 | mb? 


Answer: ot o"| 0 


8.3. PRINCIPAL COORDINATES FOR TWO 


DEGREES OF FREEDOM 


In a principal mode, if the motion of all parts of the system can be 
described by a single coordinate without reference to any other, that 
coordinate is a principal coordinate. To define the motion of n-degrees 
of freedom with a single coordinate seems impossible, but only because 
a principal coordinate is more a mathematical parameter than it is a 
geometric coordinate by which position is directly measured. In a three 
degree of freedom system, it is simple to express motion in terms of two 
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vn anes 


m8 Mo8 


or three coordinates, say the orthogonal coordinates x,, y, and z, but it 
is difficult to physically accept one principal coordinate that expresses all 
motion for a three mass system, but it can be done with equal ease. 

In Figure 8.3, two simple pendula are connected by a linear spring. 
The sUppOHing rods are massless. The system has two degrees of 
freedom,“ince each pendulum can move independently of the other. 0," 
and 6, are generalized coordinates which physically describe the posi- 
tion of each mass and the distortion of the elastic spring. The equations 
of motion are 


¥M=I6 
~k(0.— 6,)I? cos 6.- mgl sin 02= m 1765 (8 10) 
+k(6,— 6,)I? cos 6,—m,gl sin 6, = m,!76, ‘ 


For small angles of displacement and for equal masses, the equations of 


motion can be simplified. 
—kI?(0,.—6,)— mgl0, = ml? 6. 
i: 2 — 8) — mgl6, = m oo (8.11) 
+kl (0.- 6,)— mgl0,= ml 6, 


6, and 6, are geometric descriptions of position, but they are not 
principal coordinates. The two principal modes both involve 6, and 62, 
but mathematically, two principal coordinates do exist, one correspond- 
ing to each principal mode. Adding and then subtracting these equations 
yield two alternate equations of motion, 


; ml?(6,+ 6,)+ mgl(6,+ 0,) =0 (8.12) 

ml?(6,— 6,)+ (mgl + 2kl?)(6,— 6,) =0 

Both of these equations are of the very familiar form, 
pt+o,’p=0 


Each equation is independent of the other, and we can write by 
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inspection, 
2_8 
oO, =- 
Boe 
2 
w2=84=" 
lL om 


These are the two natural frequencies or eigenvalues for the system, and 
equations 8.12 are the two principal equations of motion. It should be 
noted that we have found the eigenvalues without having found the 
frequency equation. This is a very important concept that we will use 
again. 

Substituting @,” and w,” in equations 8.11, the modal fractions are 


@w 
O=ga-tl 
' @® (8.13) 
(2): SE 
x ~O2 1 


Evidently, (62+ 6,) and (@,—6,) have a direct relationship to the 
principal coordinates. The symbol p is used for a principal coordinate. It 
is simple to write principal equations of motion such as these, if the 
system has symmetry, i.e., the springs are of equal moduli and the 
masses are equal in size. It is more complicated if unequal spring 
constants or unequal masses require weighting factors, but it can be 
done. 

In linear vibration, principal coordinates must be harmonic functions 
of time, just as the geometric coordinates. Principal coordinates have all 
the same properties as the geometric coordinates 6, and @,. As exam- 
ples, let us accept the two principal coordinates to be p,(t) and p,(t) 


pilt) = C, sin(w,t+ ¢,) 
P2(t) = Cz sin(w2t + 2) 


The first is the principal coordinate for the first mode corresponding to 
the natural frequency w,. The second is the principal coordinate corres- 
ponding to the second natural frequency w,. Each has two arbitrary 
constants determined by initial conditions. If the displacements 6, and 
6, involve both modes simultaneously, then 6, and 6, can be expressed 
as linear functions of p, and p,. Furthermore, by superposition, these 
functions are additive. 


(8.14) 


6,= A;p,+ Bip2 
6,= A2p,+ Bop. 


(8.15) 


| 
i 
, 


8.4. 
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In matrix form, this statement is clearer 


[a alt) 

6, A, Bzj\p2 

The linear relation between the generalized coordinates and the princi- 
pal coordinates is the matrix 


[a 2] 
A, Bz 
which is nothing more than the modal matrix where each column 


A 
represents one mode shape. The column { ‘} is the modal column 
2 


B ; 
matrix for the first mode and { ft is the modal column matrix for the 
second mode. 2 

For the two pendula and a spring 


S18 SGU le) 
= = 8.16 
Pa lee e? P2 1 —-1Jlp2 ( d 
These equations can be transformed to state the principal coordinates in 
terms of the generalized coordinates 


6, 6 

net 
(8.17) 

9: _ 9% 

P2 > 2 


In this simple example it is easy to verify that these are the principal 
coordinates corresponding to the principal modes, the lowest with the 
two masses moving together and the highest with the two masses moving 
in opposition. The numerical factor of 2 is something we could not 
deduce from adding or subtracting equations of motion. It would soon 
be apparent in any numerical evaluation of physical motion. 


COUPLED MODES AND COUPLED 
COORDINATES 


Coupling is the term used in mechanical vibration to indicate a connec- 
tion between equations of motion. Its use is varied: there are coupled 
coordinates, coupled velocities, dynamic coupling, static coupling, 
coupled modes, and coupled masses. 

If principal coordinates are used, at the natural frequencies, the 
equations of motion are completely separate. Each principal mode 
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corresponds to one natural frequency or eigenvalue of the frequency 
equation. There are the same number of principal coordinates as there 
are equations of motion and principal modes, so each equation of 
motion is separate from every other..Only one coordinate, or any of its 
derivatives, with respect to time appear in each equation of motion. If 
an equation of motion contains cross-products of coordinates, or if the 
potential energy contains cross-products of coordinates, that equation of 
motion is statically coupled. If an equation of motion contains cross- 
products of velocity, or if the kinetic energy contains cross-products of 
velocity, that equation of motion is dynamically coupled. In matrix 
algebra, statically coupled equations of motion will cause off-diagonal 
terms in the stiffness matrix. Similarly, dynamically coupled equations of 
motion will cause off-diagonal terms to be in the mass matrix. 

We must remember that a set of principal coordinates exist for every 
linear vibration system, but they may defy your geometric interpreta- 
tion. It is within our ability to decouple any set of equations of motion 
by using principal coordinates. However, it is often preferable to use a 
coupled system with coordinates that can be visualized than a decoupled 
system with principal coordinates that cannot. Our selection of coordi- 
nates is for our own convenience, and the selection will have no effect 
on eigenvalues or mode shapes. 

In Figure 8.4a a rigid body is supported on four equal and linear 
springs, located at the four corners of the rigid body, equidistant from 
the center of gravity at G. The plane of support contains the center of 
gravity. This system has six degrees of freedom, but the four springs do 
not resist translation in the x- or y-direction, or in rotation about-the 
z-axis. In the z-, ¢-, and 6-directions, the equations of motion are 


mi+4kz=0 
1.6+4kc? =0 (8.18) 
1,6+4kc?6 =0 


\ 


Fig. 8.5 
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Stated in matrix algebra, there are no off-diagonal terms and 
m 0 O]fZ 4k 0 0 Zz 
0 EL O]dl+] 0 4kc? 0 || @/=0 (8.19) 
0 0 Z|/6{| | 0 0 4kc?}}e 

Each mode is independent of all others. The characteristic values are 


4 
oral 
m 
2 
w42= ae (8.20) 
4kc? 
2 = 
We I 


If the center of gravity is not located midway between the supports, at 
least two modes will be coupled. As an example, in Figure 8.4b, the 
center of gravity is located on the centerline, but closer to the righthand 
support. Motion about the x-axis is unchanged. The angular displace-. 
ment ¢ is still a principal coordinate and is independent of the other . 
two, but translation in the z-direction and rotation about the y-axis are 
coupled. We have the option of analyzing the coupled modes using the 
generalized coordinates of z and 6, or to seek the principal coordinates — 
which would uncouple them. As explained in the last section, these two 
principal coordinates will be a linear transformation of 6 and z. 

Figure 8.5 is a plane view considering only the two coordinates, z and 
6. From the free body diagram, the equations of motion are 


—2k(z— b@)—2k(z + a0) = mz 
+2kb(z— b0)—2ka(z+a0)=1,6 


A 
| 
| 
! 


(8.21) 


(<2) W-2k(2 + a8) 


(x5) W-2k(z— 08) 


Fig. 8.6 1.0 


272 TWO DEGREES OF FREEDOM 


In matrix form, there are off-diagonal terms in the stiffness matrix. 


m O]fz 4k ela 
we | =0 8.22 
i rll Ee —2ka) (2ka?+2kb?)}|0 8:22) 
These equations are statically coupled. For normal modes where z= 
Z sin wt and 6=@ sin ot, 


(4k — mw?)Z — (2kb —-2ka)® = 0 
—(2kb -2ka)Z + (2ka?+2kb?—I,w”)@ =0 
Setting the determinant equal to zero yields the frequency equation, 


4k (=) Pee 
se) (=) a0 


4— @?|/—+2 
ee E I, Im 


(8.23) 


In the middle term, set ka? + kb? = k(a + b)’—4kab. The eigenvalues for 
the uncoupled modes are w,?=4k/m and w, =4k(a+ b)*/I, =4kc7/I,. 
Substituting 


kab 


y 


To show the effect of coupling, let us assume that the uncoupled 
natural frequency w, = 2w,. Figure 8.6 then shows the eigenvalues of the 
frequency equation, in terms of w, and w, for different locations of the 
center of gravity. There still are two natural frequencies, w, and w., with 
@,<@, and w2> a. 


4 
w*— w? [or 2w¢"- 


4 0.9 
08 


Fig. 8.7 


+ w,’0, =0 (8.24). 
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The mode shapes for w, and w, are shown in Figure 8.7. For w, the 
translation dominates, as would be expected, but there is a slight 
rotation. For w2, rotation dominates. The actual signs (+ or —) of the 
displacements in the modal fractions depend on the sign convention 
used for the equations of motion. 


EXAMPLE PROBLEM 8.28 


The two mass system of Example Problem 8.1 is repeated. This time, 
the first mass m, is displaced 10 mm and released at time t=0. The -. 
second mass, mz, is also released at time t= 0, but is not displaced from 
the equilibrium position before being released. Determine the displace- 
ment of each mass as a function of time. 


| 


=> = 
= = 
= gS 
= = 10 mm 
ae a} i H 
D my y 
xy 
= 
kg = 
1 
mg y 
= x2 
a 
he = 
= 
= 


| 


Solution: 
The normal modes for this system have been determined to be 


xX) _f1 x? i 
fet 7 {3} xe} ect 
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The displacements x,(t) and x,(t) will exhibit both principal coordinates 
p,(t) and p,(t). 


1 
pa} {cas COs w,t+ B, sin ostl+| i LA2 COS W2t+ Bz sin wt] 
‘ = 


and the velocities are 


c 1 
ft = { |B.0, cos @,t—A,@, sin @,t] 
Xo 1 


1 . 
+ ie \B.0. COS Wot— A> sin wt] 


for the initial conditions, x,(0)=0 and x,(0)=0, which means that 
0= B,@,+ Bnw, 
0= B,@,— Bw, 
If the solution is not trivial, B, = B,=0.- 
For the initial conditions, x,(0)=10mm and x,(0)=0, 
10=A,+A, 
0=A,-A, 
Solving these two equations simultaneously, 
A,=A,=5mm 


and, 
41> 5 cos @,t+5 cos Wot 


X2=5 cos w,t—5 cos wot 


Both principal modes will be observed in the motion of the geometric 
coordinates x, and x, as expected. 


EXAMPLE PROBLEM 8.29 


A rigid block with a mass m and a centroidal moment of inertia I is 
supported by eight equal springs, four vertical and four lateral. Deter- 
mine the coupled natural frequencies and modal fractions for translation 
in the x-direction and rotation in the x-y plane. The natural frequency 
in the y-direction is w,?=(4k/m) and is uncoupled, provided that the 
center of gravity is located midway between the vertical supporting 
springs. 


{ 
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y 
| 
I 
| 


=== 2 = bx 


2k(x + £8) 2k(x + 54) 


vo a 
¥ 42620) w — 2h( 28) 


Solution: 
In the horizontal x-direction, 


YF, = mk 


~Ak( x +5 0) = mx 
and in the @-direction, 


a\a [W a\|la [W a \|a_|.- 
— ics te cs | ee pee —+ ——— —_ — 
4k(x+50)5 [F+2%($ als E 2K($ as I 
These are the two equations of motion for motion described by the 0 
and x-coordinates. These are coupled equations of motion, since 6 and 


X appear in each equation. For harmonic motion, x= X sin wt and 
6=9 sin wt. Substituting, 


ea +2ka iA 9 
+2ka (—Iw? + 2ka?) || O 


Setting the determinant equal to zero, the frequency equation is 
(—mw?+4k)(—Iw? + 2ka”) -—4k?a2=0 
2,2 
w*— w(SrF a’) geese =0 
m Im 


The characteristic values use 


2k ka? [4k?_ k?a? 
Ot ee —_> 


m =I. m2 [7 


22k ka®, [Ak?  k*a? 
ae m Ff 
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If the rigid body is homogeneous, I= %ma?, and 
k k 
@,? = 1.67 — and >” = 14.33 are 
m m 


Substituting w,? and w,” in one of the equations of motion, the modal 
fractions are, 


xo 2k 
CDs ee > 8 
M46" Gaaeaaey 
(2) 
gio i ee = 0.193 


The first mode is predominantly a side to side motion, with very little 
rotation. The second mode is predominantly rotation. 


Sa 2 Ae ee 


PROBLEM 8.30 

(a) Can you determine the normal modes for 
Problem 8.18 by inspection? What are they? 

(b) Can you determine the principal coordi- 
nates by inspection? What are they? 


PROBLEM 8.31 
(a) Determine normal modes for Problem 8.6. 
(b) Determine the principal coordinates. 


PROBLEM 8.32 

In Problem 8.8, the bob of the pendulum has a 
mass of 1 kg and the frame has a mass of 5 kg. 
The pendulum is 0.25m long. Determine the 
amplitudes of free vibration for the bob and the 
frame if the pendulum is displaced 15° from the 
vertical and released from rest. 


Answer: x, =0.436(1—cos wf); 
X2 = 0.436(1+5 cos wot) 


PROBLEM 8.33 5 

The uniform bars of Problem 8.18 are released 
with one coincident with the vertical (©,=0), 
and the other inclined at an angle of 15° to the 


vertical (@,=.7/12). Determine the equation of: 


motion for 6, and 43. 


Y 
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7 T 
Answer: 6; =—— COS @;f—= COS @of; 


24 24 


6. == t+— COS Wat 
ay aaa Cash 
PROBLEM 8.34 
The entire two mass system of Example Prob- 
lem 8.28, and the frame within which it is sus- 


pended, is given an initial velocity of 2 m/s, with . 


no initial displacement. (It could be dropped 
200 mm.) Determine the equations of motion. 
Why is there only one mode present? For the 
purposes of the problem, w,= 30 sec‘ and #.= 
52 sec™*. 


Answer: X,=X.=%#sin 307 


PROBLEM 8.35 
The mass m moves in the plane of the paper. 


Describe the motion, if it is displaced a distance’ 


of 1 inch to the right and released, (m =2 kg, 
a k,=5 N/mm, k,=2 N/mm). 


1 1 
Answer: x == COS @,t; y = ——=COS @2t 
7) 2 


PROBLEM 8.36 
Determine the normal modes for Problem 8.12; 
sketch them. 


PROBLEM 8.37 

The tension spring package of Problem 8.23 is 
repeated. Determine the maximum deflection of 
the inner mass, if it is dropped from a desk top 
height of 800 mm, and k = 1930 N/m, m= 2.5 kg 


k 
w,” = 0.439 = 2” = 4.56 — 
m m 
a ae el-[ aol 
xy, 1.285 XxX, —0.760 
Answer: 69.4 mm 


PROBLEM 8.38 
Determine the normal modes for Problem 8.20; 
sketch them. 


8.5. 
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PROBLEM 8.39 

The two natural frequencies and mode shapes of 
Problem 8.15 have previously been determined 
to be 


o2= 0.91735; 6/0? = 1.178 


«3? = 13.0827 7s 6S? 62 = —0.847 


The rod is now displaced 15° from the vertical 
and released from rest 


7 7 
6,(0) =p? 62(0) =i" 


What are the equations of motion for the 
generalized coordinates @,(t) and 6,(t)? 


Answer: 6, = 0.2388 cos w,t+0.0231 cos wot 
6, = 0.2813 cos w,t — 0.0196 cos wt 


FORCED VIBRATION 


When a two degree of freedom system is forced by a harmonic forcing 
function, the system will exhibit a response which is similar in many 
ways to the response of a single degree of freedom system. Resonance 
will occur when the forcing frequency equals the natural frequency. 
Since there are two natural frequencies, resonance can occur twice, once 
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In Figure 8.8 let us consider the system of Figure 8.1 as being forced 
by a forcing function F(t) applied to the first of the two masses, m,. The 
equations of motion are 

— ky x1 + ko(x2— x1) + Fy(t) = myx, 


—kyX2— k3(x2— x1) = mXz 


(8.25) 


If the forcing function is harmonic, F,(t)= F, sin wt, the response will 
be a harmonic displacement at the same frequency as the forcing 
frequency. 


xX, = X, sin wt 
x} = X_ sin wt 


Substituting in equation 8.25, and expressing these two simultaneous 
equations in matrix form 


(ky + k3— m7) —k, XM) fF: 
| ~ks (k,+ k3- ale _ | 0 Sea, 


The value of the determinant is the frequency equation for the system, 


which we solved earlier (see equation 8.4), for the natural frequencies. 
Referring to the two roots, w, and 2 
Det(w7) = (k, + k3— m,7)(k2+ k3— m2”) — k3” 


8.27 
= mM, m(@*— @17)(@? — @”) 


Using Cramer’s rule, we can solve for the maximum displacement X, 
or X, 


F, —k, 
0 (ka+ k3- Mw”) 
>, Ce ere ea 
Det(w7) 
F,(k2+ k3— mW”) 
= rT OOo 8.28 
Xa Fama? a7 \(0"= a7) eee 
| (k, + k3- m7) F, 
_ —k, 0 
mae Det(7) 
F,k 
X, 3 (8.28b) 


mM (@” ag @,")(w? a @”) 


It is obvious that the amplitudes X, and X, are infinite if w7 =,’ or 
2 2 
w” = @.". 


Fig. 8.9 
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Figure 8.9 shows the response for both X, and X,, in terms of the 
dimensionless parameter w/w,. As in Example Problem 8.1, for sym- 
metry, two equal masses and three equal springs were used, so that 


In the dimensionless parameter w/w , w, was selected arbitrarily. w, 
could have been selected just as easily, but the resulting graphs would 
have been more difficult to read. 

These graphs of the response show the two resonance conditions at w, 
and w,. At other frequencies, the vibration is finite and could be 


calculated, if the magnitude of the harmonic force were known. Note © 


that there is a frequency where the vibration of the first mass, to which 
the forcing function is applied, is reduced to zero. This is the entire basis 
of the dynamic vibration absorber. 


DYNAMIC VIBRATION ABSORBERS 


The dynamic vibration absorber is a mechanical device used to decrease 
or eliminate unwanted mechanical vibration. Its greatest application is 
to synchronous machinery, for the dynamic vibration absorber is tuned 
to one particular frequency and is only effective over a narrow band of 
frequencies. 
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Absorbers are used extensively on large reciprocating internal com- 
bustion engines, which run at a constant speed for minimum fuel 
consumption, and in reciprocating tools, such as clippers, shuttles, 
sanders, and compactors. In all of these applications, the operating 
frequency is nearly constant and the vibration absorber system balances 
the reciprocating forces. Without the vibration absorber, the reciprocat- 
ing forces would make the tool impossible to hold or control. The 
dumbbell-shaped devices which hang from most high voltage transmis- 
sion lines are dynamic vibration absorbers used to mitigate the fatiguing 
effects of wind-induced vibration. A short drive in open country will 
verify that there are thousands in use. 

In its simplest form, a dynamic vibration absorber consists of one 
spring and a mass. Such an absorber system is attached to the single 
degree of freedom system, as shown in Figure 8.10. One effect of adding 
a dynamic vibration absorber is obvious. Its presence adds an additional 
degree of freedom to the system. 

The equations of motion for the main mass and for the absorber are 


—k,x, + k,(x2- X,)+ F, sin ot= m,X, (8.29). 


—k2(x2- x1) = M2x2 (8.30) 


For this forced excitation, each mass will move with the frequency of the 
forcing function w, x; = X, sin wt, X2.= X, sin wt. 


[tet oe me ee i (8.31) 


Fig. 8.10 Uy 


282 TWO DEGREES OF FREEDOM 


The natural frequencies of the system are the eigenvalues or characteris- 
tic roots of the determinant. 


Det(w”) = (ky + ky — m,w7)(ky— m,w?) — k,? =0 (8.32) 
and the amplitudes X, and X, are 


F,(k2—- mw”) 


X: a= NS 7 
1 (ky + k,- m,o7)(k2— oe ko? (8.33a) 
cn ns 
2 (ky + kp — m,w”)(ky— mw”) — ky? (8.33b) 


Both X, and X, are determinate, if the magnitude of the forcing 


function F(t)=F,sin wt is known. For simplification, the following © 


substitutions are made: 


1 
eg , the natural frequency of the main system alone 
1 


2 ky 


Oa the natural frequency of the absorber system alone 
2 


My ‘ 
pf. =—, the mass ratio 
m, 

key _ wa" 


ky 41" . 


Solving for X, and X, 


ee ) 
= EP @9° 
2 ky 1 of: @22 w” w? 29” (8.34a) 
syeee a 3 }(1- 2} 2 
11 11 22 11 
F 1 
XxX, = 
7 a 1 + 2” @” w? W9" (8-345) 
eee a ae a oR 
1 @11 @22 11 


At @ = @22, the motion of the main mass m, does not simply diminish, 
it ceases altogether. The displacements X, and X>, as functions of the 
arbitrary parameter F,/k, are shown in Figure 8.11a and 8.11b. The 
mass ratio 4 =4, and w,,= 5, the absorber being tuned to the natural 
frequency of the main system. The satisfactory operating range where 
X/(Fik,)<1 is shaded. 

Two parameters can be varied. One is the mass ratio pw. Obviously a 
large mass ratio presents a practical problem. An absorber system that 


Fig. 8.11a 
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.~ 
i] 
Alpe 


Operating range 


— 
-— 


Xi 0.7: 
F/ky 0 


~ 
le 


ee Og —— - -- + 
ND 

Not nd oh el ta ee eee 
fee] 
- 
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matches the original system in size is not a good solution to any 
vibration problem. At the same time, the smaller the mass ratio, the 
narrower will be the operating band of the absorber. The second 
parameter is the frequency ratio B = @22/w,,. The natural frequency of 
the absorber system w., is the frequency at which X,=0. It should be 
selected to best satisfy the operating requirements. It is not necessarily 
equal to w,, although the use of a vibration absorber is most warranted 
when the forcing frequency is close to the natural frequency of the main 
system, and operating restrictions make it impossible to vary either one. 
One disadvantage of the dynamic vibration absorber has already been 
mentioned. It does add an additional degree of freedom. To find the 
new natural frequencies of the main system and the absorber, one can 
go back to the frequency equation 8.31. Setting B= /w,,, for 


me (typ Nie) -vet=0 


11 22 


2 w* _ oF 2 = 
e°( i) Sa[1+ 6+ w+ 1=0 


Wo2 


(8.35) 
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Fig. 8.11b 10 


(6) 


This is the frequency equation expressed in terms of the two parameters 
wu and Bp. 
For @1; = 2, B?=1, 
w? 2+p 1 
=—7_ +5 (2+ p)*-4 


2 
@2 2. 


The separation of the two natural frequencies, @, and , is apparent in 
Figure 8.12. For a mass ratio of 4 =4, the two natural frequencies w, 
and wz are w,=0.782,, and w2,=1.281,,. As the mass ratio in- 
creases, the separation of the two natural frequenciés increases. 

If damping is added to the absorber system, the amplitude of both X, 


and X; at resonance are diminished, but not equally. Unfortunately, the 


lower natural frequency is diminished less than the higher natural 


Fig. 8.12 
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frequency, and it is the lower natural frequency which must be passed 
through in order to reach operating speed. To equalize the maximum 
amplitudes at resonance, the damped absorber is tuned to a frequency 
slightly lower than the natural frequency of the main system. Optimum 
tuning is defined as the ratio w2,/,,, when the resonant amplitudes are 
equal. A derivation of the optimum tuning can be found in the vibration 
books of both S. Timoshenko and J. P. Den Hartog. It suffices here to 
state the result that at optimum tuning, 
@22 1 . 
B ee oe (8.36) 
Damping can also be optimized. If it is absent, the amplitude of the 
main system will be zero at the tuning frequency, w = w2,. With damp- 
ing, the resonant amplitudes of the combined system are diminished but 
the minimum amplitude of the main system is no longer zero at the 
tuning frequency. Optimum damping is defined as that amount of 
damping which will make the response curve nearly flat between the two 
natural frequencies w, and w,. The resonant amplitudes are decreased 
and the amplitude at the tuning frequency is increased. 
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If vibration absorbers are used, they are more often used without 
damping. Damping defeats the purpose of an absorber, which is to 
eliminate unwanted vibration, and is only warranted if the frequency 
band in which an absorber is effective is too narrow for operation. 


TRANSMISSION OF FORCE AND MOTION 


For a system with two or more degrees of freedom, the transmission of 


force and motion is more complex than it is for a single degree of. 


freedom. The modal relationship between coordinates has much to do 
with force transmitted. 

Referring back to Figure 8.8, force can be transmitted through either 
spring, k, or kz, but only if the springs are stretched or compressed. 
Using the sign convention in Figure 8.8, a positive force can be 
transmitted if the spring k, is stretched or the spring k, is compressed. 
These forces add. Thus, 


\Frp| = kyx1+ kpx2 = k(x, + x2) (8.37) 


If the impressed force F(t)=F,sin wt is applied to mass m,, the 


transmission ratio is ‘ 
TR= 71 (8.38) 
r) 
1--3 
@1 


w,” is the square of the first natural frequency. This could be expected, 
since x,+X, is a direct measure of the principal coordinate p,. In the 
second mode, kx, cancels kx. This particular result is due to the 
symmetry of the example, y= 1, y =—1. Although it looks like the 
transmission ratio for a single degree of freedom, do not make this false 
conclusion. In that case, if we had lumped both masses together, the 
natural frequency of the-single degree of freedom would be w,” = k/2m, 
whereas here, w,7=k/m and w,”=3k/m. 

At the same time, the relative displacement between x, and x, may be 
more important than the force transmitted to the foundation. As an 
example, perhaps deflection of the coupling member would be consi- 
dered to be an engineering failure. Visualize the center coupling 
member as an egg. In the first mode, the coupling member does not 
deflect. In the second mode, deflection is at a maximum. In that case, 


(8.39) 


| 
| 
| 
t 
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If the coupling member were an egg, the second mode would be 
catastrophic, despite the fact that there would be absolutely no force or 
motion transmitted to the foundation. It is obvious that the most 
significant parameter is that in which you are most interested. It could 
be structural damage or it could be unwanted vibration. 

The importance of. coupled modes is readily apparent. Supposing a 
sinusoidal force excited the system of Figure 8.4a. If the excitation were 
purely vertical, and the geometric center of support coincided with the 
center of gravity, the second mode would not be forced. If the excitation 
were a pure couple, in the 6-direction, the first mode would not be 
forced. On the other hand, if the center of gravity were not symmetri- 
cally located, the first and second mode would not be independent. It is 
advantageous to locate the center of gravity symmetrically and make 
modes independent. In practice, great lengths are taken to ensure that 
the center of gravity is supported symmetrically and that the plane of 
support passes through the center of gravity. This is one of those 
principles of vibration isolation that are so easy to apply that it is 
considered poor engineering practice to ignore them, even if it is 
unnecessary. Exciting an unwanted mode, which could have been 
avoided by locating the center of gravity symmetrically, is something 
that you learn not to do twice. 


288 TWO DEGREES OF FREEDOM 


oe Co sin or 
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F(t) =5 sin 10 rt 


PROBLEM 8.40 

An oscillating couple C= Cy sin wt is applied to 
one of the two pendula of Problem 8.18. Deter- 
mine the amplitude of motion of both pendula if 
the forcing frequency is 2@0 cycles/minute, and 
the couple C, is 2N-ms Other physical con- 
stants are: m=5kg, K=9N-m/radian, [= 
300 mm. 


Answer: 6, =—0.0418 radian; 
6, = 0.0076 radian 


PROBLEM 8.41 

Determine the forced amplitudes of motion for 
the cantilevered shaft of Problem 8.20, if a 5N 
force is applied along the z-axis at a frequency 
of 5 Hz. 


Answer: © = 1.205 degrees; 
Z=3.6mm 


PROBLEM 8.42 

In Problem 8.10, m=2kg and k=1500 N/m. 
Determine the amplitude of motion if a vertical 
force F(t)=10sin10t is applied to the right 
mass. 


PROBLEM 8.43 
Bus bars are hollow tubes used to carry electri- 
cal currents in high voltage electrical distribution 


substations. With long unsupported spans, they 


often are subjected to wind-induced vibration. 
In one instance, 2 25m aluminum bus, with a 
mass of 3.75 kg/m was observed to have a fun- 
damental frequency of 5.0 Hz. Determine the 
mass and spring constant of a dynamic vibration 
absorber, placed at midspan, if the bus and 
absorber system are not to have natural fre- 
quencies within the range of 3.5 to 7.0 Hz. 


PROBLEM 8.44 

A railroad boxcar which has been modified for 
fragile lading consists of a main car body, m,, 
supported near each end by the main springs, 
k,. Identical dynamic vibration absorber masses 
m, are mounted at each end of the boxcar. The 
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boxcar has a mass of 25000 kg empty and with- 
out absorbers, and 125000 kg fully loaded. For 
AAR standard 12Zinch (41.3 mm) total deflec- 
tion springs, the speed at which minimum verti- 
cal movement of the mass m, is to occur at 
100 km/h on standard rails of 39 ft (11.89 m). If 
each of the absorber masses has a mass of 
12500 kg, determine the two speeds at which 
resonance would occur. 


Answer: 85 km/h; 138 km/h 


PROBLEM 8.45 

For a particular application of a dynamic vibra- 
tion absorber, 1,7 = w2)” and =}. What is the 
central frequency range for which the transmis- 
sion ratio is less than unity? 


Answer: 0.9060,;<@<1.120,1 


PROBLEM 8.46 

A transmission line cable with a mass of 1.5 kg 
per metre is suspended in a long span. Vibration 
absorbers are attached to the cable, near the 
suspension tower, to suppress wind-induced vib- 
ration, characterized by vertical oscillation of 
the cable in a series of stationary loops. Each 
absorber consists of two 2.5 kg weights attached 
to a short length of flexible cable. The natural 
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frequency of the absorber alone is 15 Hz. Be- 
cause of the extreme length of the span, the 
cable is always excited at or near some natural 
frequency, which can be approximated by f, = 
75/L, where L is the length of one loop in 
metres. Determine the range of frequencies for 
which one absorber is effective. Note that the 
mass of a loop of cable decreases as the loop 
length decreases. What happens if two absorbers 
are used? 


Answer: 10.8 Hz<f<20.8 Hz 


PROBLEM 8.47 

An industrial installation of process shakers 
shows a violent resonance at 456 cycles/minute. 
As a trial remedy, two 5 kg vibration absorbers 
are attached to the procéss system, which result 
in two resonant frequencies at 404 and 515 
cycles/minute. How many vibration absorbers 
are required to be assured that no resonance 
occurs between 350 and 600 cycles/minute? 


Answer: 10 absorbers 


PROBLEM 8.48 
A box with a 5kg mass contains a bowling ball (a 
sphere) with a 7kg mass. It has a diameter of 200 
mm. Packing supports the ball at the top and 
bottom, but unfortunately, the box is on its side. 
Consider the packing to be elastic with a modulus 
of 1200 N/M and the ball cannot be ignored, but 
for the sake of simplicity, assume that the box rests 
on a smooth surface and that friction between the 
box and the horizontal surface can be ignored. 
(a) What is the natural frequency or natural fre- 
quencies of the box and ball? 
(b) Determine the absolute motion of both the 
ball and the box, if F(t) = sin 20t. 


Answer: f = 3.91 H, 
X; = 28 sin 2ot, mm 
X, = —2.4 sin 20t, mm 


NINE 


TORSIONAL VIBRATION 


9.1. 


DISCRETE SYSTEMS 


Most real systems have many degrees of freedom. Simplifications can be 
made to approximate a rather complex system with only one or two 
degrees of freedom, and much can be accomplished using a simplified 
system, but it is important to know the characteristics of systems with 
more than two degrees of freedom, and the differences in their vibration 
characteristics. Some are quite subtle. There will be more than two 
natural frequencies, one corresponding to each degree of freedom. Each 
natural frequency will also be characterized by a principal mode which is 
descriptive of that natural frequency. 

These systems are treated in either of two ways. In one, the elastic 
and inertial properties of system are separated into discrete springs and 
masses. The spatial dependence of distributed mass and elasticity is 
modeled. This method is known as using lumped masses and lumped 
springs, or more esoterically lumped parameters, or simply as discrete 
systems. All of the elastic properties are assumed to be exhibited in 
massless springs and all of the inertial properties are exhibited in point 
masses. Needless to say, with the advent and widespread use of the 
modern computer, discretizing a system and using numerical methods to 
obtain solutions has become the most accepted means of solving 
mechanical vibration problems. The process of discretizing a system is 
also the source of its largest errors. This fact must be kept in mind when 
evaluating the results of a computer-aided solution to a discretized 
problem. 
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Fig. 9.1 
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In the second method of attack, the elastic and inertial properties are 
distributed spatially as a continuous system or distributed system. This 
method is more exact, but analyses are limited to a narrow selection of 
problems, such as uniform beams and slender rods. Whichever method 
of modeling is selected, discrete or distributed, the practical result is only 
as good as the model. This is most important, for we can spend hours on 
manipulating a mathematical problem, without realizing that inherent 
errors in the mathematical model do not justify it. 


TORSIONAL VIBRATION 


The first discretized problems which were treated as a group arose as a 
result of the torsional vibration of the crankshafts of large reciprocating 
steam engines, line shafts, and during and after World War I, the 
internal combustion engine and motor-generators of marine and sub- 
marine propulsion systems. A considerable body of literature has been 
developed about the solution of these problems and it is widely availa- 
ble. It is of interest in the study of mechanical vibration, since the 
transition from these classical problems, which are easy to visualize, to 
the more contemporary problems, which are not, is logical and direct. 

As examples, let us consider four torsional systems. The two mass 
system of Figure 9.1a, has two degrees of freedom, but one of the 
natural frequencies is zero, w,7=0. More correctly, it is a degenerate 
two degree of freedom system. The equations of motion are easily 
written with our knowledge of two degrees of freedom 


1,6, +K(0,— 62) = 0 
L6,+ K(@.— 6) = 0 


4 
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The frequency equation is found by assuming harmonic vibration in a 


- principal mode with a frequency @, and eliminating the amplitudes 6, 


and 6. 
0, = 0, sin wt 


02 = @, sin wt 
The frequency equation is 


w*T,I,- w7(I,+1,)k on 0 (9.1) 
from which the characteristic values are the natural frequencies. 
@ ie = 0 
I,+] 
23 1 2 
of KF) 


The modes corresponding to these natural frequencies are described by 
substituting w,7 and w,” in the equation of motion. It is the same 
physical problem of Example Problem 2.21. 


The three mass systems of Figure 9.1b is a degenerate three degree of 


freedom system. Considering it in more detail, using three generalized 


coordinates 0,, 6, and 63, for the angular displacements of each mass, 


the equations of motion are 
1,6, + K,(0,- 62)=0 
1,6,+ K3(0.— 03) — K,(6,— 6.)=0 ; (9.2) 
1363 - K,(62— 63) =0 
For harmonic vibration in a principal mode, 
0, = 9, sin wt 
0, = ©, sin wt 


6,= 4, sin wt 
substituting, 
(K, > I,w7)®, Sas K,®, = 0 


(K, + K2— 1,w7)®,— K,®,— K,03= 0 (9.3) 
(K, =, I,w7)®, >. K,0, a 0 


As for two degrees of freedom, the frequency equation for this three 
degree of freedom system can be found by eliminating ©,, ©,, and ©, 


w°(I,I,1;) = o[K, (LL +1,I;)+ K,(,h+ I,I,)] 
+’K,K,(I,+1,+1)=0 (9.4) 


This also has three characteristic values, one of which, w,”=0. 
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Substituting the characteristic values of w? in the equations of motion 
will yield modal relations between ©,, @,, and @3. These relations will 
involve ratios. As examples, the first equation of motion will involve 0, 
and @,, and the third will involve ©, and @3. The unused equation is 
redundant, since it is impossible to solve for @,, @,, and @ 3 explicitly. 
The set is called the characteristic vector, modal vector, or eigenvector. 
For each natural frequency, w”, the modal vector will have a unique 
shape, but an arbitrary amplitude. This agrees with our knowledge of 
Rayleigh’s principle, which states that at a natural frequency, amplitudes 
are independent of the frequency. 

To aid calculation of modal vectors, it is conventional to normalize 
these ratios, using @,=1 radian, and expressing all other amplitudes 
with respect to @,, 


ae 


e, K,—I,@? 


0, K, 


(9.5) 
@3_ K,(K, - 1,”) 
@, K,(K,- I,@”) 


The four-mass system of Figure 9.1c has four natural frequencies, 
again with w,”=0, but it is not the only four mass torsional system that 
is possible. The drive train of a conventional automobile, if we include 
only the rear wheels, the differential, and engine (Figure 9.1d), is a 
four-mass torsional system. Its arrangement is completely unlike that of 
the in-line arrangement, due to the geared transmission at I, and it has 
a different frequency equation. This arrangement is called a branched 
system, because of the branching of the elastic system at one of the 
masses. , 

For more than four masses, frequency equations become more and 
more cumbersome. Additional branched spring-mass arrangements are 
possible, with each additional degree of freedom making the task even 
more forbidding. For a five-mass torsional system, there are three 
possible arrangements. For a six-mass torsional system there are four. 
The task to uniquely determine the characteristic values of the fre- 
quency equation becomes impossibly difficult. What is needed is a 
scheme of determining the characteristic values and mode shapes, 
without determining the frequency equations. This is particularly true 
since only one or two modes may be important, and it is senseless to 
determine all modes explicitly, if you need only one or two to solve a 
particular problem. 


9.3. 


Fig. 9.2 0 
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HOLZER’S METHOD 


The method that is attributed to Holzer was actually developed through 
the work of many of the early investigators of torsional vibration 
problems. It is basically a trial and error scheme to find natural frequen- 
cies, but it is a logical scheme. 

At a natural frequency, resonant amplitudes can be maintained with- 
out the application of an external force. This is one of the physical 
meanings of natural frequency. Also, the actual amplitudes are arbit- 
rary. But, if one displacement ©, is assigned a definite value, all the 
other displacements are uniquely determined. The essence of Holzer’s 
method is to use some convenient value, such as @, = 1 radian, arbitrar- 
ily, and relate all the other amplitudes to that value. It then is only 
necessary to find the frequencies for which the sum of the inertial forces 
or couples is zero. These frequencies would have to be the natural 
frequencies of the system. 

In Figure 9.2, a series of torsional masses and torsional springs are in 


harmonic motion in a principal mode at a frequency w. For each mass an’ 


equation of motion can be written in terms of the generalized coordi- 
nates 0,, 02, 63,..., 0, where 


0, =, sin wt 

6. = @, sin wt 

63 = @3 sin wt 

6; = ; sin wt 

—I,00,+K,,(0,-—9,)=0 

—-Lo’®@, + K,,(@,—@,)+ K,;(02—©3) =0 

—I,0?0, + K>3(@,~@,) + K34(@3—@,) =0 . (9.6) 


—Iw’®@; + Kig_1(9; =; 0;-1) =0 


KGasyi9i : KiG4y 6i41 — 9;) 


296 TORSIONAL VIBRATION 


the amplitude @, can be expressed from the first equation of motion, in 
terms of @,, 


Ky 


The amplitude @, can be expressed from the first and second equations 
of motion, in terms of ©, and @,, 


or, 


Ky Ke } 


The amplitude @, can be expressed using the first, second, and third 
equations, in terms of @;, @,, and @,. It is evident that a series can be 
written for the amplitude of the nth mass, in terms of n—1 equations of 
motion and the amplitudes of n—1 coordinates. 

Combining this with the equation of motion for the nth mass, since 
there is no external force or couple, 


Tw7@; =0 ; (9.7) 


itt 


t 


This is another form of the frequency equation. The roots of this 
equation are the characteristic values or eigenvalues of the system. 

In practice, the amplitudes and inertia forces or couples are tabulated, 
by machine or by hand calculation. The amplitudes and inertia forces or 
couples are used to determine successively the elastic displacement of 
one mass relative to the next. Beginning with the amplitude of the first 
mass as @,=1 radian, the amplitude of the second mass is found. 
Moving from one mass to the next, in succession, the amplitudes of all 
the masses are determined. Calling the sum of the inertial forces and 
couples y(w”). 


ee Es 


Fw®, = y(w’) (9.8) 


1 


and plotting y(w) as a function of w?, the roots or eigenvalues can be 
easily found. Once the location of an approximate root is known, 
numerical techniques such as Simpson’s rule can be used to find the 


characteristic value more exactly. Example Problem 9.1 shows such a 
plot and the roots. 


9.4. 
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KINETICALLY EQUIVALENT SYSTEMS 


Before making a torsional vibration study of a real system, it is neces- 
sary to replace reciprocating pistons, machine linkages and parts with 
equivalent masses and springs that have equivalent kinetic properties. 
This requires judgement and experience, but there is a substantial 
history of judgement and experience from which to make these approxi- 
mations. 

Reciprocating engines have already been discussed. In general, one- 
half the mass of the reciprocating parts times the square of the crank 
radius is added to the actual moment of inertia of rotating parts to 
obtain the equivalent moment of inertia of a piston and its crank. 


I, =I, +m,’ 


where I, is the moment of inertia of the crankshaft and rotating parts, 
and m, is the mass of the reciprocating parts. This approximation is used 
extensively in seeking the natural frequencies and mode shapes for. 
internal combustion engines. 

For machine parts in plane motion, such as a connecting rod, part of 
the mass is considered to be in rotation and part in translation. To 
determine the fractions of the mass which are kinetically equivalent to 
the rod requires two conditions. One is that the mass center remain 
unchanged and the other is that the center of percussion be unchanged. 
Usually, you cannot satisfy both conditions simultaneously and a com- 
promise must be made. Refer to section 3.7. 

The elastic characteristics of a complex structure such as a crankshaft 
with webs, journals, varying diameters, keys, etc., are extensively de- 
tailed in such massive works as the Practical Solution of Torsional 
Vibration Problems by W. Ker Wiison. It is impractical to make more 
than a few simple statements here. Except in the case of hollow shafts, 
the torsional stiffness of a crankshaft is approximately the same as a 
solid shaft of the same diameter and same length. This is affected by the 
number of journals and the stiffness of the crank webs. 

In geared systems, the mass moment of inertia and torsional stiffness 
must include the effect of the increased inertia of the moving parts that 
have higher velocities. It is conventional to reduce a geared system to an 
effective system, considering to be moving at the lowest velocity. In such 
a system, it is easy to see that the effective mass moment of inertia 
would be the real mass moment of inertia increased by a factor propor- 
tional to the velocity squared. The kinetic energy of the effective system 
must be identical with the real system. In geared systems, if N is the 


9:5; 
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gear: ratio, 
I, = IN? 
An analogy can be made for the effective spring modulus, 
K, = KN? 


In this case, it would be the potential energy that must be unchanged in 
both the real and effective systems. 


FORCED VIBRATION OF TORSIONAL 
SYSTEMS t 


The steady-state forced vibration of torsional systems can be handled 
with simplicity if damping is not present. Even if damping is present, 
damping can be neglected if the frequency of the forced vibration is 
away from one of the resonant frequencies such as +20%. Many cases 
of forced vibration consist simply of a single engine or motor driving a 
shaft with gearing, clutches, propellers or some other driven machinery. 
In such cases, each mass moves with the same harmonic motion of the 
forcing frequency of the driver. The constant resistance of a driven 
propellor or road traction does not constitute anything more than a 
constant displacement of the elastic member. It has the same effect as a 
static load. The forcing function comes only from the engine or motor. 

If we consider two or more engines or motors in parallel or tandem, 
or if we consider a multimass system with more than one mass being 
forced, or if the driven resistance is variable, such as a reciprocating air 
compressor, we can superpose solutions, provided the system has no 
nonlinearities. There would probably be a phase difference in the 
motion of one mass relative to another, and it is more than likely that 
more than one frequency would be present, but these facts would evolve 
from the solution. 

So many practical problems consist of a single exciting force acting on 
only one mass, that it is very useful to consider that simple problem. It is 
only necessary to modify equation 9.7 to include a forcing function, 
M(ot)= M, sin wt. For the particular mass being forced, the torque M, 
would add to the inertial torque. For all other M, =0. It is possible for 
two or more masses to be forced with the same frequency and in phase, 
but it is highly unlikely. This is the reason that forcing functions are 
taken singly and solutions are superposed. It does make the solution for 
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the torsional amplitude of forced vibration in an internal combustion 
engine rather complex. 


Ms: 


(Iw’@;—M,)=0 (9.9) 


i 


i=1 
Numerically, this equation can be solved for the individual amplitudes 
such as 9,, @,, and 03. 

If the forcing frequency is at or near a resonant frequency damping 
cannot be neglected. Damping is the only thing that limits amplitude 
from being infinite. The energy dissipated through damping must be 
equal to that injected by the forcing function over a complete cycle. 


A Un a A Uout 


' 
| 


(9.10) 


y a@,M, sin $; = y 1,070 
i=i i=1 

Using the modal relations of the resonant mode, since the forcing 
\ frequency is at or near resonancy, equation 9.10 can be solved explicitly, 
for the torsional amplitude of each mass. This is useful only near: 
resonance (+20%). If the forcing function is not near resonance or if 
| damping cannot be neglected, the Holzer method can still be used, but it 

becomes more involved. The forcing function at each mass is 


| M(t)=M,' cos wt + M,; sin wt 
| and the amplitude of each mass is 
6; = K; COS wt + A; sin Ut 


Using the same procedure as before yields the simultaneous equations 


(I,@"d; + C;@K; — M;) =0 


noe 


~ 
i 
nn 


(9.11) 


or 


~ 
i] 
ra 


(Io? K; — @A;— M,’) = 0 

These are a conjugate set of tabular calculations and are tedious even 

with the aid of a computer. Better methods of solution are available. 

oc a a 
EXAMPLE PROBLEM 9.1 


A four-cylinder gasoline engine is direct-coupled to an electric 
generator. The actual system has been reduced to five rigid masses 
connected by sections of massless shafts. The effective moment of inertia 
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of the rotating parts of each cylinder is 1 kg - m?. The effective moment 
of inertia of the generator is 2.kg - m*. The elastic modulus of the 40 mm 
crankshaft between each cylinder is 1.5 10° N- m/radian. The 50 mm 
diameter shaft, coupling the engine to the generator, has an effective 
elastic modulus of 2x 10° N - m/radian. 

Using Holzer’s method, determine the frequency and mode shape of 
the first natural frequency in torsion. — 


Solution: 

(a) The natural frequency of torsional systems can be found in either of 
two ways using Holzer’s method. The first is to seek each natural 
frequency by a series of trials, each using a frequency that is suspected 
of being closer to the actual natural frequency. The series is concluded 
when 


In order to begin, we must have some idea of the order of magnitude 
of the first natural frequency. The five-mass system can be simplified in 
several ways, but one that is most logical would be to lump all of the 
mass of the engine in one place, creating a two-mass system. If we locate 
the effective mass of the four cylinders at the midpoint of the engine, we 
would have to make an adjustment of the elastic modulus. 


Te Ke T 
5 


For the engine, the effective moment of inertia is the sum, 


L=1,+1h+1+1,=4kg:m? 
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For the elastic modulus of the shaft, 
1 2 1 1 


= $y 
K, 1.5x10° 1.5x10° 2x 10° 
K, =0.4x 10° N- m/radian 


Using, these values, the natural frequency of the simplified system is 


2— A: =|- a | 4 2 
7) Kl E+y 0.4x 10 rie aoet) sec | 
Fortunately, this is a round number, but if it had not been, we would 
have rounded it to some convenient trial number. 

A tabular calculation is a good way to organize calculations using 
Holzer’s method. In the second column, the moment of inertia of each 
mass is entered, in succession. In the third column are the amplitudes. 
As we know, they are arbitrary, so , is set at one radian. This is more 
than just a convenience, it also normalizes the modal vector. The 
product I,w7®, is the inertial torque contributed at each mass. The sum. | 
XY; Iw; is the total inertial torque at mass i which will deflect the 
elastic shaft between mass i and mass i+1. In the first row, this entry 
would be the inertial torque causing the defiection of the crankshaft 
between cylinder 1 and cylinder 2. If we divide by the modulus of the 
crankshaft, we will have the relative angular displacement between ©, 
and ®,. Subtracting ©,—@, from @, gives the value of @. This is 
repeated for 3, @,, and 05. ; 


Try #7=3x10* sec: 


i I, 0; To; zx Iw’@; Kiger @;- 9541 


11 1.0000 3.0000x10*  3.0000x10* °1.5x10° 0.2000 
2 1 0.8000 2.4000 10*  5.4000x10* 1.5x10° 0.3600 
3 41 0.4400 1.3200x10*  6.7200x10* 1.5x10° 0.4480 
4 1 -0.0080  -0.0160x10*  6.7040x10* 2x10° 0.3352 
5 2 ~-0.3432 —2.0592x10*  4.6458x10* = ae 


If #7 =3x10* sec”? were a natural frequency, )}_, I,w?@; = 0, which is 
not the case. It would require an external torque of 4.6458x10*N-m 
to drive this five-mass system with the modal vector of column three, ©, 
having an amplitude of 1 radian, in harmonic motion at a frequency of 
@ = 173.2 sec"'. This frequency is less than the first natural frequency. If 
it were slightly above it, the sum )}_, J;w?@; would have been negative. 


302 TORSIONAL VIBRATION 


Try 7=4x 10* sec ?: 


if @; Iw’, >; 1,@®; Kig+1 0; - 9441 
1 1 1.0000 4.0000x10*  4.0000x10* 1.5x10° 0.2666 
2 1 0.7333 2.9333x10*  6.9333x10* 1.5x10° 0.4622 
3 1 0.2711 1.084410*  8.0177x10* 1.5x10° 0.5345" 
4 1 -0.2634 -1.0536x10* 6.9641x10* 2x10° =: 0.3482 
5 2 0.6116 -—4.8928x10*  2.0713x10* — = 


This is again too low, but it is closer to the first natural frequency, since 


the remainder of column 5 is less than it was when we assumed 
w”?=3X10* sec”. 


Try #7 =5%X10* sec™?: 


i [; 0; Iw®, x Iw’®; Kigay 0; -Oi4; 
1 1 1.0000 5.0000 x 10+ 5.0000x10* 1.5x10° 0.3333 
2 1 0.6667 3.3333 x 10* 8.3333X10* 1.5x10° 0.5555 
3 1 0.1111 0.5556 x 10* 8.8889x10* 1.5x10° 0.5926 
4 1 ~0.4815  -2.4075x 10+ 6.4814 x 10* 2x10° = 0.3241 
5 2 -0.8056 -—8.0560x10* -—1.5746x10* ~ = 


This trial is too high, )?_, I.w?@; = —1.5746 x 10* N - m/radian. A simple 
plot of the external torque, y(w*)=)}?_, I@7@; vs. will permit 
interpolation of closer and closer approximations. 


5x 10* 


 y(w?) 


3x10* 4x 104 we 
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Successive trials will converge on the actual first natural frequency, 
17 = 4.595 x 10* sec”. 
a ee 


i [ @; Lo’@; > Io; Kg 0; - i414 


1 1 1.0000 4.5950 x 10* 4.5950 x 10° 1.5x10° 0.3063 
2 1 0.6937 3.1873 x 10* 7.7824 x 10* 1.5x10° 0.5188 
3 1 0.1748 0.8033X10*  8.5857x10* 1.5x10° 0.5724 
4° 1 0.3976 ~-1.8271x10* 6.7586 x 10* 2x10° 0.3378 
5 2 —0.7354 —6.7585x10* 0 —_ —_ 
This is the first natural frequency, since Y7_, 70; =0. 

Although this is a cumbersome way of finding natural frequencies, 
there are two dividends, One is the modal vector, column three, and the 
other is an evaluation of the shear moment in the elastic shaft, column 
five. Both are determined simultaneously with the natural frequency. 


(4.0000) 


(—0.3976) I 
(0.7354) 


(7.7824 x 10*) (8.5857 x 10*) 


(4.595 x 10%) 


i 
= I,w@; 
i=l 


(6.7586 x 10%) 


From the shear moment it is only a single step to determine the 
nominal shear stress in the shaft. 


_ 16M _ 16(8.5857 x 10*) 


rie (0.0495 = §6832 MN/m?/radian 


T 
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For the first mode, the maximum shear stress occurs within the engine, 
between cylinders three and four and would be 6832 MN/m? for 1 
radian displacement at cylinder number one. Obviously, the displace- 
ment cannot be 1 radian, but a torsiograph could be made of the actual 
displacement at cylinder one and the displacement measured. If it were 
only 0.001 radian at the natural frequency, this would indicate a 
nominal maximum shear stress of 6.832 MN/m? (991 Ib/in.”), which is 
entirely satisfactory for a steel crankshaft, even considering stress con- 
centrations, oil holes, etc. 


(b) The second way to use Holzer’s method is to set ¥}?_; I,w7@; = y(w”) 
and plot the remainder as a function of w”. Since the equation is another 
form of the frequency equation, the roots will be the natural frequen- 
cies. Plotted below is y(w7) vs. ”, showing the four natural frequencies. 
Note that the function passes through the origin, confirming that there is 
a degenerate natural frequency at w?=0. 


80 
60 


40 


- 100 
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Comparing the modal vector and the value of y(w”), it is possible to 
locate whether a particular value of w” is above or below a natural 
frequency. For example, in (a), for @2=3X10*sec? and w7= 
4x10*sec™?, the value of y(w”) is positive. We knew that w= 
5x10* sec"? was above w,? because y(w”) was negative and the modal 
vector had only one node, or one change in sign. If we had tried 
2 =50X10* sec"”, y(w”) would also be negative, but the modal vector 
would have had three nodes. 


PROBLEM 9.2 

Determine the two natural frequencies and the 

mode shapes for those frequencies, if 
I,=0.2kg-m? K,=100N- m/radian 
I,=0.1kg-m’ K,=200N* m/radian 
I,=0.4 kg + m? 


Answers: ;7=500sec? 2” = 3500 sec” 
@© = 1.00 @® = 1.00 
eS =0 @ = -6.00 
@$? = -0.50 @? = 1.00 


PROBLEM 9.3 

Determine the two natural frequencies and the 
mode shapes for those frequencies, if 
I,=1kg-m? K,=10000N- m/radian 
IL=1kg-m? K,=5000N- m/radian 
I,=2kg-m? 


Answers: 
7 = 4313 sec? 2” = 23 187 sec™” 
@%” = 1.0000 @® = 1.0000 
@ = 0.5687 @% = -1.3187 
@Y = 0.7844 @2 =0.1594 | 


PROBLEM 9.4 

Determine the two natural frequencies and the 
mode shapes for those frequencies, if 
I,=1kg-m? K,=10000N- m/radian 
L=2kg-m? K,=20000N- m/radian 
I,=10kg- m 


PROBLEM 9.5 
Repeat Problem 9.3, using Holzer’s method. 


306 TORSIONAL VIBRATION 


PROBLEM 9.6 
Repeat Problem 9.4, using Holzer’s method. 


PROBLEM 9.7 

A motor generator set consists of a six-cylinder, 
in-line diesel engine and generator. Each cylin- 
der of the engine has an effective polar mass 
moment of inertia of 15 kg - m?. The crankshaft 
between each cylinder has a torsional rigidity of 
200 10° N : m/radian. The generator rotor has 
a polar moment of inertia of 50 kg - m?, and the 
shaft between the generator and the engine has 
a torsional rigidity of 300x10°N- m/radian. 
Determine the natural frequency and the mode 
shape of the first mode. 


PROBLEM 9.8 
Determine the second natural frequency and 
mode shape for Problem 9.7. 


PROBLEM 9.9 
Setting y(w’)=Y/_1 Iw, plot y(w”) up to 
w? = 10° sec”. 


PROBLEM 9.10 

If the normal crankshaft diameter is 100 mm, 
determine the shear stress per degree of amp- 
litude at cylinder number 1. 


Answer: 659.6 MN/m?/degree 


PROBLEM 9.11 

A gas turbine rotor is arranged schematically 
here. Neglect the inertia of the shafts and deter- 
mine the fundamental frequency and mode 
shapé of the system in torsional vibration. 

I (compressor rotor) =10kg + im? 


I (turbine rotor) =5kg-m? 
I (generator armature)=5 kg - m? 
I (coupling) =1kg:m? 


K,=2X10°N- m/radian 
K,=10°N- m/fadian 


Answer: w,? = 0.9586 x 10° sec™2 


if 
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Coupling 


Generator 


Turbine 


PROBLEM 9.12 { 
Determine the second natural frequency and 
mode shape for the gas turbine system. 


Answer: w,” = 3.866 X 10° sec” 


PROBLEM 9.13 


For the characteristic, plot the torsional moment 


as a function of axial position along the shaft. 
(For a uniform shaft, where is the maximum 
shear stress?) 


PROBLEM 9.14 

A shipboard diesel engine and pump unit con- 
sists of a six-cylinder, two-cycle marine engine 
rated at 240 BHP at 400 rpm, a fly-wheel, cou- 
pling, speed increaser and centrifugal pump. 
Using Holzer’s method, determine the first 
natural frequency and mode shape. The system 
constants have been corrected to the speed of 

' the diesel engine. 


= 
ares 


5; 


‘Cyl 6 Mr? = 36 kg - m? 


Cyl 7 Mr?=80kg-m? 
Cyl 8 Mr?=9kg- m 
Cyl 9 Mr’=12kg-m? 
Cyl 10 Mr?=60kg-m?- 


308 TORSIONAL VIBRATION 


Ky-ot0s-6 = 1850000 N - m/radian 
Ke_7 = 3.000 000 N - m/radian 
Kj_, =2500000 N - m/radian 
Kg9= 2650000 N - m/radian 

Ko_19 = 4.000 000 N - m/radian 


Answer: f, = 12.04 Hz 


PROBLEM 9.15 
Determine the second natural frequency and 
mode shape. 


PROBLEM 9.16 

Determine the nominal maximum shear stress 
per degree amplitude for the first and second 
mode, if the crankshaft has a nominal diameter 
of 100 mm. Note that this will be in terms of a 
degree of amplitude at mass number 1. 


Answer: 55.4 MN/m’/degree 
—183.3 MN/m’/degree 


PROBLEM 9.17 
A six-cylinder marine oil engine drive is shown. 
Determine the first natural frequency of the 
installation. 
Effective Moments of Inertia 

Propeller =9.5kg-m? 

Slip coupling =2.5kg-m? 

Each cylinder =8.0kg-m 
Air compressor= 6.0 kg - m 


Effective Shaft Moduli 
Air compressor shaft = 600 000 N - m/radian 
Crankshaft between cylinders 
= 500000 N - m/radian 
Slip coupling shaft = 1000000 N - m/radian 
Propeller shaft = 10000 N - m/radian 


2 
2 


Answer: f,=5.48 Hz 


PROBLEM 9.18 
Determine the second natural frequency for 
Problem 9.17, 


Answer: f,= 17.9 Hz 


Gears 


_ 
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PROBLEM 9.19 
A turbo-electric drive has the following charac- 
teristics: 


I (turbine rotor) = 3500 kg - m? 
I (turbine pinion) =50 kg:+m’ 
I (generator gear) =3000kg: m? 

2 


I (generator armature)= 5000 kg -m 


The elastic modulus of the turbine shaft is 1.2 x 
10°N-m/radian. The elastic modulus of the 
generator shaft is 2x10°N-m/radian. The 
speed of the turbine is 5400 rpm. The speed of 
the generator is 1800rpm. Neglect inertia of 
shafts and determine the natural frequencies 
corresponding to the one- and two-node modes 
of vibration. 


Answer: f,= 3.075 Hz; f,= 10.17 Hz 


PROBLEM 9.20 

Determine the lower natural frequency of the 
torsional system shown below. Shaft 2-3 is 
geared to run at three times the speed of shafts 
3-4 and 1-3. 


I,=1.0kg-m? 
I,=1.0kg-m? 
I,= 1.5 kg- m* 


N 


I pinion =0.5 kg-m 
I gear=3.0kg-m 
Ki3= 4000N- m/radian 
K3;,= 4000N- m/radian 
K,,= 10000 N - m/radian 


N 


PROBLEM 9.21 

Determine the lowest natural frequency of the 
torsional system shown below. I, runs at twice 
the speed of I, and I. I, and I, run at the same 
speed. 


K,= K,=K,=10*N- m/rad 
I,=1,=0.4kg +m? 
I, (gear) = 0.2 kg - m? 
I, (pinion) = 0.025 kg - m 
1,=0.5 kg - m? 
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Hint: As a. first approximation, consider the 
gears locked, i.e., a node at the gears, 
Answer: @,7= 2.0804 x 10* sec? 

6% = 1.00 OP =. 0.16 

@% = 1.00 OS =-4.18 


PROBLEM 9.22 


. Determine the. second natural frequency of the - 


torsional system of Problem 9.21. 


' PROBLEM 9.23 


An epicyclic transmission system for a radial 
aircraft engine consists of a bevel gear A se- 
cured to the engine crankshaft and four bevel 
planetary gears C, which are free to rotate on 
stub arms which are integral with the propeller 


' shaft. The speed reduction between the crank- 


shaft and propeller shaft is 2:1. The crankshaft 
bevel gear-A and the fixed bevel gear D have 
the same number of teeth, which is three times 
the number for each planetary gear. Each 


‘planetary gear is a mass of 1kg, has a polar 


moment of inertia of 0.003 kg- m7, and is lo- 
cated 100 mm from the centerline of the propel- 


. ler shaft. The effective polar moment of inertia 


of the planetary stub arms is 0.03 kg- m*. The 
effective moment of inertia of the crankshaft 
bevel gear is 0.02 kg - m?. Determine the effec- 
tive mass moment of inertia of the epicyclic gear 
system, referred to the speed of the propeller 
shaft. 


Answer: 0.2395 kg - m? 
PROBLEM 9.24 


Determine the first two natural frequencies and 
mode. shapes for the automobile transmission 


- system. The system constants are given. Note 


that the moment of inertia of the rear wheels is 
unusually large since they cannot vibrate inde- 
pendently of the body, unless the vehicle. is 


“ supported off the ground. 


Engine = 0.20 kg - m? 
Gears = 0.25 kg - m? 
Wheels and body = 10.0 kg - m? 
Crank shaft = 2 x 10° N - m/radian 
Drive shaft = 8 x 107 N - m/radian 
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PROBLEM 9.25 

Using Holzer’s method, determine the funda- 
mental frequency of the General Motors G-71 
Quad arrangement. 


Flywheel, I, Mr? = 3.3472 kg - m? 
Cylinder 6, Ip Mr?= 0.0776 kg: m? - 
Cylinders 2-5, Ig-I Mr?= 0.0431 kg - m? 
Cylinder 1, Mr?= 0.0756 kg - m* 
Damper hub, disk = _Mr?=0.0442 kg- m? 


and rubber, I, 
Light damper, I, | Mr?=0.0442kg- m? 
Heavy damper, Ij, Mr?=0.771 kg: m? 


K,= 2225 kN - m/radian 
K,.= 1446 kN : m/radian 
’ K,= 1175 kN - m/radian 

K,= 746kN- m/radian 

Kj= 565 kN: m/radian 


Answer: ,2= 8.375 X 10° sec” 


PROBLEM 9.26 

For a harmonic torque of 100 sin wt, in N-m, 
applied to mass I, of Problem 9.4, and w= 
1080 rpm, determine the forced amplitudes of 
vibration. 


Answer: @, = —0.00815 radian; 
@,= 0.00227 radian; 
@, = —0.000422 radian 


PROBLEM 9.27 
A harmonic couple M=10sin wt, where w?= 
15790 sec"? or 20rps and M is in N-m, is 


Amplitude, degees 
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4000 4100 4200 4300 4400 4500 
Speed, rpm 


applied to I, of Problem 9.3. Determine the 
forced amplitude of each mass. 


PROBLEM 9.28 

At 1416 rpm the third harmonic of the torque 
applied at each cylinder is near resonance with 
the first mode of the engine in Problem 9.7. 
Determine the resonant amplitude for a third 
harmonic which has separately been determined 
to have a maximum value of 900N-m. The 
Tesonance curve of the engine, as determined by 
a torsiograph, is shown. All cylinders are as- 
sumed to have the same turning effort and simi- 
lar damping characteristics. Note that these dis- 
placements are not the total torsional displace- 
ment, since other harmonics will be present, but 
the other harmonics will be away from reso- 
nance, 


Answer: @,=0.51° 


TEN 
DISCRETE SYSTEMS 


10.1.MATRIX EQUATIONS OF MOTION 


There are other numerical methods of finding the characteristic values 
and mode shapes for a vibrating system with many degrees of freedom. 
One of the most useful is the numerical iteration of a square matrix 
derived from the equations of motion. There is one equation of motion 
for each degree of freedom, and if generalized coordinates are used, for 
each degree of freedom there is one generalized coordinate. This makes 
the matrix of the equations of motion have an equal number of rows and 
columns or square. The iteration technique relies on the behavior 
properties of a square matrix to converge on the characteristic vector 
through successive multiplications of the matrix by itself. Knowing the 
characteristic vector (or mode shape) also determines the characteristic 
values. 

To show an example of the process of matrix iteration, let us consider 
a three mass system. Such a system is shown in both torsional and 
rectilinear form in Figure 10.1. Mathematically, the two problems are 
identical. 

Writing the three equations of motion, 


myx) = —ky2(x1— X2)— ky x, 
M7Xo = —kz1(X2— X1) — kz3(x2 — x3) 


m3X3 = —k3(x3— X2) 
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For harmonic motion in a principal mode, all parts of the system 
move in one mode with the same frequency. 


x4 =X, sin wt 
X2= X, sin wt 
X3 =X; sin ot 


Substituting in the equations of motion and stating them in matrix form 


(ky2+ k,—m,@7) ky 0 X, 
kay (kz + k23— m0?) —kys X?=0 (10.1) 
0 —K32 (ks2— m3) [| X3 
To avoid a trivial solution, this equation can be satisfied only if the 
determinant 
(kia +k, — my?) ky 0 
Det(w7) = ky (ka + ko3— mw”) —ka3 =0 
0 ; = Ko (3 = M307) 


(10.2) 


Some will instantly recognize this determinant as an old friend, the 
frequency equation. The roots 17, w,”, and @3° are the characteristic 
values of the determinant. 
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Expanding the equations of motion, another statement would be - 
+ kit ky : ky 0 xy my, 0 0 xy 


= ksi kot ko3 aan kos X, = w? : 0 mM 0 X, : (10.3) | 


0. = K30 . ke X;3 ; 0 0 m3 X3 


The first matrix is the stiffness matrix [K]. The second is the mass matrix 
[M]. The equation can be written as 


[KKX}= {MEX} (10.4) 
where each matrix is symbolized. The column matrices {X} are sym- 
bolized by a different set of brackets from the square matrices [M] and 


LK] 


Multiplying each side of the matrix equation 10.4 by the inverse 
matrix [M7], which defines the matrix for which the pboduet [M-*][M], 


is the unit matrix [J], 
[M~*TK]{X} = @7[M "MK X} = 0{X} 


‘Now, if we define a matrix [A] as the product of multiplying the inverse - 


matrix [M~*] into the stiffness matrix [K], 
M-? =[A 
[M IK]= [ 4 (10.5) 
[A]{X} = w*{X} 
This is the eigenvalue or characteristic problem, which is satisfied for 


every characteristic vector {X“} with a corresponding natural frequency 
; 
w,. 


INFLUENCE COEFFICIENTS 


The problem can also be solved using influence coefficients, adopted 
extensively in structural engineering. 

Influence coefficients describe the displacement along a coordinate 
when loading is in the direction of that or any other coordinate. For the 
example of Figure 10.2, a,, is the displacement in the direction of x, for 
a unit load applied in the direction of x1; @,. is the displacement in the 
direction of x, for a unit load applied in the direction of x2;... aj is the 
displacement of coordinate x; for a unit load applied in the direction of 
x;. The total displacement at x, can then be expressed as the sum of the 


displacements caused by all the applied loads. It is presumed that there . 
are sufficient degrees of freedom to describe completely the total 


displacement at each discrete point by the applied forces or their 


Fig. 10.2 4 
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component forces. Unit loads are used and influence coefficients are 
expressed as displacement per unit force (N/m, or radians/N - m.) 
Xj = GF, + €2F,+a;3F3++-- 


For dynamic loads, the static forces are replaced by inertial forces. The 


result is a set of equations of motion which can also be expressed in 
matrix form. 


X= 44M X1 — Ay2MyXz— a,3M3X3 
X2 = —Az1M,X1 ~ Ag2M 2X. — 4o3M3X3 
X3 = — G31, Xj — As2MpX>— a333X3 
With a positive convention downward as shown, inertial forces will: be 


upward. These are reflected in the negative signs. For harmonic motion 


in : principal mode, acceleration has the Opposite sign to displacement 
an 


= 2 2 

XxX Q4;M,@ xX, + Ay2M2@ X_ + A13M307X, 
—_ 2 

X> =r m,@ XY + An" X, + ar3 Mm307X; 
— 2 

xX; = a3) m,@ XY + A320" X> + 43330" X3 


Rearranging terms and, in particular, dividing by w”, the set of equa- 
tions can be stated 


(10.6) 


411M, Ay2M2 4433} (X, 1 xX, 

421M, Az2M_ azg3m3]<X,4= 34 Xe (10.7) 
@ 

431M, Az2M2 333} {| Xo} . XG 
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these equations are of the form 


[BIX= 0) (10.8) 
which is similar to equation 10.4, except for a matrix [B] in place of [A] 
and a modulus 1/w? in place of w”. This is also a characteristic value 
problem, but this time it can be satisfied by a characteristic vector {X} 
for a corresponding modulus which is the inverse of the natural fre- 
quency 1/w,”. 

This is not surprising, since the equations of motion (10.7) can be 
defined still further 


0 xX xX 


G11 2 443 |]m, 0 
Qo, x2 oz |10 m, O KX, P= 5 XX (10.9) 
431 432 433 _|L0 0 m3\LX3 X 
or 1 
[K“IMKX}=—5 9 (10.10) 


The first matrix is the flexibility matrix, which is the inverse of the 
stiffness matrix, and the second is the mass matrix. 

The academic preparation of most mechanical engineers enables them 
to write equations of motion without difficulty, but their knowledge of 
influence coefficients is short-lived. The preparation of most civil or 
structural engineers includes a facility with influence coefficients and less 
preparation in advanced dynamics. 

Few recognize that equation 10.9 can be written directly from equa- 
tion 10.3, which shows how interchangeable the two methods of itera- 
tion are. The inversion of matrices is a computational problem, and may 
be a minor problem or a major problem, depending on the matrix. The 
inverse matrix of a matrix [A] is defined as the adjoint matrix [A*] 
divided by the value of the determinant of [A]. The adjoint matrix is a 
matrix of which the elements are the cofactors of the matrix [A] with 
indices interchanged (in other words, the transpose of the matrix of 
cofactors). [A*] 


|A| 


=[A7*] (10.11) 
MATRIX ITERATION 


A numerical iteration process is used to determine the characteristic 
values and characteristic vectors associated with the eigenvalue problem. 
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For example, let us consider characteristic equation 10.8 . 
ion 
[BRX}=—5 {xX} 


By assuming an arbitrary vector {Vo} in place of {X} and multiplying 
{Vo} by [B], we will have a first approximation of the characteristic 
value 1/«7 and a first approximation of the characteristic vector {V;}. If 
the arbitrary vector is not the characteristic vector, the new vector {V,} 
can be used as an improved trial vector. A sequence of linear transfor- 
mations of successive trial vectors will lead to a vector which, when 
multiplied by [B], will reproduce itself. Since the vector satisfies the 
characteristic equations, it must be a characteristic vector. The constant 
of proportionality will be the dominant characteristic value. In this case, 
it will be the inverse of the lowest natural frequency, @,”. 
If we were to begin with equation: 10.5, 


[AHX}= w{X} 


the iterative process will converge on the largest characteristic value of 
«”. The corresponding vector will be the characteristic vector for the 
highest natural frequency. 

The explanation of this phenomenon requires a knowledge of matrix 
behavior, but briefly, the arbitrary vector {Vo} can be written as a linear 
expression, 


{Vo} = AXP} + cy{X}4 «+e {XO} 


_ where X®, X®,__., X are the characteristic modal vectors for the 
corresponding modes and c,,c2,...,¢, are constants, but unknown. 


Multiplying by the matrix [B], yields the expression 
[BH Vo} = cL BUX} + co BEX®}+ «++ +¢,[ BEX} 


Since each term satisfies the characteristic equation, the expression can 
be rewritten as 


ee Meets, ofl cave 
[BUVo}=ex(Ss) XP} ca( Is )iXM+-- +e(E xy 
It is also a new vector {V,} 


LVa} = CY {XO}F Co{XO}PH + + + + {XO} 


The constants are still unknown, but they are ‘proportional to the 


constants for {Vo}. 
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If we multiply by [B] again 
[BV =[BP(V}=c(5) x 
"ee (os) x™}+ wits +e(25) (x) 


It is obvious that in successive multiplications, the largest modulus will 
dominate the summation. Since we are using the reciprocal 1/7, the 
dominant modulus will be the reciprocal of the first natural frequency 
and the trial vector will resemble the first characteristic vector. After n 
successive iterations, 


lim[BKV®,} = {VO} 
@)4 
n—-o 


Each element of the resulting characteristic vector will have the same 
constant of proportionality with the corresponding element in the trial 
vector. 


In practice, a finite number of iterations will yield a good estimate of 


the first mode, with the number of iterations depending on the desired 
accuracy. The real utility of the method can only be shown through 
examples. 


THE DUNKERLEY-SOUTHWELL 
EQUATIONS 


An approximate method which bears some similarity to the techniques 
of matrix iteration is attributed to S. Dunkerley and R. V. Southwell. 
Empirically, S. Dunkerley developed a way to find the natural frequency 
of a flexural beam carrying concentrated masses by separately finding a 
series of individual natural frequencies for the beam carrying the indi- 
vidual concentrated masses one at a time. For this reason, it is related to 
the method of influence coefficients. 

Going back to equation 10.6, another way of expressing the frequency 
equation in matrix form would be 


4 ; 
(a.m ——; Qi2M2 13M; 


1 
(a22m.-—) az3M3 =0 (10.12) 


1 
a33M3 ae 


Det(w?) = Azim, 


A3z,M, Qz2M2 
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Expanding the matrix, 


Det(w7) = w°(m,m m3) 
X (€11422433 + 249144303 — 32413" — @33Ay1” — Ay1Ap3”) 
—w*(m, (22011 ~ A217) + my ™M3(433411 — 413°) 
+ m2M3(a22433— a23”)) + w(ay,m, + a22mM2+ a33m3)+1=0 
This is the frequency equation with roots w,7, w,7, and @;” or 
Det(@) = (w? — w,?)(w? — w5”)(w? ~ w3”) = 0 (10.13) 
Expanding this second equation, 
Det(w’) = w° — w*(@,? + @)? + 37) 
+ .07(@47 a9” + 02703" + 0170537) — 012007205? = 0. 
Since these two equations are identical, Dunkerley reasoned that the 


coefficients of the w’, w*, and w° terms were identical. In particular, for 
the w? term, 


I 1 1 
—3t—34+— 3 = a4,m,+4a + 
@, @ a “mm 222 T 233M; (10.14) 
The example could be expanded to include a larger number of masses. 
For the instance where 37>,” >,”, the two terms involving the 
higher frequencies can be neglected. The result is an approximate 
expression for w,”, which will be high. This is Dunkerley’s equation, 


1/@,” ~ aym, + a2m2 + a33ms3 (10.15) 


in terms of a,,™M,, Q22M>, a33m3, which are the natural frequencies of 
each mass acting separately. Its accuracy is very dependent on @,” being 
much lower than w,” or 3”. 

R. V. Southwell showed that there was a complementary equation’ 
using spring constants instead of influence coefficients. Starting with 
equation 10.2 and following a similar development 
1 I 
2 + sk 

Qyi4M, Ag2M2 Az3M3 


(10.16) 


Dunkerley’s equation is an approximate method of finding the lowest 
natural frequency, and Southwell’s equation is an approximate method 
of finding the highest. Again, accuracy depends on the separation of the 
natural frequencies. These equations are of limited use, but they are 


simple, and do permit a quick approximation of the lowest and highest 


natural frequencies, with the same data. 
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10.5. ORTHOGONALITY OF PRINCIPAL MODES 


A dominant characteristic modulus such as w” or the reciprocal 1/w”, 
can be found through iteration of:a square matrix. There still remains 
the problem of determining the characteristic values and vectors that do 
not correspond to the maximum or minimum natural frequencies. These 
are found by withholding convergence of the dominant modulus by 
using the orthogonality of principal modes. 

The principle is simple to explain by referring to our original example. 
Designating the first principal mode corresponding to @,7 by a 
superscript (1), and the second principal mode corresponding to w.” by a 
superscript (2), each principal mode must satisfy the equations of 
motion. 


mXPeo,?= ky XP? + ky(XP— XY) 
m,X$?@,7 = ka(XS?— XP) + ky3(X$? — X$) 
m3X$?a," = kz( X$?— X$?) 

and 
Mm, XP wo” = ky XP + ky(XP—XP) 
MXP wo” = kay (XP? — XP) + ky3(XP — XP) 
M3X$ Wa” = kso( XS — X2”) 


Multiplying the first set of equations by Xf, X%, and X¥ and the 
second set of equations by X{?, X$?, and X$, respectively, and sub- 
tracting one set from the other, 


(@1?— 2m, XYPXP + My,X9 XP? + m3X$?XP} = 0. 


If w,2#@,”, this can only be true if 


5, mXPXY=0 (10.17) 


i=1 


This equation is an expression of a principle known as the orthogonal- 
ity of principal modes. It is derived directly from the equations of 
motion and represents a physical relation between principal modes. 
Care must be taken to see that the correct expression of the principle of 
orthogonality is used, for example, a cylinder rolling with a speed x, the 
inertial term includes rotation and is not simply mx. The term orthogon- 
ality is a geometric interpretation referring to orthogonal vectors A and 
B, where 


A:-B=0 
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If we combine the principle of orthogonality with equation 10.5, the 
matrix equation will converge on the largest value of w” which is 
orthogonal to the highest value of w?. Conversely, if we had used 
influence coefficients, and combined equation 10.8 with the principle of 
orthogonality, the matrix equation will converge on the largest value of 
1/w? which has characteristic vectors orthogonal to those of the lowest 
natural frequency. This would be the second lowest natural frequency 
and its corresponding characteristic vector. 

Repeating this process, we can successively determine each natural 
frequency and characteristic vector starting with either the highest 
frequency or the lowest frequency. 


PRINCIPAL COORDINATES 


As we learned from two degrees of freedom, it is possible to describe 
the motion of a system with two degrees of freedom by using principal 
coordinates. The same is true for systems with more than two degrees of 
freedom, and the same definitions hold. If the motion of all parts of the 
system can be described by a single coordinate without reference to any 
other, that coordinate is a principal coordinate. A principal coordinate is 
also a generalized coordinate, which is the term given to a set of 
coordinates that recognize constraint. Principal coordinates are sym- 
bolized by the letter p, that is, p,, po, P3,..-, Pn. There are as many 
principal coordinates as there are degrees of freedom. 

Each generalized coordinate is a linear combination of all principal 
coordinates, unless the generalized coordinate is itself a principal coor- 
dinate. For the sake of clarity, let us use q,, q2, q3 aS the generalized 
coordinates, instead of x,, x2, x3. This will avoid any confusion between 
coordinates and the modal vectors. 


= Xp. + XPpot XP 
X2 = Go = X$?p, + Xp, +X$ps (10.18) 
= Xp, + X@p, + Xp, e 
This baits that the first mode, represented by. the principal coordinate 


Pi, is present in the generalized coordinates 41, 9: 43 in proportion to 
the characteristic vector of the first mode. The second mode is also 


present in proportion to its characteristic vector, as is the third, fourth, 


and however many degrees of freedom there may be. 
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In matrix form, the above equations are 7 
1 XP x? XP] ( Pi 
G2 p=| XP XP XP Kx pp (10.19) 
a) Lep xe xetl,) 


It is quickly apparent that the matrix is the modal matrix, with each 
column being the modal column for one of the natural modes of 


vibration. This fact is not too difficult to accept..One definition of a 
natural frequency is that all parts of the vibrating system pass through a 


minimum displacement at one time, and a maximum displacement at 
another time. These are exactly the same words that have been used to 
define principal coordinates. Principal modes and principal coordinates 
correspond, each coordinate being associated with a separate mode. p, 
is associated with the natural frequency @,, p2 is associated with the 
natural frequency w2, and so on. 


To find p;, Po, p3 in terms of the generalized coordinates only requires 


replacing q,, 42, 43 in the proper modal column. 
a XP XP 
G2 XP XP 


= A, cos @,t+ B, sin w,t (10.20a) 


xP gx? 
xy. 2 X$ Mg 


= Ag COS Wat + Bp sin @ot (10.20b) 


=A,;C0Ssw3t+B;sinw;t  (10.20c) 


xp x? x 
XG? xX? xX? 


Fea 
D x2 ee 3) 
za 
ei). 
Bee 
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With a statement of initial conditions, it is simply a matter of algebra to 
arrive at the equations of motion, in terms of the principal coordinates. 
To find the equations of motion in terms of the generalized coordinates, 
we must go back to equations 10.13. To solve completely, we will ne 
six initial conditions to solve for the six arbitrary constants, A,, A>, A;; 
B,, B2, and B3, if there are three degrees of freedom. 

Two things should be quite clear at this point. One is that you cannot 
set initial conditions for generalized coordinates without solving for 
principal coordinates. The initial condition that q,(0)=0 at t=0 means 
nothing. All possible modes may be present in the coordinate q,. We 
cannot evaluate arbitrary constants for q, without simultaneously 
evaluating all the arbitrary constants. The second point is the observa- 
tion of why we have placed so much emphasis on characteristic values 
and characteristic vectors. With many degrees of freedom, characteristic 
values and characteristic vectors are the keys to a general description of 
motion. 


FORCED VIBRATION OF SYSTEMS WITH 
MANY DEGREES OF FREEDOM 


The vibration of systems with many degrees of freedom forced by 
harmonic forcing functions can be treated quite simply as an extension 
of our matrix methods. Consider forcing functions F,(t) = Q,e“", F,(t)= 
Q,e", and F;(t)=Q3e being applied in the direction of the 
generalized coordinates q,, q2, and q3. The symbols Q,, Q,, and Q, 
have been used to emphasize the subtle point that they are generalized 
forces in the direction of the generalized coordinates. 
Each of the three equations of motion can be rewritten 


m1 X = —ky2(x,— Xp) — ky x, + Q,e™ 
MX = —ky4(x2— X1) — kz2(x2— x3) + Que oo 
M3X3 = —k32(x3— Xz) + Q3e™ 


For harmonic motion at a frequency w, the equations of motion in 
matrix form become 


(kit k,- m,”) —ky2 0 X, Qi 
—kyy (ka, + ko3— Mo”) —ky3 Xp =4Q, 
0 = k32 (k32 asl m3o”) X3 Q; 

(10.21) 


This is the same set as equation 10.1, except that the set is equal to 
the force vectors Q,, Q,, Q3 and is not equal to zero. 


This set of equations can be solved explicitly for X,, Xj, and X3. © 


1 
fe 


10.7. VIBRATION OF SYSTEMS WITH DEGREES OF FREEDOM 325 


Using Cramer’s rule and substituting the column vector of forces succes- 


sively in the first, second, and then the third column, : 
Q, —ky 
Q>2 (kay + ko3— mw") i 
X= ee SS ee 
(kya tk, — mo”) —ky2 
—ky2 (koi + ko3— oe oa 
0 —Kks2 (k32— M30”) 
Q; —ky 
Q, (kp1 + ko3— mw”) 
Q. k (k 2 
~ ; aan a ma (10.22 a) 
(kio+ k,—m,@7) Q, 0 
—k, Q, 7: ko3 
es 0 Q; (k32— m3@°) 
2 F(ki2+ ky — myo”) —ky2 0 
~koi (kz, + kz3— mw”) —kys | 
0 —ks2 (k32— m3”) 
(ki2 +k, —m,w7) Q, 0 
—ka, Q, —kp3 
0 Q. k32—m307 
= STS Kom mae)! (40.226) 
Ukio+ k,—m,7) —ky2 Qi 
kay (kz, + k3— m2”) Q, 
X.= 0 —ks2 Q; 
3 (ky2+ k,— m7) —ky2 0 
— Kay (k21+k23— m2”) — kag 
0 -. ko (k32- m3”) 
(ky2+ky— m,@”) —ki2 Qi 
kay (koi + ky3— M2) Q2 
_ 0 Fe k32 Q3 
Det(o”) (10.22¢) 
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In Sache case + the denominator is ne value of the frequency determinant 
at the forcing frequency w*, Det w” 

-. One particular variation of this analysis i is worth special mention. If 
only one force acts, and all the others are zero, the displacements Xi, 
X>, and X; are the products of the force Q, and the respective cofactors 
of the frequency determinant, divided by the value frequency 
determinant. 


Q; —ky , 0 


0 (kay + ko3- m0”) —ko3 
x== 0 : —ks2 (k32—m3w7) 
7 (ky2+ k,—m,@”) —ky2 0 
kay (ko + ko3- M203) —ko3 
0 : —kz2 (k32— m3”) 
hae + ko3— M20”) —ks2 | 
—k (k33— 307) 


The fraction is called the receptance, symbolized as a,,. For the dis- 
placement X, 


(kyo +k, — mo?) Q,- 0 
—Ke 0 = Ko3 
0 0 (k32— m3”) 
X,= — 3 = 
; (ki2+k,—m,o*) ki 0 
—kpy (Koi + ko3— m2”) —kys 
0 —ks (k32— M3”) 
Ee —Kz2 
0 (k32— M30”) 
042 —_—_—_—_—...?, ee = . . .24 
Det(w7) Q, @,Q, : (10 ) 


The parallel with influence coefficients is obvious. 
X= 41Q, + @2Q, + 1303 (10.25) 


0149, @13, -- +, M21, @23,... are cross-receptances as differentiated from 
the direct receptances O14, Qo2, 33. ¥ 

In some literature, much is made of receptance. It is effectively 
mechanical admittance, and it can be evaluated for a single mass, a 


| 
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spring or damper, or any combination of discrete elements. The fre- 
quency at which a receptance becomes infinite is a natural frequency of 
the system. The concept is simply another way of setting up equations of 
motion which some engineers find to be convenient for them. 


EXAMPLE PROBLEM 10.1 


Determine the natural frequencies and mode shapes for the three mass 
system using matrix iteration. 


3kxy 


AWA 


iN) 
3 
8 
re) 


h(xg~ x) 


= | 2 
<--— 


R(xo _ x4) 


k(xg ~ XQ) 


co 


k(xg — Xp) 


3 
NWA HAA 
ia 


“ih 
a 


NV 
KS 


WY 


3hx, 


Solution: 
In order to make more sense of our iteration process, let us first 
determine the exact values of the natural frequencies and mode shapes 
by finding the characteristic values of the frequency equation. 

Using the free body diagrams, the equations of motion are 


—3kx, a k(x, —Xp) 2 2mx, 
—K(xX2— 1) — k(x2—X3) = mX2 
—3kx3- k(x3— Xx») = 2m, 


For harmonic motion in a principal mode, x, = X, sin wt, x, = X, sin wt, 
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and x;=X;3sin wf. Placing the equations of motion in matrix form 


(4k—-2mw) kk 0 X, 
—k (2k— me”) —k x, /=0 
0 -—k — (4k-2ma)| (x; 


Setting the determinant equal to zero, 
(4k —2mw”)?(2k — mw) —2k7(4k —2mw?) = 0 


from which the three natural frequencies are 


k 
QO, 
m 
2k 
W2 ae 
3k 
a3, =— 
m 


The corresponding mode shapes are, normalizing on X, - 
2 k 1) 1) — 1) _. 
for wy"=7 AM=1, XP= 2, AP= 1 
for @2 => xP = 1, xX? = 0, x? ae 
m " 


for w=, X@=1, XP=-2, XPO= 1 


Matrix Iteration Using Influence Coefficients. After a little thought and 
deduction, the influence coefficients for this system can be found to be 


me ae eee 
acti) i a 7 any. © 
ee a Te 
12 6k 2235 432K 
1 1 7 


913 FAR 423 Ek 433 Fak 
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Using equation 10.7, and factoring the constants m/k, 


2k 6k ik\||™ at 
Im 2m 1m 1 

3k 3k 3k|)( 0) 
ee Te 2 X 


12k 6k 12k 


the matrix equation is now ready for iteration. 


~ i li 
12 6 i |X k Xy 
i 2 421 
33 3 |)Xoe= 2 Xz 
A i 7 
12 6 iS X3 


As a trial vector, let us assume the arbitrary vector X,=1, X,=1, 
X3=1 


JF c& ol s 
% 6 wi{l é 1 
a 2 a}Jylolalisds 
3s. <2 3 ~“)3(  6)5 
To 8 2 5 
jz 6 will é 1 


This states that an improved trial vector would be X,=1, X,=8, and 
X3= 1, and the first approximation of the modulus k/mw? =3. 
Using the improved trial vector and successive iterations, 


ae 1 +& 14 

12 6 12 1 15 1 
1 241 8 — 226 | —14/ 13 
3 3 3 5 “S15 f —15)7 
a aS 14 

am 6 ill 15 1 
re ae 41 

12.6 172 1 42 1 
12 2 1272134 ~J80 4 —41) 80 
3 3 3 7 —\42 ( ~424\ 41 
<2. 41 

i 6 witl 22 1 
es eC 122 

12 6 12 1 123 1 
To S2es St sol _. J 242 \_ 122 Ji21 
3.3 3 41f — }123 (— 123 \61 
11421 122 

i 6 12 1 123 1 
7 14 365 

7 6 iz}{l 366 2 
21 2 1 121\ _ J) 728 | _ 365 }728 
3 3 3 61 ( — \366 (— 366 \365 
aA 1 2% 365 

12 6 12 1 66 1 


At this point it should be quite clear that the modulus k/mw” is 
converging on 1000, from which w,? = k/m. 
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The trial vector is also converging on X=1, XS =2, and XY =1. 
After five trials, the error is less than 0.3%. 


Matrix Iteration Using Equations of Motion. Writing the equations of 
motion in the matrix form of equation 10.3 


4k -k O|(X, ‘2m 0 07fX, 
—k 2k -4)2xX,$=0?] 0 m 0 )X, 
0 -k 4k\|(X, 0 O 2m] xX, 
The inverse of the mass matrix is 
1 2 0 0 
[IM ]=7, 0 4 0 
0 0 2 


Multiplying both sides of the matrix equation of motion by [M~*], 


1 2 0 O] 4k -k O|(X, Xy 


Factoring the constants k/m and multiplying the matrices, 


2-4 Of(%) a (% 
“1 2 -1))%p=7—y% 
0 -§ 24x, X; 


This matrix statement is now ready for iteration. As a trial vector, we 
could use the arbitrary vector X,=1, X,=1, and X,=1, as we did 
earlier, but since this iterative process will converge on the highest 
natural frequency, let us use an arbitrary vector which has two changes 
in sign, X,=1, X,=—1, X,=1. 


24 olf1 $ 1 
—1 2 -1]{-1$=4-4$=8)-8 
o.-4 2}l1 5 1 


Using the improved trial vector and successive iteration, 


2-4 of 1 14) 1 
ee ae ee as 
0-4. Ol] 1 4g 1 


reco 
BBE Fa 


_ 10.7. VIBRATION OF SYSTEMS WITH DEGREES OF FREEDOM 331 


24 of 1 aa 1 
~10 02 -119—Be =) Pe = 2 
o + 0 1 o 1 
24 0 1 2 1 
—1 (2. +1(/4-$9): =) -4? p= 4-2 
0-4 =O 1 Soa 1 
2-4 0 1 _ 388 1 
—1 2 -1)4—!t = 4 1 (= 9534 38 
0-4 0 1 38 1 


This time, mw?/k = 383 or w,? = 2.992(k/ m), which is again very close to 
‘the true value w37 = 3(k/m). oo 


EXAMPLE PROBLEM 10.2 


Using the results of the previous problem, determine the displacements. 
X,, Xs, and x; as a function of time, if at time t=0, the first mass is ~ 
displaced a distance of 1 inch from rest and then released. The second 
and third masses are not displaced at time t=0, but remain at rest until 
t>0. ; ; 


Solution: 
The generalized coordinates are 


X4 = Gy = Xp, + XP pot XP ps 
X2=Q2= X$p, + XP po + Xp; 
X3 = 43= X$?p, + XP pp + X$ ps 


or, in matrix form, 
7(3 
x4 41 xP x? XP 1 (px 
ee 2) 3) 
X2 (=) 92 (= xy XP x? P2 
2) 3 
x3) (qs) LX$? xX? xis 
where the modal matrix is 


XP XP xP] 1 
XP XP xXP]=(2 0 -2 
XPoxe xP] [a 
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Each principal coordinate is a harmonic function of time 
Pr= A, COs @ t+ B, sin wt 
P2= Az COS @2t + Bz sin wot 
D3= Az COS w3t + B; sin wt 


For the initial conditions x,(0)=1, x,(0)=0, and x3(0)=0. Using equa- 
tion 10.20 for pi, p2, and p3, 


1 1 1 
0 oO -2 
Oo -1 1) 241 
Ai=Fi—7 1] -8 4 
2 oO -2 
1-1 1 
C2 A 
2° 10-52 
1 o 1f -4 1 
ae as ne a 
a <2 | 
tot. 
1 1 1 
2 0 O 
A 1-1 oj] -2 1 
371 1 #1) -8 4 
2 0 2 
Peet 


For the initial conditions x,(0)=0, x,(0)=0, x,;=0, B,=B,.=B;=0. 
For the natural frequencies, 


k 
OO, >= 
t m 
k 
wy = 27 
k 
os =3—- 
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the principal coordinates are 
=}cos = t 
Pi-4 in 
k 
1 
=3 COS V 2 
P2=3 


k 
P3=4 COS 3+ 


and the generalized coordinates x,, x2, and x3 are 
ke J k Ht k 
1 t 1 
X1=7 COS \* t+5cos,/2—t+zcos\/3—t 
1 4 m 2 m 4 m 

kk Lk 

Xo =3 COS ap t—i.cos4/3—t 
m m 


x3 =icos y= t—4 cos 2+ t+icos oe 


PROBLEM 10.3 

Set up an iteration equation for the system using 
influence coefficients. Determine the frequency 
and mode shape of the lowest natural mode. 
Assume linear motion only. 


k 
Answer: w,7= 1.4385 — 
m 


PROBLEM 10.4 

Set up an iteration equation for the system of 
Problem 10.3 using the equations of motion. 
Determine the frequency and mode shape of the 
highest natural mode. Assume linear motion. 


k 
Answer: 2” =5.562 — 
m 
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PROBLEM 10.5 
The weight of an elastic beam, built in at each 
end, is negligible. A mass of 4kg causes the 


- beam to deflect 6 mm. A second mass of 2 kg is 


supported from the tip by a spring with a con- 
stant of 4000 N/m. Estimate the lowest natural 


frequency of the system, using the method of . 


influence coefficients. 


PROBLEM 10.6 

A tension spring package of Problem 8. 23 is 
repeated. The inner package is supported by 
tension springs from an outer case. The elasticity 
of the case is shown as a spring k. Set up a 


matrix equation. for the system and determine 


the-two natural frequencies by iteration. 


PROBLEM 10.7 

A tractor and trailer system is used to haul large 
cylinders (paper, pipe, etc.) around an industrial 
plant. Find the natural frequencies and modes of 
the system. Assume that the cylinder rolls with- 
out slipping on the trailer. The tractor and 
trailer each have a mass of 3000kg, and the 
single large cylinder has a mass of 6000 kg. The 
spring has an elasticity of 175 N/mm. 


PROBLEM 10.8 

Determine the lowest natural frequency and 
mode shape of the three mass system. In all 
modes m, does not rotate. (m,=m3=m, m= 


2m.) 


Answer: @,?= 0.219 £; xX® = 1.0000; 


XS? =0.7807; X= = 1.0000 


Z 
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ms 


PROBLEM 10.9 

Using matrix iteration, determine the lowest 
natural frequency and its corresponding mode 
shape for the three mass system. Each mass 
moves without friction along the guide shafts. 


Answer: @,7=0.2991 <; X = 1.0000; 


$ = 2.0513; X$? =2.9270 


PROBLEM 10.10 

Using matrix iteration determine the highest 
natural frequency and corresponding mode 
shape. 


Answer: 3” =2.563 *, X® = 1.000; 


XP =~1.344; XP =0.859 


PROBLEM 10.11 
Show that the first and second modes of Prob- 
lem 9.2 are orthogonal. 


PROBLEM 10.12 
Show that the first and second modes of Prob- 
lem 9.3 are orthogonal. 


PROBLEM 10.13 

Determine the first and sécond natural frequen- 
cies and mode shapes for the shaft rotating in 
bearings and carrying two concentrated masses 
m, and mo, with m,;=2im. iy 


Answer: w,” = 0.868 — at! 3 2? = 5.53 
m° m 
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PROBLEM 10.14 

Using the principle of orthogonality, determine 
the second natural frequency and mode shape of 
Problem 10.9. 


k 
Answer: "= 1.3044—; XY =1.000; 
m 


XP? =0.544; X2 =-1.787 


PROBLEM 10.15 

Determine the frequency and mode shape of the 
second and third modes of Problem 10.8, using 
the principle of orthogonality and matrix itera- 
tion. Hint: Normalize on m, or m3, matrix itera- 
tion will not converge if you normalize on mp. 


k 


k 
Answer: @7=—3; @3’ =2.28 — 
m m 


PROBLEM 10.16 

A pulley of mass m is supported by a cable and 
spring with a stiffness, k. A second and equal 
mass is supported by an identical spring from 
the pulley axle. Determine the two natural fre- 
quencies and mode shapes for vertical motion. 
The pulley is free to rotate about (axle) an axis 
through its geometric center, and the cable does 
not slip. 


k 
Answer: @,?=0.741—; w2? =3.59— 
m m 


PROBLEM 10.17 

Using matrix iteration and influence coefficients, 
determine the lowest natural frequency and 
mode shape. 


k 
Answer: @,”7=0.198 — 
m 


X$ = 1.000; X= 1.802; X$? =2.247 
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PROBLEM 10.18 

Determine the natural frequencies and mode 
shapes for the system shown, using matrix itera- 
tion and the principle of orthogonality. Assume 
that each mass does not rotate. All the springs 
and masses are identical. Hint: Normalize on m; 
or m3; matrix iteration will not converge if you 
normalize on m,; why not? 

Answer: wees @,” eLg aA 

m m m 
PROBLEM 10.19 

Determine the principal coordinates of Problem 
10.9, in terms of the generalized coordinates x,, 


X2, X3. Hint: Use the answers of Problem 10.9, - 


10.10, and 10.14. 


PROBLEM 10.20 
Determine the response for free vibration of 


each mass of Problem 10.9 if mass 3 is statically ~ 


deflected 10 mm and released from the rest pos- 
ition. 

PROBLEM 10.21 

Two identical masses, each of 2kg, are sus- 
pended in a vertical frame as shown. The right- 
hand mass is displaced 20 mm to the right and 
10mm down and the left-hand mass is held in 
its original position. Simultaneously, both mas- 
ses are released from rest. Describe the motion 
of both masses. Displacement of 10 and 20 mm 
can be considered to be small. (k,=4kN/m, 
ky =2 kN/m.) 


PROBLEM 10.22 
A structure is modeled by a three mass system. 
The natural frequencies are 


k 
on? = 0.19808 — 
m 
w= 1.55496 ~ 
m 


k 
3” = 3.24696 — 
m 
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PROBLEM 10.26 ; 
For Problem 10.3 determine the forced amp- 
litude of motion of each mass if the lower mass 
is forced by F(t) =20 sin 50t. Use k = 2000 N/m 
and m=2 kg. 


The normal modes are 


X$=1.00000  xX?= 1.00000 x= 1.00000 
=0.80192 X?=-0.55499 Xx=—1.24696 
X$=0.44504 =XP=-1.24706 X= 1.80195 


AYE 


For the model, all springs have a modulus of 
4000 N/m and each mass is 5 kg. With the sys- 
tem at rest, the end mass is now struck with a 
0.5kg ball, which imparts a velocity of 
100 mm/s to the end mass and then rebounds 
away. Determine the equations of motion for 
each of the three masses. 


PROBLEM 10.23 

A cantilever beam deflects 2 mm under a load of 
SOON applied at its tip and has an observed 
natural frequency of 10.2 Hz. If the beam is 
used to support machinery with a mass of 75 kg, 
approximate the new natural frequency. 


Answer: 6.83 Hz 


PROBLEM 10.24 


A bridge trestle has a natural frequency of 


6.1 Hz, as determined by test, and defiects 
3mm at midspan under a 10000kg vehicle. 
Approximate the natural frequency of the 
bridge and vehicle. 


Answer: 5.07 Hz 


PROBLEM 10.25 

A 20m steel transmission tower shows a reson- 
ant frequency of 5Hz when vibrated by an 
eccentric mass shaker placed at the cross arm. 
The mass of the shaker is 25 kg. With an addi- 
tional weight of 30kg at the cross arm, the 
resonant frequency is decreased to 4 Hz. What is 
the fundamental natural frequency of the steel 
transmission tower? 


www Lu 


Y 
*2 F(t) = 20 sin 50¢ 


<> x= Aeiwt 


- Answer: X,=—6.15 mm; X, = —4.62 mm 


PROBLEM 10.27 

For Problem 10.9, k =1000 N/m and m=2 kg. 
If mass 3 is forced by the harmonic. function 
F(t) = Fe, where w =5 Hz and F=10N, de- 
termine the steady-state amplitude of m,, mo, 


and ms. 


PROBLEM 10.28 . 
For Problem 10.18, k=2000N/m and each 
mass is 3 kg. If mass 2 is forced by a harmonic 
function F(t) = Fe where w =8 Hz, and F=. 
40 N, determine the steady-state amplitude of 
m, and my. 


PROBLEM 10.29 

For Problem 10.8, assume that an oscillating 
force, F(t)=5 sin wt is applied at one of the two 
smaller masses. For one value of w”, choosing 
w”=100, 400, 900, 1600, 2500, or 3600 sec”, 


' determine the amplitudes of motion at m, and 


m2, for k= 1500 N/m, m=1kg. 


PROBLEM 10.30 

A five story building can be visualized as a 
system of five masses supported on a structure 
capable of deflecting only in shear. For a hori- 
zontal displacement of 2 mm with a period of 3 
second, determine the maximum amplitude at 
each floor. 


ks= 5x10°N/m = kz = 14 10° N/m 
k,= 9x10°N/m = k,=1810°N/m 
k,=14x10® N/m 
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ms =0.5X10° kg mz = 0.8 10° kg 
m,= 0.6 X 108 kg m,=1.0x 10° kg 
m3 = 0.7 10° kg 


Answer: 

X,=+3 mm X,=—4.5 mm 
X3=—1.5 mm X,=+4mm 
Xs=+11 mm 


10.8.STATE VECTORS AND TRANSFER 
MATRICES 


Iteration uses the behavioral properties of a square matrix and is an 
excellent technique for solving the characteristic value problem, but the 
technique does have limitations. For one, errors are cumulative. If there 
is a residual error in the first characteristic vector, when iteration is 
stopped, that error will be entered into the matrix, if the orthogonality 
principle is used. The second characteristic vector will have an error 
inherited from the first characteristic vector. After two, three, or more 
successive iterations, the total error can become quite large. Of course, 
the use of a modern computer and a large number of significant figures 
can reduce errors in the higher modes. Second, although computational 
errors only slow convergence of the iteration process, errors in the 
original matrix will bar a correct solution, and these errors may be very 
difficult to detect. Finally, the size of the matrix increases as n”, the 
square of the number of degrees of freedom. The problems listed here 
are’ quite simple, with two, three, and four degrees of freedom, requiring 
two-by-two, three-by-three, and four-by-four matrices. A hundred de- 
grees of freedom is a large number, but some complex problems require 
a hundred generalized coordinates to describe motion. This would 
require 10* storage terminals in a memory bank. Even for a large, 
modern computer, the technique of matrix iteration is slow and cumber- 
some. As an alternate, state vectors and transfer matrices may be used 
to limit the size of the matrices to the number of terms necessary to 
completely describe the vectors of force and displacement at any given 
point. : 

A state vector is a column vector which has all the components of the 
forces and displacement at a point, such as location i. By this we include 
torque, shear, and bending moment in the generalized description of 
force, and angular and linear displacement in the generalized description 
of displacement. 

For example, in Figure 10.3a the axial force F, causes an axial 
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Fig. 10.3 M; 
F; 
xj 9 
(a) (8) 
9; 
\ 
1 ) Mi Vi 
} 
(c) (@) VY; 
displacement x;. The state vector {z,} is simply 
{z}= {*| (10.26a) 


The axial displacement and axial force describe the state of displace- 
ment and force. In Figure 10.3b, the torque T, and angular displace- 
ment @;, describe the state of force and displacement. In Figure 10.3c, it 
is the bending moment M, and angular displacement 6,. In Figure 10.3d, 
it is the shear V, and vertical displacement y;. 


{z}= (*} (10.26b) 
{z}= { hy } (10.26c) 
{z}= fe } (10.264) 


Any combination of two, three, or four forces can occur, requiring four, 
six, or eight vectors in the state vector. For example, if shear and 


bending moment occur together 
Yi 
{z}=9 ° (10.26e) 
: M, 


t 


V; 
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If all four are used 


{z}= (10.26f) 


ax EAS os 


The arrangement of terms is arbitrary, since each term in the column 
vector is connected with a row in the transfer matrix, which is a 
description of that particular force or displacement. Rows can be 
- interchanged as a matter of convenience. an 

The transfer matrix transfers the state vectors from one location to 
another. Remember, we are working with discrete systems, with all of 
the inertial properties concentrated at discrete points separated by 
massless elastic members. The separation of these two properties re- 
quire two distinct and different transfer matrices. aa 

A point transfer matrix transfers the vector at station i—1 to the 
vector at station i, where i and i—1 are two sides of the same point. 
Referring to Figure 10.4, there are two equations which describe the 
displacement and force, one kinematic and one kinetic. Since the mass 
m is concentrated at a point, the displacement at station i—1 and 
station i are the same. 


Xj-1 = % 
Fig. 10.4 irl i 
ieee 
| | 
4+) 
1 | 
Li» Lo» 
i %p-a 1%; 
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ee. 
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-}--—> ko -> 
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From the equation of motion, 
» = mi, 
F,-F_1= mx; 


For harmonic motion in a principal mode, x, = Xe" and these two 
equations can be restated as 
X, = X41 
and, 
F,= Fo mw’X; 


Lele ale 


(r}-eslte 


_A field transfer matrix transfers the vector at station i—1 to the vector 


In matrix form, 


(10.27) 


at station i across a spatial distance called a field. The displacement at 


station i is not the same as at station i—1. For a massless spring, 


> F=0 


F, =F. = k(X,—X-1) 


again, stating these as two equations, for harmonic motion 
1 
x\_|° & (2) 
FJ LO 14th 
ph Plt 
{P}=Feole 


One advantage of using transfer matrices is that once they are 
determined, they can be used over again. All massless springs have the 
same field transfer matrix, except for the value of the modulus, and all 
concentrated masses have the same point transfer matrix, except for the 
inertial properties. 

State vectors and transfer matrices can be used to advantage in large 
systems. A system can be modeled by a succession of springs and masses 
without increasing the number of terms in the matrix beyond those 
necessary to describe the state vector. 

Since each generalized coordinate is accompanied by a generalized 
force, the computer storage necessary is limited to 2n terms. The state 


i 


10.9. 


Fig. 10.5 | ' 
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vector at one point is related to the state vector at another by multiply- 
ing successive matrices. 


{Zi41} =[A Hz} 
{z,}=[BHz,-1} 
{Zsa} =[ATBKz21} 


There is no limit to the number of matrix multiplications that.can be 
made, and theoretically, no limit to the number of degrees of freedom 
that can be handled. Each degree of freedom would require one 
additional multiplication step. Boundary conditions determine the value 
of the state vectors at each end of the chain, and With the boundary 
conditions established, we can determine equations for force and dis- 
placement. Remember, each row of the matrix equation is an equation 
of force or displacement. The equations of force determine the fre- 
quency equation; the equations of displacement determine mode shape. 


FORCED VIBRATION AND EXTENDED 
MATRICES 


An alternate means of handling forced vibrations, using state vectors 
and transfer matrices, is to extend the matrices by one row and one 
column to accommodate forces. For example, the discrete mass of 
Figure 10.5 also carries the applied harmonic force F(t) = Fe“. With the 
addition of this force, the equation of motion is 


d F, = mx; 
F,—-F_,+ Fe = mi; 
This is the first of the two equations necessary to describe the state of 
the vectors of force and displacement at station i and station i—1. The 


second is the kinematic statement that the displacement at station i and 
station i—1 are identical, the mass being concentrated at a point. 


X; = X_3 
These two equations lead to the matrix equation. 
Xi), {0 1 te 
+ = 10.28 
tlt let Lime lt (10.28 
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This is the same equation as equation 10.27, with the additional term 
lee To accommodate the additional term is one matrix, we can add a 
third equation to the two we already have. 
Xj 
1=[0 Ol ‘ ‘het (10.29) 
Fy 


This is simply the identity, 1=1. Combining, the extended matrix for 
the discrete mass is 


xX 1 0 0X 
F,p=|—mw? 1 —F)\ Fy (10.30) 
1 OO! Aes 


Similarly, the extended matrix equation for a spring is 


x) lt - O1(X. : 

T= ; 10.31) - 

Ft-l 1 of)® (10.31) 
0 0 1 


Problems arising from the forced vibration of discrete systems can be 
solved using state vectors and transfer matrices in the same way as free 
vibrations. The size of the matrix has been extended to include the 
addition of an applied force. These equations are nonhomogeneous, 
however, and can be solved explicitly for amplitude and force. We 
could, of course, extend these equations still further. 


EXAMPLE PROBLEM 10.31 


Solve for the natural frequency of a simple spring and mass system using 
state vectors and transfer matrices. 


<= 
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Solution: 


All of the inertial properties are contained in the suspended mass m. 


The transfer matrix is 


(Pete |. 6 4. 


mo 


All of the elastic properties are contained in the spring. The field matrix 
is 

1 

nee 

F,_,|= 


The state vector at station 1 can be found from the state vector at 
station 2 


{z}= [F\-oKzot 


{Z2} = [P21 21} = [Po-11EF:-ollzo} 


If we multiply the two matrices we can determine the force and 
displacement at station 2 directly from station 1 


and, 


1 
X,{_ 1 ot 5 
1 
X> Z 1 k Xo 
: ma? 
F, —mMw 1- k Fo 


Free ‘Vibration. For free vibration, the boundary conditions F,=0 and 
Xo=0 are established. These lead to two equations, 


Xs =f2 
and : 
mw” 
o= (1-72) Fe 


The first is an expression for the displacement of the mass in terms of 
the force in the spring. The second is the frequency equation, 


k 
o? =— 
m 
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Forced Vibration. For vibration forced by F,(t)= Fe, the maximum 
value of the harmonic forcing function is F. In this case the boundary 
conditions are F,=F and X)=0. We again have two equations 

X 1 Z 0 


k 
7 mo? 
PJ emer (tefl 
Fo 
xX,=— 
oaak 
2 
r=(-%E\n 
or, rearranging terms, 
F 
Mea a 
Ka ) 
k 


which is the familiar response of a simple system with a single degree of. 
freedom to a harmonic forcing function. 


EXAMPLE PROBLEM 10.32. . 


Solve for the natural frequencies and mode shapes of a two-mass system 
consisting of two equal springs and two equal masses using state vectors 
and transfer matrices. : 


a x 


a 
© 


WA 
a 


al 


= 
a 3 
— 
| | 
, [Jp = 
| l 
| 
© © e © 


MAA 


Solution: 
This is the same problem as Figure 3.3, for which 
nee ; . + 
o;? aos) ae and ,”= GB+V5) oe 


2 m 
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For the two masses, the point transfer matrices are 


PJeiPJ=|*. 4] 


mo” 1 


For the two elastic springs, the field transfer matrices are 


[F3_.]= [F,-o]= 0 


The state vector at station 4 can be found from the state vector at 
station 0, if we follow the successive multiplication 


{Z1}=[Fi-olo} 
{Zo} =[P2_1Hz1} 
{z3}=LF3_2Hze} 
{Z4}=[Pa_sHz3} i 


Or, 
{z4} =[P4-s | F3_2] P21 LF: 1-ol{Zot 


To form this successive multiplication is a task that requires a techni- 
que. One such technique is to place the matrix that is to be multiplied at 
the top, and the multiplier at the left side of the matrix that is to be the 
product of the two. Thus, 


[Fi~o ] 
[P21] Po-4 . F,_] 


The intersection of columns in the matrix [F>_,] and rows in the matrix 
[F,-o] locate terms in the matrix that is the product of [P_;][F,_]. For 
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or, 
1 
—me? 
and, 
1 
—mw 


1 
1 =. 
k 
0 1 
1 
‘ k 
2: 
; M@ 
ser 1- 
ma@ k 


ale 


1-— 


k 


2 {Zo} = {za} 
M@ 


This scheme places the product matrix in position to be multiplied by © 


the next matrix in the chain. 


example, 
& | 
421 An 
Ke oe a 
bo, doz 4heo, C22 
Here, : 
11 = by Ay, +by2* ad, 
12 = by * Qy2t+ biz * Ar 
C21 = ba, * Ay, +2 * Ay; 
22 = bz, * Aya + b22* Azz 


1 
: k 
0 1. {Zo} ={zi} 
1 
1 0 1 ra 
z z. 
. — {ao} ={z2} 
—mw 1 —mMe@ k 
; 1 ; mo” 2 mw” 
k . k 
k . z {Zo} = {z3} 
mo 
eee: = 
0 1 mo 1 k 
mw” 2 mo” 
ee | ae ed =ted 
Zz 
> mot a ero : i 
—mow* 1 k ma i 
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Free Vibration. For free vibration, the boundary conditions are X)=0 
and F,=0. That is, 


mo” 2 mo? 
pee. re han 
k kek? _ ne 
mo 2 2: ae 
amet mer 2-2) ef 


kk? 
and 
2 mo mo 
on -mr fA ont 
Fal ON k 


The last is the frequency equation. 


2 2 
— mo? (= 4 1-““ =0 


. : 2 
w*-3 s atte =9 
m m 
from which, 


2. 3+V5) k 


2 m 


> 3-5) k 
2 


0, = — and 
m a 


Although this appears to be-a cumbersome way to find the frequency 


equation, it can be shortened. For example, if we note that the first 
column is multiplied by the boundary condition X,=0 to find the force 
F,, the first column need not be eyalinied: It dors not enter the 
calculation. 


Normal Modes. To establish normal modes, the amplitude at one of the 
masses must be normalized, setting Fo/ k= 1.000. For w,?= [3— —J5)/2] 


(k/m) 
1 F, 
1 = Fo 
ae | o{ ; _ } 1.000 
0 1 Fy Fy k 
1 
1 = 0 Fo 1.000 
k k 
od een 1 On (eee ne 
mo —_ 4 
—mw? Coes Fy a 0.618k 
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2 2 . 
{z,}= = = 
2 + 
—me? i rR) | CHS R, 0.618k 


-and for @,2=[(3+V5)/2]k/m 


1 
{z,}= 


4 2 me? 0 ee! 1.618 
k k Kk 
{z,}= mot, 2(2 mt) 1" : 7 7 
ke NK. kt Ie 
0 ‘ oS 1.000 
Fy\ ” =e Civ) Fy -1.618k 


Col fee 


0 Fo 


{z.}= 
—mw~ 1- 
mo? ae (1- i (1—V5) Fo 
1- 0 ~0.618 
a} k kk? 2 &k 
235 = s = = 
=m? i Fy ah eee -1.618k 
mw? 2 mw? a—- 8 5) Fo 2 
lion = -0.61 
ae cae ae a: 0.618 
eae mot a 2{2 mw” me 7 
-—2me* —mw ke +1-"- Fo 0 


The normal modes can be picked from the state vectors. The first mode 
is 1.000 and 1.618; the second mode is 1.000 and —0.618. 


EXAMPLE PROBLEM 10.33 


Solve Example Problem 10.32 for w? = 1000 sec”, if k = 1000 N/m and 
m=2 kg. 


Solution: 

The most common use of state vectors and transfer matrices to solve 
vibration problems is through numerical methods and using computers. 
For anything over two or three degrees of freedom, the multiplication of 
matrices containing symbols for mass, elasticity, or displacement instead 
of numbers is an impossible task. 
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. In the last problem, k = 1000 N/m. The flexibility transfer matrix is 


1 
1 = : 
K l= 1 0.001 


01 0 1 
The mass transfer matrix, for mw? =2(1000) = 2000 N/m, is 


E o|.| 1 0 
—mo* 1}{ |-2000 1 


Going through the same multiplication scheme as before, 


1 0.001 
| 0 1 | ea=te 


0 1 0.001 
1 le -1 |ea=tea 
1 0.001]f -2 0 
| 0 1 Alcea ~1 |ea=e, 
0 


Ee 1 lee -1 [eo =tza} 


The end result is a matrix equation in which the state vector at station 
4 is stated in terms of the state vector at station 0 and a matrix 
containing numbers, u,,, U2, U21, and uy» 


ted=[ie lea 


le he 
F, Yo1 U2 | Fo 


This is really two statements, 


or, 


X4 = Uy,Xo+ U32Fo 
Fy = Ug1Xo+ U22Fo 


For boundary conditions, X)=0 and F,=0, uz> must be zero. Since it is 
not, w*= 1000 is not a natural frequency. ; 


Suppose we had used w? =[(3—V/5)/2]k/m = 190.98 sec”, 


1 , 
ae |ea=ten 
1 


. : 0 0.001 ], ._ 
-381.97 1 |[-381.97 +0.6180 | 0! = {2 


10.10. TRANSFER MATRICES FOR BEAMS 353 


| 1 sa 0.6180 0.00162 Races 
0 1 |[-381.97 0.6180 |“? 
| 1 0 es 0.00162 | fe) 
—381.97 1 —236.1 OF-garee ee 


here u,.=0 and w*=190.98 sec” is a natural frequency. 
It follows logically to plot uz. as a function of w?. The roots of this 
function will be the natural frequencies. 


1.0 


«2 = 191 sec—2 Ww” = 1309 sec—2 


200! 400 600 800 1000 1200 1400 1600 
w 


-1.0 


This is quite reminiscent of Holzer’s method, and indeed it is the 
same. The difference is that state vectors and transfer matrices are 
adapted to the use of a computer. In effect, it is a modernized Holzer 
method. 

To determine the state vector at any given station, simply normalize 
on the first mass, setting Fo/k =1.000, or use Fg = 0.0005 N. The state 
vectors will all be in terms of 1m of displacement at the first mass. Of 
course, we could have normalized on the second mass, or any mass, if 
there were more than these two. 
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The lateral vibration of beams is a vibration problem that can be solved 
successfully using state vectors and transfer matrices. The inertial prop- 
erties of mass are concentrated at one point in a point transfer matrix, 
and the elastic properties of the beam are distributed in a field transfer 
matrix. 
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For the massless beam of Figure 10.6a, the equations for equilibrium 
of an element with a length / are 


F=0 
d (10.32a) 
V,=Vi- 
Fig. 10.6 Vi-1 
Oi—1¢ ———— - “f 
— pec 
M;., I ay Recon: —__¥ 0; 


: s 
—— 
i 
= 


AWWA 


| 


~ 
2 


and 
> M=0 
M,-1=M,-— Vl (10.32b) 
M,=M_,+V,41 


Seta oP 
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The length | is a uniform section of the beam and is finite. The change in 
angular curvature of ‘the beam is — 

Ml. VP 

0; -9;..==-=S 

EI 2EI 
The beam is considered to be a short cantilever loaded at its ends. The 
sign of the angular deflection for the bending moment is positive since 
concave curvature downward is conventionally accepted as positive 
curvature. Since shear causes convex curvature, it is negative. Substitut- 


‘ing for M, and V,, - 


(M_1+ViDI Vu? 
EI 2EI 
M,-1! V,-10 


EI + ORT 2EI 


0; = Oa + 
(10.32c) 


0; =@0;-; +- 


The deflection is found similarly, 
Y;— Y;-1 = 9,_.1- 


VP MP 
3EI 2ETI 


Substituting for V, and M,, we have a fourth equation, 


MAP | ViabP 
. | Y,; = Y¥j1+0,-,1+ EI + SEI (10.32d) 
Equations 10.32c and.d state 6, and Y; in terms of the lateral. displace- 
ment, angular displacement, bending moment, and shear at station i—1. 
These four equations are all that we need to. construct a transfer matrix 
that will describe the elastic properties of a section of beam with a 
length I and flexural rigidity EI. ° 


Yi} [2 bse ally 


0; = 0 1 ema ger O;-1 (10.33) 


V; 00 1 1 Vi-1 


There are four terms in the state vector, which-makes it larger than 
the previous set, but, if we once determine the transfer matrix for a 
beam, it can be used for all sections of the same length and same 


flexural rigidity. 
The corresponding transfer matrix for a point mass must also have 
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four terms in the state vector. In Figure 10.6b from the equation of 
motion, 


>» F=my 


ne en ee ar (10.34a) 


and for a point, 
Y;= Yin (10.34b) 


V, = Vit mo’ Y;_; 


The point transfer matrix is 


from which, 


Y; 1 00 O1fY¥., 

@:{_| 09 1 0 O;JO4 (10.35) 
M; 0 O01 O})M, : 
V; mo? 0 0 1{{V,, 


The first three rows are simply identities. The equation of motion is 
the fourth. Note that in writing this transfer matrix ma? has a positive 
sign, where in the last section, mw” was negative. In the most used sign 
convention for a beam, concave curvature and positive deflection are 
downward, and the shear V;_,— V, is positive. If we had used concave 
curvature upward and positive deflection upward as a positive conven- 
tion, our signs would be reversed, since V,— V;_, would be positive. We 
must remember that signs are only a convention, and should be used as 
a convenience. It doesn’t make any difference which we use so long as 
we are constant in any given problem. 

For a spring, in contact with the beam at one point, using the sign 
convention above, and referring to Figure 10.6c 


> F=0 


Via =V,+kY, (10.36) 
from which the transfer matrix is 
Y; 1 00 O/{ Y,_, 
&(_ |0 1 0 O}) 4, 
M{-lo 01.0 M.., (10.37) 
V; -k 00 1][V, 


We now have three components, a beam section, a spring, and a 
concentrated mass with which to model our problems. Success will 
depend heavily on how good our model is, as well as our mathematics. 
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10.11. DIMENSIONLESS TRANSFER MATRICES 


In several preceding sections, mass and elasticity have been considered 
to be discrete quantities which are distinct properties of a point or short 
section, depending on whether the quantities are stated in a point matrix 
or field matrix. Mass has always been symbolized by m, a spring has an 
elastic modulus k, and a short section of beam has a flexural rigidity EI. 
It is not convenient to keep such symbols when working with transfer 
matrices. Transfer matrices are only convenient when we use numbers 
and numerical techniques. Otherwise, even the most simple problem 
becomes a monumental experience. 

Each term of the transfer matrix has a different set of units. For 
example, in the transfer matrix for a beam, in the first row, the first term 
is a pure number, the second has the units in inches, the third has Ib“’, 
and the fourth lb~?-in.~?. To avoid the likelihood of transcription errors, 
dimensionless transfer matrices can be used. In a dimensionless matrix, 
each term is a pure number. 

For the elastic transfer matrix for a beam, the first equation, or first, 
row, can be made dimensionless by dividing by I. Y, is a dimensionless ° 
number, Y,/l 
Ml 

l l 


M4! Vial? 


Xi 2EI | 6EI 


+0; 44+ 

The second equation is dimensionless, but the third and fourth are 
not. The third can be made dimensionless by muitiplying by EI, and 
the fourth can be made dimensionless by multiplying by |?/EI. These 
quantities are arbitrary combinations of physical dimensions, but a little 
experimentation with dimensionless numbers will show that they are 
unique. That is, 


MJ_ Mal, Vis? 


M=FI~ EI’ EI 
5 VP _ Vial 
‘EI EI 
Writing these equations in matrix form 
Y, 1143 é]|¥4 
6;{ |0 1 1 4]/jJO., 
M, “lo 01411 va (10.38) 
V; 000 1f{V,, 
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The transfer matrix for a short section of a beam is now a set of pure 
numbers. 

There is a corresponding dimensionless transfer matrix for a point 
mass. From the equation of motion, 

LF=my 
V,-1-V,=—mo?Y, 

To make the shear force dine gases each term must be multiplied by 
P/EL 


Vi= Vit 


mo2P 


HY 


1 O00 O1{Y, 
0 1 0 0/46, 
0 0 1 O14M,, (10.39) 
= mw? |? 

: EI 
For a spring, which acts as a support, we must also muEply.< each term 
by [?/EL 


00 14/V, 


Vis=Vitky,; 
¥-9,-H yg 
EI 
Yy; 1.0 0 O|)¥., 
6; 0 1 0 0f16,, 
“ie=1 0 O 1 O1(M_1 (10.40, 
ke 
f Er 0 1) )/Via 


EXAMPLE PROBLEM 10.34 


Determine the natural frequency of a cantilevered beam which supports 
a mass m at one end and is built into a rigid wall at the other. 


NSCS RR ANAM 


ironic Me Natannse faensbchetnl tae Hal en 
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Solution: 
The state vector at station 1 can be found from the state vector at 


station 0 by using the transfer matrix for a beam — 
{z:}=LFi-olzot 
I? 3 
Y; 1 § = aTltyYo 


0, = 0 


M, |0 0 1. +I |IMo 
v,| |o 0 0 1 Jl% 


The state vector at station 2 can be found from the state vector at 
station 1. 


{z.}= [P2-1KZot 


Y, 1 0 0 0 Y; 
@{ | 0 1 0 Of), 
M{ |0 0 1 O} IM 
V; mo? 0 0 14{V; 
or combining, 
a 
pee Y, 
Y, 1 0 O Off! SEI 3zr| | *° 
ot=lo.1 0 dllo 1 — "Ve 
4 : ‘EI 2EI|) ° 
M, 0 0 1 Off0o 0 1 1 | |Mo 
V> mo? 0 O 1{]/0 0 O 1 IlVe 


Multiplying the two transfer matrices leads to the matrix equation, 
‘ [2 7? BP 


—_ 2. = Y, 
Yo 1 2EI 2EI 6EI : 
e 0 1 na c 3) 
a oo EI 2EI 2 
M, 0 0 1 1 Mo 
: 272 273 
4 2, mwl ( mol ) 
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There are four boundary conditions, Y»>=0 and @)=0 at the wall, and 
M,=0 and V,=0 at the end of the beam. This leads to a matrix 
statement 


0 1 l Mo 
=| mw’l? ( 7 nar) 
2EI 6EI . 


For this to be true the value of the determinant must be zero, 
met) _ mo7/> - 
6EI 2EI 


Det(w7) = (1 + 


or 
» _3EI 
mie 


which is the natural frequency of a cantilevered beam supporting a 
concentrated mass at one end. 

We should make a careful comparison of this problem and Example 
Problem 10.32. Since we have four terms in the state vector instead of 
two, our frequency equation will be determinated by a matrix of four 
terms instead of just one. It follows that if we had had a state vector of 
six terms, our frequency equation would have been determined by a 
matrix of nine terms. 


@ 


EXAMPLE PROBLEM 10.35 


A 7500 kg concrete slab, 5 metres by 4 metres, rests on 5 steel I beams, 
5 metres long, spaced 1 metre apart. The beams are built in at each end. 
A 1000 kg diese! motor generator set rests at the center of the slab. The 
I beams have a mass of 52.09 kg/m and have an area moment of inertia 
of 94.48x10° (mm)*. Using numerical methods, state vectors, and 
transfer matrices, determine a value for the natural frequency. 


Y 


Solution: 
This system can be modeled by dividing the beam in two sections, each 
section being equal to one-half of the total beam. The concrete slab is 
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modeled by including 2 of its total mass at the center of the span. Thus, 
M =2(7500+ 5(5)(52.09)) + 1000 = 4300.84 kg 


Our solution will only be as good as the validity of this model. 
Using dimensionless transfer matrices, it will only be necessary to 
evaluate mw7I?/EI. For w?=10* sec”, 1=2.5 m, 


mol? _ (4300.84)(10*)(2.5)* 
EI — (5)(205 X 10°)(94.48 x 10~°) 
Starting with station 0 at the right wall and station 3 at the left, 
{Zs} = [F3_2|LP. 01 ILF- 1-olZo} 


[P2_,] is the dimensionless transfer matrix for the diesel engine and the 
effective mass of the slab 


= 6.9392 


0 
0 
0 
0 


-m OC Oo 


LF;_2] and [F,_o] are identical transfer matrices for one-half of the beam 


f <1: 233 
011 3 
[Fy-o]= 001 ; =[F3_2] 
0 001 
Using matrix multiplication, 
1 1 4 Slee 
0 1 1 4 (3) 
a noel 21 
0 0 1 1 Mo 
0 0 0 1 Vo 
1 0 0 O 1 1 4 Z Yo 
if 3 3) 
0 1 0 O 0 1 5 Do =} 
0 Oo 1 0 0 0 1 1 Mo 
6.9392 0 0 11] 6.9392 6.9392 3.4696 2.1565] [Vo 
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2.1565 3.1565 2.5783 1.5261] { Y% 
3.4696 4.4696 3.7348 2.57831] | 
6.9392 6.9392 44696 3.15651] af 


6.9392 6.9392 3.4696 2.1565] | V 


oo oO fF 
Co o> 
oO -} - Ne 
PR NR aM 


Since Y;= Yy=0 and ©,=@,)=0 as boundary conditions, these yield 
the matrix statement that 


Clie =e) 
0 U23 UI Vo 
For ?=10* to be a natural frequency, uy3U24—Us3U;,=0. A quick 
check of the final matrix shows 
Uy43Uy4 — U23U44 = (2.5783)(2.5783) = (3.7348)(1.5261) = 0.9480 


which means that w”=10* is not a natural frequency. Calling y(w?) = 
U13Ur4—U23U;4, and plotting y(w”) as a function of w? 


1.0 


w? = 34586 sec~2 


-1.0 


This equation has only one root, since we have modeled the system 
with only one mass. The natural frequency is w?=34586 sec or 
1776 rpm, which may cause some difficulty in operating the motor 
generator set. 


PROBLEM 10.36 

An elastic horizontal bar with a flexural rigidity 
EI has a mass m at one end and pivots about 
the other in a frictionless bearing. A torsional 
spring with a modulus K supports the bar and 
mass in a horizontal position. 
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(a) Determine the transfer matrix for the tor- 
sional spring. 

(b). Determine the natural frequency for the 
system. - ce 


PROBLEM 10.37 
(a) Determine the point transfer matrix for a 
cylinder rolling without slipping on a hori- 
~ zontal plane. 
(b) Use (a) to find the natural frequency of the 
system below. 


4k 
Answer: (b) @,” =—— 
3m 


PROBLEM 10.38 

Set up the point and transfer matrices and solve 
for the two natural frequencies and mode shapes 
of the system (m,=m, m,=2m). Note that you 
must first find the point transfer matrix for a. 
rolling cylinder (refer to Problem 10.37). 


2k ,_k 
> @ 


PROBLEM 10.39 é 
Problem 10.3 is repeated, with k=2000 N/m. 
and mg=2kg. Using extended matrices, solve 
for the forced amplitude of each mass if the 
lower mass is forced by F(t)=20sin 50t. Note 
that this is identical with Problem 10.26. 


PROBLEM 10.40 

The fuselage of a jet aircraft has a mass of 5000 kg. 
The half-wing span is 6 m and the flexural rigid- 
ity of a half-wing is known to be 3x 10°N- m’. 
If extra fuel is carried in two wing-tip tanks, 
each having a mass of 300kg, determine the 
value of the natural frequency of flexural vibra- 
tion, using matrix iteration. oa 


Answer: w”?=93.12 sec” 
PROBLEM 10.41 


A turbine-generator is set on a steel foundation. 
To a first approximation, the installation can be 


364 DISCRETE SYSTEMS 


described as a concentrated mass on a beam 
supported on flexible columns. Determine the 
natural frequency of free vibration. 
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11.1. INTRODUCTION 
PROBLEM 10.42 


For the four mass torsional system, determine In a discrete system, elasticity and mass are modeled as discrete proper- 
the natural frequencies of torsional vibration ties. Many problems can be solved using discrete systems, but there are 
using state vectors and transfer matrices. Hint: disadvantages, the most obvious being that mass and elasticity can not 
As a point of departure, assume ?= always be separated in mathematical models of the real systems. An 
1000 sec. alternate method of modeling would be to distribute elasticity and mass. 
I,=200kg-m? = K,.=10°N- m/radian Systems where elasticity and mass are considered to be distributed 
I, =400 kg: m? Ko3=3X10°N- m/radian parameters are distributed systems. Beams, rods, shafts, cables, and 
I;=100kg-m? K34,=4%x10°N- m/radian strings can be accurately modeled as distributed systems. 
I,=300 kg: m? Three assumptions are necessary to make a mathematical model of a 
3 c distributed system. The first is that the material must be homogeneous; 
Answer: @;"= 805.5 sec” the second is that it must be elastic, which means that it follows Hooke’s 


@.” = 1225 sec? 


x 2 law; and the last is that it must be isotropic. These assumptions are 
@;° = 8100 sec 


restricting, but they are necessary. 

Three very good examples will be given of distributed systems. They 
have identical mathematical form and are widely printed in texts, 
although the practical applications are limited. 


Longitudinal Vibration of a Uniform Rod. Let us consider the transmis- 
sion of longitudinal stress along an elastic rod which has a uniform 
cross-sectional area A and an elastic modulus EF. In Figure 11.1a, a 
cross-sectional element, which is an infinitesimal slice with a thickness 
dx, has moved a distance u under the elastic stress due to the force P, 
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Fig. 11.1 


from its equilibrium position x, as measured from some arbitrary longi- 
tudinal coordinate. The element has also been stretched in elastic 
strain, so that its width has increased by (du/dx) dx = ¢, dx, ¢, being the 
' strain in the x-direction. The partial derivative is used since. the dis- 
placement u is a function of both longitudinal Gp ecnet and time. 
- Summing the forces in the positive x-direction, 


>, F= mx 


The acceleration of the element is d”u/dt?, and yu is the weight density of 
the rod. The force P = EAe,. Substituting for P and e,, and cancelling 


dx, - 
i) 
7 2 (east) =Aee 
Ox Ox g ot 
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For a uniform rod, the area and the modulus of elasticity are constant. 
Therefore, 


Eg@u_@u 


oe ae (11.1) 


Equation 11.1 is the equation of motion for the propagation of longitud- 
inal stress in a longitudinal rod. 


Torsional Vibration of a Uniform Rod. In the same way, we can find 
the equation of motion for the transmission of shear stress in a longitud- 
inal rod. The cross-sectional area is again A and uniform. The modulus 
of rigidity in torsion is G. In Figure 11.1b, a cross-sectional element has 
been displaced angularly 6 from its equilibrium position. The element is 
also twisted in elastic strain an amount y = r(d6/dx), r being the radius of 
the rod. Summing moments applied to the element dx about the 
geometric axis of the rod, 


> M, =16 
oT we a7u 
+— dx—-T=—Jdx— 3 
T+> dx ake 52 


The mass moment of inertia of the thin element about its geometric axis 
is the product of the mass per unit length and the polar second moment 
of area about the same axis. Cancelling dx and replacing the torque T 
by the elastic equation 


T=GI"= Gree 


2 
(Gr o*) = ee 
ox Ox g ot 
For a uniform rod, neither the polar second moment of area nor the. 
modulus of rigidity vary with x, and 
Ggae Pu 
Sa FETS 11.2) 
pe dx? at? 2) 
Equation 11.2 is the equation of motion for the propagation of shear 
stress in a longitudinal rod. 


Transverse Vibration of a String or Cable. The lateral vibrations of a 
taut string or cable have a similar equation of motion. Consider a string 
or cable to be stretched under a tension T between two fixed points, as 
in Figure 11.1c. The cable has a weight per unit length of w. Summing 
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the forces in the y direction, which is transverse to the string, 


a a” 
Tsin( 9+" dx)- Tsin@=~ dx 
Ox g ot 
Using trigonometry, 
0 0 
sin(0 ae ax) =sin 0-+cos ase dx 
ox Ox 


For small lateral displacements, the slope of the curvature can be 
replaced by dy/dx 


o2 2. 
T cos eB Le 
ax” gat 
We 2 (11.3) 
gle y oy 
w dx? at? 


This is the equation of motion for a vibrating string. 

If the distance between supports is so great that the string sags, cos 6 
is not zero, but, Tcos 6=H, the horizontal component of the string 
tension. It is a constant, which is easily verified by simple statics. 


THE WAVE EQUATION 


All three problems are mathematically identical. They all involve a 
function (x, t) which is expressed as a function of two variables, x and 
t, according to the partial differential equation of motion, 


2 2 
p20 00 (11.4) 
ox” ot 
It is known as the wave equation. 

It is called the wave equation because it can be described as a 
standing wave, if we use a coordinate system which moves with the 
disturbance. In Figure 11.2, a traveling wave moves in the positive x 
direction with a velocity c and a shape that remains unchanged as it 
travels. In a coordinate system which moves in the same direction with 
the wave and with the same velocity c, the displacement in the moving 
coordinate system is 


Z=x-ct 


The disturbance is stated a8 a function of the displacement in the 
moving coordinate system, (x, t)= f(z) = f(x —ct). To show that this is 
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| Ss} —e 


at axdt ax 
and 
ao 9 (2*)2- 20° 
atzax\at/at © ax? 


This is the wave equation in one dimension. Any and all wave forms 
that have a constant shape in a coordinate system moving with a velocity 
c would have this equation of motion. 

Going back to our original three problems, we can compute the three 
velocities of propagation for traveling waves. 


| Eg 
For a longitudinal stress waves in a horizontal rod: c= = 
Bb 


: G 
For shear stress waves in horizontal rod: c= _ 
ue 
(11.5) 
. i Hg 
And, for transverse waves in a string: c= ae. 


One subtle point should be made. If the propagation of elastic stress 
in a horizontal rod involves both axial and shear stress in the distur- 
bance, the shear stress waves will fall behind, distorting the traveling 
wave shape or separate entirely, which is a violation of one of the 
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original assumptions, that the wave form remained unchanged as it 
traveled. : 


Solutions to the Wave Equation. The wave equation can also be solved 
by the classic method of separation of variables, if we let the function 
(x, t) be the product of two separate functions, one of x and one of t. 


$(x, = A(Of(x) 


a? ao _ 0 TAO) 
ao he) 


ob _#f,(x) 


ax? ax? 


(2) 


Substituting in the differential equations of motion, 


) Th 29 ThG) 


2 f(x) =c? = fil) 


The functions can be separated by division, which leads to the statement 


df(t) _ c? d?f,(x) 
fit) dt? f(x) dx? 


Since the functions are separated, partial derivatives are no longer 
needed. 

The only way that two functions of independent variables x and t can 
be equal to each other is for them to be equal to a constant. The 
constant is arbitrary and for reasons of convenience and foresight, the 
constant is selected to be —a,?. 


1 @fAi@_ 2 


Oe aa 
ce? Phx), 


fox) dx? ™ 


These lead to two separate differential equations of motion, 


FAO 6 2h9=0 
from which, 
f,()=A cos ,t+B sin w,t (11.6) 
And, 
d d? f(x) 
dx? “CG ae f{x)=0 
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from which 


falx) = C cos" x+D sin" x (11.7) 
The complete solution for (x, t) is thus 
(x, 1) =(A cos w,t+ B sin w,f) (c cos ms x+Dsin Fe x) (11.8) 


There are four arbitrary constants, determined by the initial conditions 
and boundary conditions. 


EXAMPLE PROBLEM 11.1 


Determine the displacement of a lateral cross-section of a uniform rod, 
with one end fixed and the other free, if the rod is vibrating longitudi- 
nally. 


Solution: 
The equation of motion for the longitudinal displacement u(x, t) of a 


lateral cross-section of a uniform rod is 


From equation 11.8, the displacement u is 


a8 
c 
For one of the boundary conditions, u =0 at x =0, since the rod is built 
in at the fixed end 


u(x, 1) =(A cos w,t+B sin oxt)( 


0=(A cos a@,t+ B sin @,t)C 


and C=0. For the free end of the rod, there can be no applied force. 


372 DISTRIBUTED SYSTEMS 


Using this as the second boundary condition, EA (du/dx) =0 at x=1 


ou 
—=0=(A cos w,t+B sin «,t)D 2" cos 
Ox Cc 


This can only be true if 


Onl 


w,1 
cos — =0 
c 


This is the frequency equation. Its roots are the characteristic values for 
this particular problem. 


o,| aw 3m 5a ni be; dd 

ae, SS a he 

c phy ia? 7? eng O 
Onl 2, 3x, Se, .. ., AT, yi 
=D’ 3 a 13? with n add 


Rearranging terms, the natural frequencies are 


_nw |Eg 
n= D7 gg er peing odd 
and, 
_= (Ee 
ee je 
_3m |Eg 
21 Via 
57 /Ee 
ey | mM 


The displacement u,, represents displacement in a principal mode. 


nWx 
a (A,, COs w,t+B,, sin @,t) 


=sin 
ba 2 
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The total displacement u will exhibit all modes. Consequently, the total 
displacement will be the sum 


— ,. WAX ‘ 
u(x,))}= > sin——(A, cos o,t+B, sin @,t) 
n=1,3,5 2 


The arbitrary constants A,, and B, must be determined by the initial 
conditions. 


EXAMPLE PROBLEM 11.2 


A uniform rod, with one end fixed and the other free, is stretched under 
a static load and suddenly released from rest at time t=0. From these 
initial conditions, determine the longitudinal displacement u(x, t). 


Solution: 
At the time of the sudden release of the load, the longitudinal displace- 
ment is linearly proportional to the distance x from the fixed end of the 
rod. At x =O, the displacement u=0. At x =], the displacement u = el, 
€ being the longitudinal strain. One boundary condition is u=ex at 
t=0, and the other is that. 7=0 at t=0. 

The displacement u(x, t) of a uniform rod vibrating longitudinally is 


— .._ naXx : 

u(x,t)= > sin——(A, cos w,t+B, sin @,t) 
n=1,3,5 2l 

and, 


— nx . 
u(x, )= > ®, sin (B,, COS w,,t— A,, Sin @,,f) 
n=1,3,5 
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From the first boundary condition, 


and, from the second, 


Recalling our knowledge of Fourier coefficients, 


ae nx 
A, == —_—_— 
7 al €X COS 31 dx 


=7<(21)" (® nx Ge 
U\nn) |, \2i cos ST aT) 


Sel [si na) Sel . ni 


ne au ; eg 
Since n is odd, the sin nz/2=+1, or 
Sel 
A, = a (-1)"/2 
and, 
B, =0 


The displacement is then 
Sel 3 (-1)e-v?2 


u(x, => Ctl 
; 3 sin COS @,,t 
TT” n=1,3,5 n? 21 = 


EXAMPLE PROBLEM 11.3 


Determine the displacement of a lateral cross-section of a uniform rod 
which vibrates longitudinally, if one end is fixed and the other end 
supports a concentrated mass M. 


Mg+EA =e 


Mg +EA (ZL, - 
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Solution: 
The equation of motion for the longitudinal displacement u(x, t) of a 
lateral cross-section of the uniform rod is again 


and, 


; @,X 
u(x, t)=(A cos w,,t+ B sin @,t) (c cos - 


| @yX 
+D sin ) 
c 

The boundary condition at the fixed end of the rod is u=0 at x= 0, 

or 
0=(A cos w,t+B sin @,t)C 
C=0 

At the lower end of the rod, the rod is displaced by the force mg+ 


EA =| EA [=| is an elastic force which accelerates the mass m. 
x=l x=l 
F) 2 
_EA =] ey 
Ox x=l ot 


This is the second boundary condition. 


n 


—EA(A cos w,t+B sin @,t) (v cos ont) en 


: _ yl 
=—M (A cos @,t+B sin w,t)w,’D sin — 
c 


from which, 
Ole 
c Ma,c 


tan 


E 
recalling that c? ae : 
ta 
@,1.  @,1 Apl 
— tan =—— 
c Meg 
This is the frequency equation. Its roots are the characteristic values for 
this problem, but they are less easily determined because the equation is 


transcendental. 
Rearranging terms: 
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If we let 
o,! Apl c 
tan-— = d —_—~= 
2 ¢o, an Mg @, | $2 
This transcendental equation is satisfied where $, = >. Plotting both as 
a function of ,!/c, for Al = mg. The first three roots are w,1/c = 0.860, 
@1/c = 3.460, and 3I/c = 6.437. 


For the first natural frequency, if we had replaced tan w,I/c by o,l/c, 
which is the straight dashed line, 


col Awl ¢ 
c Mga,l 
or, 
>_c?Apl_ Eg Apl 
@,, ool wigs = iD a 
I? Mg pl? Mg 
AE 
MI 


This is logical, since the effective modulus k, = AE/I. 

The error in making this approximation is 14%, which is not too 
great, considering our assumption that the mass of the rod was the same 
as the mass of the weight attached to the rod. For Apl/mg=0.1, 
@,l/c =0.3113. Making the same approximation, that tan w,I/c = w,I/c 
the error is only 1.5%. In each case, the approximate answer results in a 
higher calculation of the natural frequency than the more correct 
calculation. This could be expected. 
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PROBLEM 11.4 

Determine the time it takes for a transverse 
wave to travel along a transmission line, from 
one tower to another, if the horizontal compo- 
nent of the cable tension is 25 000 N, the towers 
are 300m apart, and the cable has a mass of 
1.5 kg/m of length. 


Answer: 2.32 seconds 


PROBLEM 11.5 
Determine the velocity of (a) longitudinal waves 
and (b) shear (torsional) waves in a solid circular 
steel bar. (Use E=205X10° N/m’ and G= 
82.5 x 10° N/m”.) 


PROBLEM 11.6 

The upper end of a uniform rod for a deep well 
reciprocating pump receives a motion u= 
b sin wt. Describe the steady-state vibration of 
the rod, u(x), in terms of the amplitude b at the 
upper end and the natural frequencies of the 
rod. Discount the effect of lifting a column of 
fluid in the well. 


Answer: 


wx wl . wx\., 
u = bl cos — + tan — sin — sin wt 
c c Cc 


PROBLEM 11.7 

A longitudinal bar impacts a rigid surface and 
this results in longitudinal vibration of the bar. 
Determine the pressure between the longitudi- 
nal bar and the rigid surface while the bar 
remains in contact with the surface, if the impact 
occurred with the bar having an initial velocity 
of vo. Plot the variation of force with time 
before rebound occurs. 

4EAvy — 1. nt 


~sin——t 


We 13,5 21 


Answer: P= 


11.3. 


Fig. 11.3 
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TRANSVERSE VIBRATION OF UNIFO 
BEAMS ae 


The transverse vibration of uniform beams is another vibration problem 
in which elasticity and mass are distributed. 

There are several very important applications of this problem. One is 
the critical speeds of rotating shafts and rotors, and another is the 
transverse vibration of suspended cables, such as transmission lines. 

In Figure 11.3, a thin element of a beam has been isolated. As the 
beam flexes in transverse vibrations, the element will move back and 
forth in the y-direction, and it will also rotate, very slightly. Ignoring the 
inertial properties of the element in rotation, and summing moments, 


~YM=0 


Ox 
or 
0M 


V=— 
Ox 


In the y-direction, the force summation is 
2. 
> F= dm 2 
ot 
av 


2 
aw eed. 
Ox g 


at” 


or, combining the two equations, 


aM _ wé’y 
ax? g at? 


(11.9) 


@ xe 
< 
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This equation looks like the wave equation, but it is not. The second 
partial of the moment M with respect to x is equal to the second partial 
of the displacement y with respect to time. One additional step is 
needed: the statement of bending moment in terms of the change in 


slope. 


2. 
M=-Er 
Ox 
Substituting in equation 11.9 
a ( =y) way 
—~+.| EI-3)=-= 11.10 
ax? - ax2/_g at? ( ) 


If the beam is uniform, flexural rigidity is constant with displacement, 
and 


4 2. 
oy ey (11.11) 


This is a fourth-order partial differential equation, but it is solved in 
the same way as the wave equation, by separating variables. If we let the 
function y(x, t) be the product of two separate functions, one of x and 


one of ¢, 
y(x, )= fildfolx) 
d’y _ d’f a(t) 


dt < d 2 f a(x) 
d*y = d*f (x) 
dx*  dx* A 


Substituting in equation 11.11 and separating the variables, 
1 df(t) _Elg d*f,(x) ee 


n 


f(t) dt? ~— wfx(x) dx* 


For these two now independent functions to be equal, they must be 
equal to a constant, conveniently —o,”. As before, 


one +o,’ f(t) =90 


or, 
fi(t)=A cos w,t+ B sin o,f (11.12) 
Likewise, 
d* wo,” 
fis) ce folx)=0 (11.13) 
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This is different. It is a fourth-order differential equation. Calling 
B* = ww,”/Elg, the solution is 


f.({x) = C, cosh Bx + C, sinh Bx + C cos Bx + C, sin Bx 
Differentiation will verify f,(x) as a solution. The complete solution for 
y =(%, f) is 

y(x, t)=(A cos w,t+ B sin w,t)(C, cosh Bx + C, sinh Bx 

+C, cos Bx + C, sin Bx) (11.14) 

In solving this general equation for the transverse vibration of a beam, 
we will need two initial conditions and four boundary conditions. With 
the four boundary conditions, we will also find the characteristic values 
of frequency equation, which will be in terms of some specific values of 


Bl, which is dimensionless. That is, the natural frequencies will be in 
terms of Bl. 


(11.15) 


11.4.ROTATION AND SHEAR EFFECTS 


In the equation of motion for the transverse vibration of a beam, the 
inertial Properties of a section of the beam in rotation were ignored. If 
we had included them, the equations of motion in the @ direction would 


be 
pI. a0 
M= — dx-— 
2 g oP 
ov a) dx aM pl, 30 
V+—— }4+ V—-— dk == dx — 
( ax 2 2 dx aoe 
or, 
yao, wlio 
ax g at? 


In this instance, I is the second moment of area and not mass moment 
inertia. The symbol is conventional, but misleading. 
In the y direction, the equation of motion would be unchanged. 


11S. 
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Combining, and substituting y =06/dx 


=( 2) pl &y  wdy 
a8 ( py?) | NY 11.16 
ax? Te g at? dx? g at? ( ) 


This has one additional term more than the simpler equation 11.11, 
and that term is a cross-derivative. It is a correction to the simpler 
equation, and it is of some importance in beams with deep sections. 

Shear is another effect which has an influence on the equations of 
motion. In the presence of large shear forces, the beam element is 
skewed. That is, not all of the change in the slope of the beam is due to 
bending. Some of the change is due to skewing from shear. As a 
consequence, M> EI(d*y/dx”). This leads to a very involved equation of 
motion, which is a few percent more accurate. In most cases the 
increased accuracy including shear and rotation is much less than the 
modeling errors. In general, the correction for shear is larger than the 
correction for rotation, but both can be ignored if the wavelength is long 
compared to the depth of the beam section. What it is necessary to 
realize is that these corrections do exist. , 


THE EFFECT OF AXIAL LOADING 


Lord Rayleigh considered the case of the vibration of a uniform beam 
with axial loading, setting up the equation of motion for the bar without 
solving it. Essentially, vibrating cables and guy wires are examples of 
this problem. Occasionally, the problem has appeared elsewhere, but 
the applications are limited. It is, however, a very interesting variation 
of the problem of transverse vibration of uniform beams. The natural 
frequency of a vibrating cable can be found by considering the cable to 
be the equivalent of a string. But this neglects the elastic properties of 
the cable, and the flexure of cables near points of support cause failures. 
Consequently, flexural rigidity cannot be ignored. 

The regular shedding of vertices from the cable in a light wind is 
generally accepted as the basic cause of cable vibration. However, there 
is very little known connection between this cause and its ultimate 
effect: fatigue damage to the cable. Basically, the cause of wind- 
induced or aeolian vibration is a simple one. Under certain conditions, 
as air flows over a cylindrical cable or wire, the flow pattern is not 
symmetrical, but is regularly disturbed by the formation of vortices at 
the rear of the cable. This asymmetrical flow arrangement alters the 
pressure distribution around the cable. As vortices or eddies are areas of 


Ly 
{ 
i 
i 
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Fig. 11.4 


| 
OM 
M Mt+z, & 
| f= T 
iy i No 4+ ae 
\ v4 dz 


reduced pressure, their periodic formation results in a pressure differen- 
tial which alternately forces the cable upward and downward. If this 
periodicity corresponds to a resonant frequency, the amplitude of vibra- 
tion will build up to where the energy imparted to the cable by the wind 
is matched by the energy dissipated through hysteresis in the cable. It is 
this alternating flexure of the cable, when severe enough, which results 
in fatigue failures at clamps, socket eyes, and wherever else a cable or 
guy wire is highly stressed. Sympathetic vibration of structural members 
may also bring about their fatigue. : 

Referring to Figure 11.4, a small element of the cable, dx, is subjected 
to tensile forces, shear, and bending moments. These unbalanced forces 
cause acceleration of the cable element in the vertical direction. The 
equation of motion of the vibrating cable is 


w dy 

F=— dx-—= 

>: dx af? 
ov ay w ey 
— H— dx =— dx— 
9 dx ax dx dx a 


Using the general relations for deflection, shear, and bending moment 
again, the final form of the equation of motion is a partial differential 
equation of the fourth order. 


=( =Y) a’y 2 
+— | EI— )-H— dx+—-—=0 11.17 
0x2 Ox? dx Qg at? ( ) 


Again, the solution of equation 11.17 may be obtained by the classical 


GEER Sea 
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method of separating the variables. If the solution can be written as a 
product of two separate functions which individually depend on x and 1, 
then y can be expressed as 


y(x, t)= f(t) f(x) 


ry Pf, ey _ & f(x) ay _ d*f,(x) t 
ae ae eee axz ax2 fi, ax? ax fil ) 
The component differential equations are 
2 
FO a2 =0 (11.18) 
d*fa(x) 1 ,d° fax) _w = 
HI Ae @,7 f(x) =0 (11.19) 


The time-dependent solution is, of course 
fil) =A cos o,t+ B sin @,t 


Using the usual exponential substitution, x=Ce™ in the time- 
independent solution results in the characteristic equation, 


Calling k and A the quadratic roots of the characteristic equation, 


2 =e x 
~ L4(ED? g(ED? 2EI (11.20) 
. H? Wa,” i H : 
— ew (El?)  2EI 


The solution can be expressed either as an exponential or as circular and 
hyperbolic functions. Since we have used circular and hyperbolic func- 
tions before, it is not too difficult to show that f2(x) is a solution if, 


fo(x) = C, cosh xx + C, sinh xx + C3 cos Ax + C,sinAx (11.21) 


The arbitrary constants, C,, C,, C3, and Cy, are determined by satisfying 
the proper boundary conditions. 

For a simply supported span, the boundary conditions for pinned ends 
are such that the vertical displacement and the bending moment are 
both zero for all time. Imposing the boundary conditions will lead to the 
frequency equation, from which the natural frequencies are 


w2= x a2(F8) +8] (11.22) 
Ww Ww 
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typical cable. For end conditions, one is simply supported and the other 
is clamped. In both cases, the addition of flexural rigidity raises the 
natural frequency. 

Figure 11.6 shows qualitatively the shapes that the deflection and 
bending moment diagrams would have for the imposed clamped and 
pinned boundary conditions. Note that, in contrast to the case of the 
pinned loop (a), a high bending moment is apparent for the end is 
clamped (b). The bending moment, which is alternating between a 
negative maximum and a positive maximum, during resonance, is the 
primary cause of the fatigue failure of the cable strands. 


Loop length, meters 


EXAMPLE PROBLEM 11.8 


Determine the natural frequencies of lateral vibration of a simply 
supported uniform beam. 


H= 27800 N 
m= 1,634 kg/m 
EI = 3971 N/(mm)? 
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the term A must be found from the solution of the frequency equation. 
Neglecting flexural rigidity, the frequency equation will degenerate to 
the standard case of the vibrating string. Neglecting axial tension, the 
equation will degenerate to the familiar case of the simply supported 
uniform beam. In Figure 11.5 a comparison of frequencies and loop 
lengths has been made between the case of the vibrating string and a 


Solution: 
The deflection y(x, t) is described by the equation 


y(x, )=(A cos w,t+B sin ,t) 
X(C, cosh Bx + C, sinh Bx + C, cos Bx + C, sin Bx) 


ie 116 The boundary conditions are the same at x =0 and x =1; the deflec- 


tion and bending moment are both zero. Using these conditions, at x =0 


y(0, t)=0=(A cos w,t+B sin @,t) 
1 i} 1 0 
x(C, cost Bx + C; sin Bx + C, cos Bk + C, sin Bx) 


(a) 


— 
aa 


4 
M=-—EI = =0=—EIp*(A cos w,,f+ B sin w,t) 


i 0 1 0 
x (C, cosh Bx + C; sink’Bx — C, cos pk — C, sin Bx) 
0= C, = C; 


zz 


iui ec eo es Sih ren SRB 


(6) 
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Hence, C,=C,=0. At x=l 
y(l, t)=0=(A cos w,t+ B sin w,t)(C, sinh Bl + C, sin Bl) 
and 
2 
MUL th= -EI = 0 
= ~EIB?(A cos w,+ B sin w,,t)(C, sinh Bl — C, sin Bl) 
These two equations can be stated 
be Bl sin eat = {| 
sinh B! —sin BIILC, 0 
Barring the trivial solution C, = C,=0, setting the determinant equal to 
zero yields the frequency equation 
2 sinh? Bl sin Bl =0 
Since the sinh B1>0 for all values of Bl140, the only roots to this 


equation are 6B! =0, 7, 27, 37, ..., hav. 
ElIg ElIg 
2— 24]4 ~~ S_ 14,4. 6 
@,° = BAl wit na wit 

EIg 

@, = n> wit 


where n is the integer indicating the harmonic. 


EXAMPLE PROBLEM 11.9 


Determine the natural frequencies of lateral vibration of a cantilevered 
uniform beam. 
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Solution: 
The deflection will be the same as for a simply supported beam. 


y(x, t)=(A cos w,t+ B sin @,t) 
x(C,.cosh Bx + C sinh Bx + C; cos Bx + C, sin Bx) 


The arbitrary constants C,, C2, C3, and C, will be different since the 
boundary conditions are different. At the built-in end, y=0 and 
dy/dx =0. At the free end, the bending moment and shear are zero. At 


x=0, 
y(0, t)=0=(A cos w,t+ B sin w,t) 


1 0 1 
x(C, cos} Bx +C, sin Bx +C, cog’ Bx +C, sin gs) 
0=C,+C, 


(=), t)=0= (A cos w,t+B sin @,1) 


Ox 
x(C, sinh’ Bx +C, cosh] Bx +C; sift] ‘Bx +C, coyfx) 
0=C,+C, 
Rewriting the deflection, substituting C,;=—C, and C,= -C, 
y=(A cos w,t+B sin ,1t) 
x[C,(cosh Bx —cos Bx)+ C,(sinh Bx —sin Bx)] 


Imposing the boundary conditions at x =I, 


ay” ‘ 
M= -EISs 0=—EIB?(A cos w,t+B sin ,) 


x[C,(cosh Bl +cos Bl)+ C,(sinh Bl +sin Bl)] 


3 
V=-EI -t 0=—EIB°(A cos o,t+B sin @,1) 
x[C,(sinh Bl —sin Bl)+ C(cosh Bl + cos Bl)] 
These equations can be summarized, 


pe Bl+cos Bl) (sinh 6! +sin Bl) et a, 
(sinh Bl—sin Bl) (cosh Bl+cos BI) ILC, 7 


which leads to the frequency equation 
cosh Bl cos Bl =—1 
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1.0 


By 1= 7.855 


By1= 1.875 


This is also a transcendental equation. If we let cos Bl=¢, and 


~—1/cosh Bl = 2, the equation is satisfied at ¢; = @,. From the intersec- 
tions, 


Bil= 1.875, B,1=4.694, B3;1=7.855, B,1=10.996, B,l=14.137 
For higher modes, : 


2n-1 
B,l= Cnt) 7 
Substituting the proper value for i will yield the natural frequency 
Elg 
= 2 i pmntenl ~] 
n= B wl 
Z PROBLEM 11.10 


Determine an expression for natural frequencies 
for the lateral vibration of the uniform beam 
suspended as a pendulum. 
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PROBLEM 11.11 

Determine an expression for the natural fre- 
quencies of a fixed-pinned bar in lateral vibra- 
tion. 


Answer: tan nl =tanh nl 


PROBLEM 11.12 ; 

Determine the expression for the natural fre- 
quencies for the lateral vibration of a uniform 
beam fixed at both ends. - 


Answer: cos Bl cosh Bl =1 


PROBLEM 11.13 

A platform consists of two I beams, built in at 
each end. The beams are standard shape with a 
depth of 114.25mm, length 1.525m, area, 
3852(mm)*, moment of inertia 25.05 
10°(mm)*. E is 20510°N/m?. The mass of 
these beams is 30.5kg/m. A uniformly distri- 
buted load of 14235 N is the floor of the plat- 
form. What are the first two natural frequencies 
of the structure? 


PROBLEM 11.14 

A frame consists of a uniform bar fixed at right 
angles to another bar which is built into the wall. 
Determine the natural frequencies of the frame. 
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APPENDIX 
USEFUL LAPLACE TRANSFORMS 


a 
L(sin at) =>—s 
( ) s?+a? 


s 
£(cos at) =>+—s 
( ) s?+a? 


en Seed e 
[(s + b)?+ a7] 
s+b 
[(s+b)*?+a7] 


L(e™ sin at) = 
L(e™ cos at) = 


L( te) = ay 


2as 
(s?+ a7)? 


L(t cos at) = awe 


L(t sin at) = 


#|£ Go) |= sF(s)- 700") 
2 
So |=er6)-s0)-L 0 
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Acceleration, 2,5, 10 

Accelerometer, 110, 221 

Amplitude ratio, 105, 214, 215, 229, 230, 
232, 235, 283, 284 

Angular acceleration, 6, 10 

Angular displacement, 6, 10 

Angular velocity, 6, 10 


Balancing, see Rotating unbalance 
Base motion, see Ground motion 
Branched systems, 294 


Center of percussion, 55, 61 
Characteristic equation, 42, 181 
Characteristic values, 8, 42, 91, 95, 268, 
296, 314 

Characteristic vector, 95, 294, 318 
Coefficient of restitution, 30 
Column matrix, 255, 317 
Complex stiffness, 196-197 
Compound pendulum, see Pendulum 
Conservation of energy, 29, 68 
Conservation of momentum, 30 
Constraint, 6 
Convolution, 170-172 
Coordinates, 6, 40, 69 

coupled, 269-270 

generalized, 7, 8, 322, 323 

principal, 9, 266-269, 322-324 
Coupling, 269, 270, 287 
Cramer’s rule, 279 
Critical damping, see Damping 
Cycle, 44 


Damping, 41, 102, 104, 179, 179-210 
constant, 180 


Coulomb or dry friction, 179, 201-204, 
231-234 
critical damping, 181 
hysteretic or solid, 179, 192-196, 228 
ratio, 182-185, 194 
specific damping, 187, 196 
viscous, 180 
Datum, 72 
Degenerate frequencies, 293 
Degrees of freedom, 41 
Den Hartog, J. P., 2, 232, 285 
Discrete systems, 291-364 
Displacement, angular, 6 
linear, 2 
Distributed parameters, 82, 365-389 
Dry friction damping, see Damping 
Duffing, G., 141 
Duhamel’s integral, 171 
Dunkerley, S., 319, 320 
Dynamics, 1, 1-39 
Dynamic vibration absorber, 280-283 


Eigenvalue, see Characteristic values 
Eigenvector, see Characteristic vector 
Energy, see Energy methods; Work and 
energy 
Energy dissipated in viscous damping, 186, 
193 
Energy methods, 68, 69, 68-101 
Equivalent viscous damping, 232, 234-236 
Exponentially decaying step function, 
152 


Filar pendulum, see Pendulum 
Forced damped vibration, 102, 211-252 
Forced vibration, 102, 103, 105 
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ground motion, 109, 220 
many degrees of freedom, 324-326 
single degree of freedom, 40, 102-148 
two degrees of freedom, 278-280 . 
Forced vibration of torsional systems, 
298, 299 
Fourier series, 121 
Free vibration, damped, 180-183, 204- 
206 
undamped, 40, 41-43, 253, 315 
Frequency, see Natural frequency 
Frequency equation, 255, 257, 293, 314 
Frequency ratio, 105 


Galileo, 1 

Geared systems, 298 

Generalized coordinates, see Coordinates 
Ground motion, see Forced vibration 


Harmonic analysis, 120-126 
Harmonic motion, 43-45, 103-105, 212- 
216 
simple harmonic motion, 43, 70 
Hertz, Hz, 44 
Holzer’s method, 295, 296 
Huygens, 1 
Hysteresis damping, see Damping 


Impact, 29 

Impulse, 29 

Influence coefficients, 315, 328 
Initial conditions, 150, 273, 331, 332 
Iteration, 317-319, 327-331 


Jump phenomena, 143 


Kinematic equations, 10, 11 

Kinematics, 1, 2 

Kinetically equivalent systems, 85, 139, 
297 

Kinetic energy, 28, 69, 70, 71, 81, 83, 
84, 91 

Kinetics, 1, 20; 22 

Laplace transform, ‘169-172. See also 
Appendix 


Linear vibration, 41 
Logarithmic decrement, 184, 185, 196 


Magnification ratio, 107, 217 
Manometer, 46, 73 
Matrix, column matrix, 255, 315 
extended matrix, 344 
flexibility matrix, 317 
inverse matrix, 315, 317 
mass matrix, 254, 315 
stiffness matrix, 255, 315 
Matrix iteration, 318, 319, 327-330 - 
Modal fraction, 81, 256, 258 
Mode, mode shape, 71, 80, 81, 83, 84 
principal, 8, 321 
Momentum, angular momentum, 22, 28 
linear momentum, 30 


Narrow band random vibration, 243, 244 

Natural circular frequency, wy, 42, 71, 
84, 94, 183, 255, 257, 317, 370, 379, 
380, 383 

Natural frequency, fp, 44 

Newton, 1, 20 

Newton’s law, 2, 20, 21, 41, 52 

Nonlinear damping, 140, 179-210 

Nonlinear forced vibration, 138-144 

Nonlinear vibration, 40 

Normal modes, 258, 294 


Orthogonality of principal modes, 321 


Pendulum, 1 
compound, 54, 56, 60, 74 
filar, 57 
simple, 53, 54 
torsional, 53, 59 
Period, 44 
Periodic vibration, 40, 40-67 
Phase angle, 44, 216, 229, 234 
Phase plane, 163-166 
Potential energy, 32, 68-73, 82-84, 91 
Power spectral density, see Spectral 
density 
Principal coordinate, see Coordinates 
Principal mode, 8, 257, 266-269, 321 


Q, 214, 215, 245 


Radius of gyration, 55, 61 

Ramp function, 151 

Random vibration, 40, 241-245 

Rayleigh, Lord, 2, 70, 91, 180, 381 

Rayleigh’s energy method, 70, 82, 91 

Rayleigh’s fraction, 92 

Rayleigh’s principle, 71, 91-95 

Receptance, 326 

Rectangular step function, 150, 151, 156, 
165, 166 

Resonance, 105, 107, 110 

Resonance testing, 214, 235 

Response, see Resonance 

Restitution, coefficient of, see Coefficient 
of restitution 

Root mean square amplitude, 241, 242 

Rotating unbalance, 105, 106, 216, 217 


Seismic instruments, 111, 220-222 

S.I. (System Internationale), 21 

Simple pendulum, see Pendulum 

Solid damping, see Damping, hysteretic 
Southwell, R. V., 319 

Spectral density, 242 

State space, see Phase plane 

State vectors, 340 

Steady state vibration, 102, 298 
Subharmonic resonance, 144 
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Timoshenko, S., 2, 285 

Torsional pendulum, see Pendulum 

Torsional vibration, 51-53, 291-312, 

367 ; 

Transfer matrices, 340, 355, 356 
dimensionless transfer matrix, 357, 358 
field transfer matrix, 343, 356 
point transfer matrix, 342 

Transient, 102, 103, 149, 212, 149-178 

Transmission ratio, 108, 219, 231, 286 

Two degrees of freedom, 91-95, 253-290 


Uniform beam, 354, 378, 379 
axial loading, 381-385 
shear effects, 380 


Vector, 2 
Velocity, angular, 6, 10 
linear, 2, 3, 10 
Vibration isolation, see Transmission ratio 
Vibration measuring instruments, 110, 
220-223 
Viscous damping, see Damping 


Wave equation, 367-370 

White noise, 244 

Wide band random vibration, 243, 244 
Wilson, W. Ker, 297 

Work per cycle, 126 

Work and energy, 28 


